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Introduction

Water that is found below land surface is termed subsurface water. Its sub-
surface occurrence may be divided into zones of aeration and saturation. In
the zone of aeration, the pore space of the earth is filled partly with water and
partly with air. In the zone of saturation, all the interconnected pores are
completely occupied by water under hydrostatic pressure, In general, the
zone of aeration overlies the zone of saturation and extends upward to land
surface. The saturated zone generally rests on impervious or semipervious
strata. It is bounded at the top by either impervious or semipervious over-
lying strata or, in the absence of these strata, by what is called the surface of
atmospheric pressure; that is, the water table. Actually saturation in this
instance extends slightly above the water table because of capillary attraction;
however, water is held here at less than atmospheric pressure,

Ground water, as distinguished from other subsurface waters, is defined as
that body of water which occurs in the saturated zone and whose motion is
exclusively {or, virtually) determined by gravity and by the frictional forces
provoked by the motion itself. Subsurface water in the aerated zone, where
motion is largely affected by capillary forces, is not included in this definition.

Wells and springs have been and will continue to be important devices for
exiracting ground water, whether for irrigation, industrial, or domestic
uses, The importance of wells is not limited to water-supply problems. Wells
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have been used effectively in draining agricultural lands, controlling salt-
water encroachment, relieving pressures under dams or levees, recharging
ground-water basins, and disposing of radioactive wastes. The basis for im-
provement in well use and design is a long history of practical experience and
relatively recent development of theory.

Because of the importance of well hydraulics to water economy in arid and
semiarid regions of the world, the study of this branch of science has occupied
the attention of many capable investigators. To obtain solutions for a ground-
water problem, assumptions regarding type of flow and boundary conditions
have to be made. Although such selutions often only approximate field condi-
tions, they appear to yield results that, in many instances, have been confirmed
by laboratory and field observations, and they provide valuable insight into
the intricacies of ground-water flow. Notwithstanding the many simplified
assumptions on which the theoretical and experimental solutions are based,
well hydraulics has contributed much toward a better and more economic
development of ground-water resources.

1. Basic Principles and Fundamental Equations

A. AQUIFERS

A geological formation, a part of a formation, or a group of formations that
yields significant quantities of water is termed an aguifer. In contrast, an agui-
fuge is a formation containing no interconnected pores and which, therefore,
can neither absorb nor transmit water. A formation which, although porous
and containing water, is not capable of transmitting water in significant quan-
tities is called an aquiclde.

1. Types of Aquifers

Figure 1 shows a generalized sectional view combining different types of
aquifers.

Artesian aquifers, also known as confined or pressure aquifers, are those in
which ground water is confined under pressure by impervious or semipervious
strata, Water in a well penetrating an artesian aquifer will rise above the base of
the upper confining layer; it may or may not reach land surface, Water levels
in wells penetrating an artesian aquifer are the hydrostatic pressure levels of the
water in the aquifer at the well sites. The imaginary surface defined by these
levels is called the piezometric surface of the artesian aquifer. Rises and falls
of water in artesian wells result primarily from changes in pressure rather
than changes in storage volume.

Water-table aquifers, also known as free, phreatic, or unconfined aquifers,
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are those in which the upper surface of the zone of saturation is under atmos-
pheric pressure. This surface is called the warer rable. Water in a well penetrat-
ing a water-table aquifer does not rise above the water table. A special case of
such aquifers is the perched aguifer. This occurs wherever a relatively small,
impervious or semipervious stratum supports a ground-water body that is
above the main water table; if the bottom of the supporting layer penetrates
the main ground-water body, the elevated aquifer is called a semiperched
aquifer. Rises and falls in the water table correspond primarily to changes in
the volume of water in storage within the aquifer,
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Fi. 1. Types of aquilers.

Aquifers, whether artesian or water-table, that lose or gain water through
adjacent semipervious layers are called leaky aquifers, A water-table aquifer
resting on a semipervious layer that permits slow movement of water is called
a leaky water-table aquifer. An artesian aquifer that has at least one semipervi-
ous confining bed is called a leaky artesian aquifer.

Beds overlain by water-table aquifers and layers confining artesian aquifers
are rarely completely impermeable. In many instances, however, the flow
across the confining beds is so slow that it may be assumed negligible. Under
such conditions, the aquifers are called ronleaky aquifers.

2. Flow in Aguifers

Ground water in its natural state is invariably moving, The water moves
through the interconnected portion of the pore space of a saturated material
open to the flow. On the scale of the pore size, the velocity of a particle of water
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is invariably random. The velocity changes continuously as the small section
of the flow repeatedly widens and narrows and also branches and rejoins as the
fluid moves through the rock or soil. This picture of random particle motion
has to be reconciled with the fact that a transfer of a bulk of particles of water
from a region of higher to that of lower water levels is nevertheless observed.
Consider any elemental cross-sectional area cutting a great number of pores
in the path of flow. Though it is not possible to say which way a particle of
water will move in a given interval of time, it can be said that on the average
a definite volume of water will cross the section in the direction of low water
levels. Thus, on a macroscopic scale, the flow per unit area may be assumed
uniform.

The water level in a piezometer (a small tube open at the bottom only} pene-
trating a saturated soil in which water is moving is termed the head of the flow
at the point where the piezometer ends in the soil. The head (called also piezo-
metric or hydraulic head) consists of the pressure head or the height of the
column of water in the piezometer above its bottom and the elevation of the
bottem of the piezometer above an arbitrarily chosen datum of elevation.
Thus if p is the hydrostatic pressure at a point whose vertical coordinate is z,
the head of the flow @(x,y,z,¢) at the point (x,p,z) is defined by

e(x,y.2,t) =§ +z+f )

where y is unit weight of water, x,y,z are the rectangular coordinates, fis the
elevation of the xy-plane above an arbitrarily chosen datum of elevation, and
t is time of observation since an arbitrarily chosen reference of time,

On a microscopic scale, the head is unevenly distributed and its gradient
along any typical stream line changes continuously as the small section of the
flow repeatedly changes. However, if the head is averaged at different points
over small volumes containing a great number of pores, the gradient of this
average head will be sensibly uniform.

By assuming a uniform average velocity in the direction of decreasing uni-
form average head over an elemental soil volume, the physical system of flow
is replaced by a mathematical continuum. The macroscopic or bulk velocity
is a hypothetical velocity. It is not the actual or field velocity of ground water
percolating through the water-bearing material. The actual velocity, known as
the effective velocity, is measured by the volume of water passing through a
unit cross section per unit time divided by the effective porosity of the soil.
The effective porosity is the portion of pore space in a saturated permeable
material in which flow of water takes place. The definition stems from the fact
that not all the pore space of a material filled with water is open for the flow,
since part of the voids of this material is filled with water held in place by
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molecular and surface-tension forces. The effective porosity ofa porous medium
should not be confused with its porosity, The latter is defined as the percentage
of total velume occupied by the interconnected pore space of a given soil,

3. Compressibility and Elasticity of Aquifers

The cencept of volume elasticity of aquifers fostered by Meinzer [1] has long
been established by laboratory and field observations. Phenomena such as
fluctuations of water levels in welis in response to barometric pressure changes,
earthquake effects and tidal fluctuations, and surface subsidence around many
wells constitute good evidence of the compressibility and elasticity (although
this may be imperfect) of aquifers.

Relief of hydrostatic pressure in an aquifer due to pumping or discharging a
flowing well reduces the water pressure against the confining strata. The weight
of the overlying formations and other external live loads such as those due to
atmospheric and tidal fluctuations was originally borne by the contained
water and the solid skeleton of the aquifer. If the aquifer is compressible and
elastic, reduction of water pressure (downward vertical forces remaining uni-
form) in the aquifer results in increasing the load borne by the aquifer skeleton.
The aquifer is thus compacted, somewhat reducing the pore space. Concur-
rently, the water expands to the extent permitted by its elasticity. These two
processes furnish part or the entire volume of water discharged by the well.
After well production stops, the water pressure increases gradually, accom-
panied by compression of water and expansion of aquifer, thus gradually
furnishing space for storing the water moving into the part of the aquifer that
was affected by the compression. If the aquifer is perfectly elastic and the water
levels in the intake and/or discharge areas did not change, the original hydro-
static pressure and the original volume of the aquifer will ultimately be re-
stored, storing in the process an amount of water equal to that previcusly
discharged.

The compressibility of an aquifer is relatively important only when the aquif-
er is confined and completely saturated with water. If the aquifer is unconfined,
the compressibility of aquifer and water is relatively unimportant compared to
changes of the water volume accompanying vertical displacement of the water
table under unsteady conditions.

The relation between lowering the head and the volume of water released
from storage in an aquifer because of water expansion and aquifer compres-
sion is obtained as follows:

Consider an elemental volume, 8V = 84 8z, in a compressible aquifer. The
weight of the atmosphere and the weight of the material of a vertical column
of cross-sectional area 84 overlying this elemental volume are in equilibrium
with the water pressure p and the compressive stress ¢, of the solid skeleton of
the aquifer, provided that the arching action of the overlying material is neg-
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lected. If the water pressure is assumed to act effectively throughout the ele-
mental volume and the compressive stress of the solid skeleton of the aquifer is
considered to act over the entire horizontal cross-sectional area 84, and if the
atmospheric pressure is assumed constant, this vertical strain problem may be
written as p + ¢, = constant, from which by differentiation

de, = —dp @

Thus a decrease of water pressure is accompanied by a corresponding increase
of solid compressive stress, neglecting, of course, the effects of the insignifi-
cantly small changes of the weight of water contained in the overlying column
of material accompanying compression of aquifer.

1f the solid skeleton of 8V is compressed, its porosity 8 and its vertical dimen-
sion &z will concurrently change; it is assumed that the compressive force acts
in a vertical direction over a large areal extent so that changes in the lateral
(horizontal) direction are negligible,

When 8V is compressed, 8z, according to Young's modulus of elasticity,
varies with c, in accordance with

d(82)}8z = —odc,=odp (3)

in which the equivalent of de, from Eq. (2) is used, and where ¢ is the vertical
compressibility of the solid skeleton of the material or the reciprocal of its
modulus of elasticity, the negative sign indicating decrease in 8z with increas-
ing stress.

The volume 87, of the solid material in 8V is given by 6V, = (1 — 0) 3V =
{1 — 8) 84 8z. As the compressibility of the individual grains of the solid
material is small compared to the change in 8, the volume of the solid material
may be assumed constant. Hence, 8¥, = (1 — ) 8z 84 = constant, from
which by differentiation (84 is constant) there results d(8V,}/64 =(1 — 0)d(8z)
—8zd8 = 0, Using Eq. (3) and simplifying

dd = o(l — 6) dp @

From the definition of the bulk modulus of elasticity, the density of the
water p increases as p increases in accordance with

dp = Bpo dp &)

where 8 is the compressibility of water or the reciprocal of its bulk modulus of
elasticity, and p, is a reference density conveniently taken at atmospheric pres-
sure.

The mass 8M of the volume of the water 8V, contained in the elemental
volume 8V is given by 8M = p8V,, = p# 8z 84, which when 8V is compressed,
will change with changes in p, 8, and 8z, 84 remaining constant. Thus by differ-
entiation, one obtains d{8M)/8V = 8§ dp + p df + pf d(52){3z, in which, using
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the equivalents of d{8z)/dz, d8, and dp from Egs. (2), (3), and (4), respectively,
the result after simplification will be d(8M)/8V = (88p, 1+ vp) dp, from which,
if the small differences between p and pg are neglected, the change in the volume
of water (water released from storage) per unit bulk volume will be given by

dBM)fp 8V = d(3V,)}/3V = (98 + o} dp ©

From Eq. (1), it is seen that the pressure head p/y in the elemental volume
8¥ changes directly with the head ¢; namely, dp = y dp which, when sub-
stituted in Eq. (6), the result is

d@M)[p 8V = d(8V )8V = S, dp {7)
in which

S, = y98(1 + o/68) (8)

a. SPECIFIC STORAGE. The coefficient S,, of dimeunsion L1, has been termed
the specific storage of the aquifer [2]. From Eq. (7} it may be defined as the
volume of water which a unit volume of the aquifer releases from storage
because of expansion of water and compression of the aquifer under a unit
decline in the average head within the unit volume of the aquifer.

The factor y88 of Eq. (8) gives the fraction of storage derived from expansion
ol water and the product yo gives the fraction derived from compressicn of
aquifer.

b. STORAGE COEFFICIENT. The storage coefficient of an aquifer is defined as
the volume of water that a vertical column of the aquifer of unit cross-sectionat
area releases from storage as the average head within this column declines a
unit distance. In artesian aquifers where water released from or taken into
storage is entirely due to compressibility of aquifer and of water, the storage
coefficient § is given by § = &S, where b is the thickness of the aquifer. In
water-table aquifers, the volume of water released from or taken into storage,
in response o a change in head, is due mostly to dewatering or refilling the
zone through which the water table moves, and partly due to water and
aquifer compressibility in the saturated zone. The storage coefficient S, for a
water-table aquifer is given [3) by S,, = € 4+ DS, where D is the height of water
table above the base of the free aquifer, and « is the specific yield of the aquifer.
Usually, ¢ >>> DS,. Thus, 5, may, for all practical purposes, be regarded as
the specific yield. The specific yield is defined as the ratio of the volume of water
that a rock or soil will yield by gravity to its own volume. In other words, it
represents very closely the effective porosity.

Example 1. The observed barometric efficiency of an artesian aquifer is
0.60. If the uniform thickness of the aquifer is 150 ft and its average porosity
is 0.31, estimate the storage coefficient of the aquifer,

Because of the elasticity of artesian aquifers, water levels in artesian wells
fluctuate with changes in atmospheric pressure. The barometric efficiency BE
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is defined as the ratio of the net change in water level dh observed in an artesian
well to the corresponding net change d(p,fy) in atmospheric pressure p, ex-
pressed in feet of water; that is, BE = dh/(dp,/y). Fora variable atmospheric
pressure, the relation just preceding Eq. (2) becomes p - ¢, = p, + constant;
whence, dp — dp, = — dc,. The weight of the column of water in the well
above the top of the aquifer plus that of the atmosphere is balanced by the water
pressure in the aquifer; hence, the change of water level in the well is given by
y dh = dp —dp,. Consequently, BE =y dh/dp, = — dc,/(dp + dc) = —1/
(1 + dpjdc,). Now, if the sand grains are assumed incompressible, then as the
aquifer is compressed the change in the bulk volume d(3V') is equal to the change
of water volume d(3V,). Thus, since 8V, = 88V and d(3V,} = d(3V}, then
d@V,)/sV, = d(3V)/88V. From the definition of bulk modulus of elasticity,
d@V,)/8V, = — Bdp and d(3V)/8V = —ode,, negative sign indicating a
decrease in volume accompanying an increase in stress. Consequently, dp/dc,=
o/68: hence BE = —1(1 + o/88); the negative sign signifying that a rise in
barometric pressure is accompanied by depression of water level in the well. If
in this BE relation, Eq. (8) and S, = S/b are substituted, then S = y88b/BE
from which with # = 0.31, y = 0.0361 Ib/in3, 8 = 3.3 X 10-% in%/lb, b =
1800 in., and BE = 0.60, the storage coefficient § is computed by a slide rule
as 1,1 x 101

Example 2. 1f the yield of a well field draining the artesian aquifer of
Example 1 is entirely from storage, find the percentage of yield that is due to
aquifer compression.

The total production of the well field is proportional to S. From Eq. (8), the
storage coefficient is given by S =085 4 ybo, or 1 = (¥88b[3) + (vba/8).
Thus, the first term represents percentage owing to water expansion and the
second owing to aquifer compression. So the percentage of yield owing to
aquifer compression = 1 — y08b/S =1 — BE =1 — 0.60 — 0.40, or 40%,.

Example 3. In response to a uniform tide in an effectively long and fairly
straight channel that cuts completely through a semi-infinite sand, the water
levels in an aquifer fluctuate with an amplitude 4 = g exp(—xV'7S/1,T),
where hq, #, are, respectively, the amplitude and period of uniform tide, S and
T are, respectively, the storage and transmissivity coefficients of the aquifer,
and x is the distance from the channel of uniform tide to any point in the
aquifer, I this aquifer overlies an artesian aquifer which has no direct contact
with the source of uniform tide, find the amplitude of water-level fluctuation
in the deeper aquifer.

The tidal efficiency, TE, of an aquifer is defined as the ratio of the change of
the water level dh({=dp/y) in a well tapping the aquifer to the corresponding
change in the stage of the tide dH in the overlying strata (corrected for density,
if necessary). Thus, TE = dh/dH = dp/y dH. Since the vertical load on the
aquifer is no longer constant but changes as the stage of the tide, the relation
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preceding Eq. (2) may then be written as p + ¢, = yH + constant, where the
top of the deeper aquifer is taken as the datum of elevation. Consequently,
v dH = dp + de,; hence, TE = (dp/dc}{(1 + dp/dc), from which, since
(from Example 1) dp/dc, = {88, TE = (c{68){(1 + o/88). Now numerically
BE = 1/(1 + o/88); hence, BE4TE=1. Thus TE=1—BE=1 -
yABbfS. From definition of TE, the amplitude of fluctuation in the deeper
aquifer is 4" = ATE, or A" = (1 — y88h/8S)A.

1t is of interest to observe that for a perfectly elastic aquifer, TE = | — BE,
and that the percentage of storage attributable to expansion of water is equal
to BE and that attributable to compression of aquifer isequal to TE (Example 2.)

B. DIFFERENTIAL FORM OF DARCY'S LAW

In laminar flow through porous media, the inertial forces that are associated
with even rapid changes of flow rates are so much smaller than the viscous
forces that they can be neglected in nearly all problems of practical interest
{4]. If on a macroscopic scale the ground-water flow is laminar (flow is orderly
or the bulk of particles moves substantially in parallel paths), the only macio-
scopic force exerted on the water by the solid skeleton of the medium of flow
is that associated with the viscous resistance to flow. This force must, therefore,
be in equilibrium with the weight of the water and the net force due to water
pressure in the direction of flow.

Consider an elemental volume 8V = 84 8s of the aquifer arbitrarily oriented
in the field of flow, where §4 and 3s are, respectively, the elemental area and the
normal ¢lemental length of the volume. If the water pressure acting on one end
of the elemental volume is p, then the pressure on the otherend is p + (8p/és) 8s.
Consequently, the net force , in the direction of 8sis f, = —85A4(8p/s) 6s.

The weight of water in 8V is equal to y8 84 8s. The component of this force
Je parellel to 85 is f, = —0 84 8s(éz/8s), where (82/4s) is the sine of the angle
that 8s makes with its projection on the horizontal plane.

Assuming that the total surface of the grains within 8V is proportional to
84 8s, then if the dynamic viscosity of water is i1, and v, is the bulk velocity in
the direction of 8s, the viscous force opposing the flow and acting parallel to
ds may be given by f, = —pa, 84 8sv,, where g, is a constant characteristic of
the geometry of the pores in the direction of 8s and proportional to the specific
surface.

The forces f,, f,, and £, are in equilibrium. Thus

— [6pjos+ y dz}2s + (ua /6,10 8V =0
or _
v, = ~(k,Jr) dply + 2o ©)
290



Hydraulics of Wells

where k,, a constant of dimension L% is substituted for 8/a, and is character-
istic of the aquifer. Dimensional analysis shows that it varies with the square
of the mean grain diameter and with a dimensionless constant that depends
upon the porosity, the range and distribution of grain size, the shape of the
grains and their orientation and arrangement, all of which are characterized
by dimensionless ratios and angles. This coefficient is appropriately called the
permeability of the aquifer in the direction of v, as it characterizes the ease with
which water can permeate the aquifer in that direction.

From Eq. (1), ¢ = pfy + z 4 f; hence, dp/ds = dply + z)/2s, since f is
a constant, In terms of the head ¢, Eq. (9) becomes

v, = — K, dpfos 1)

in which K, = (y/u)k, and is known as the Aydraulic conductivity or simply the
conductivity of the aquifer in the direction of v,.

Equation (10} is the differential form of Darcy’s law. The formula states that
the flow rate through porous material in any direction is proportional to the
negative rate of change of the head in that direction. The negative sign signifies
‘that the fluid moves in the direction of decreasing head. The rectangular-
coordinate bulk velocities may, therefore, be written as

v, = — K, dpjox, v, = — K, dp/dy, v,= — K, 0p/z (11

where K, K, and K, are the conductivities in the x-, y-, and z-directions, res-
pectively.

The vector velocity at any point in an aquifer may be taken as the vector
sum of the component velocities [3].

Example 4. In Fig. 2 an artesian aquifer discharges fresh water into the sea
at a rate g per unit width of sea front. A salt-water wedge exists at the inter-
section of the aquifer and the sea. If no flow occurs in the salt-water zone and
if the piezometric surface represents the average heads along vertical sections
of the aquifer, find an expression for the length of the intruded salt-water
wedge.

Let the sea level be the datum of elevation. From Fig. 2, the head of the flow
at any distance x from the aquifer mouth is ¢, At any point 4 on the interface
the hydrostatic pressure v Z of sea water is balanced by the total pressure
y(Z + @) of fresh water. Consequently, Z = p/a, where a = (v, — y)/vy.
Consider the flow across a vertical section at the distance x. Its area per unit
width of sea front is Z — b" = gfa — b'. Thus, ¢ = (p/a — b} — v,), or
from Darcy’s law, ¢ == (g/a — b)K d¢/dx or

ép— ab"?/ox = 2qa/K
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At x =0, ¢(0) =aZ(0) ~ ab’ and at x =1/, ¢(l) = aZ(l) = alb + b’).
Hence, integration of the preceding equation gives

[p — ab'»*LQ) = [(2qa/K)x

I = akb?2g

whence

Sand models at the University of California demonstrated the validity of
this formula [5].

Piezometric surface

i
|l ////////7/

i W%// /%/ /
n

FiG. 2. Salt-water wedge in an artesian aquife

1. Hydraulic Conductivity

The constant of proportionality in Darcy’s law is called the coefficient of
hydraulic conductivity, or simply, the conductivity. It is also known as the
transmission constant, and though inappropriately so, as the coefficient of
permeability. The coefficient K, depends not only on the permeability of the
aquifer k; but also on the unit weight and dynamic viscosity of the fluid. The
last two parameters define important properties of the fluid. The unit weight
may be considered as the driving force per unit hydraulic gradient, whereas the
viscosity may be regarded as a measure of the resistive force per unit area
per unit transverse velocity gradient within the pores of the aquifer. The
dependence of K, on k,, p, and y makes it vary not only from aquifer to aquifer
and from liquid to 11qu1d but also from direction to direction and from tem-
perature to temperature. Even in homogeneous materials, K, may vary with
flow direction, in which event it is termed anisotropic conducthty Anisotropic
conductivity is a common occurrence in unconsolidated sedimentary deposits
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where the horizontal conductivity may exceed that of the vertical 2 to 10
times or more. In many ground-water problems, the temperature does not vary
appreciably, and the aquifer may be assumed homogeneous and isotropic.
Thus the coefficient K, may be actually regarded as constant with temperature
and direction in the equations of flow. This conductivity is generally symbolized
by the letter K.

From Darcy’s law, the hydraulic conductivity may be defined as the volume
of water per unit time passing through a medium of unit cross-sectional area,
if the magnitude of the hydraulic gradient prevailing at the section is unity. It
has the dimension of velocity (L/T).

2. Transmissivity

In aquifers that may be assumed uniform in thickness, the product of the
thickness b of the aquifer and the average value of the hydraulic conductivities
in a vertical section of the aquifer is termed the coefficient of transmissivity
or simply the transmissivity of the aquifer. It characterizes the ability of the
aquifer to transmit water. The transmissivity of dimension L2/time, is generally
designated by T. Thus T = Kb. )

The specific storage S,, the storage coefficient S, the specific yield e, the
conductivity K, and the transmissivity T constitute, with other coeflicients,
what is usually referred to as the formation coefficients, constants, or param-
eters, or the hydraulic properties of aquifers.

Because of the many factors on which these coefficients depend, numerical
values must depend on experimental determination. Although various labora-
tory techniques are available, more reliable results are obtained from pumping
tests by which the aquifers are tested in place. These tests may be regarded as
techniques for aquifer calibration.

3. Range of Validity of Darcy’s Law

In deriving Darcy’s law, the flow is assumed laminar; that is, the velocity of
flow is proportional to the first power of the hydraulic gradient. This assump-
tion has long been verified by observation [5, 6].

The range of flow rates for which laminar flow exists has been studied by
numerous investigators. By analogy to flow through pipes, the Reynolds num-
ber is used as an index to establish the limit of flows corresponding to which the
laminar-flow regime breaks down. The Reynolds number is given by R = pvd/u
in which, when adapted to flow through porous media, v is the bulk velocity and
d is the mean grain diameter, defined as a diameter such that, if the grains were
of that diameter, the porous sand would transmit the same amount of fluid that
it actually does; the mean grain diameter is determined by Hazen as the diam-
eter of sand grain such that 10%, of the natural sand (by weight) is of smaller
grains and 909, is of larger grains. The symbols p and p have been defined.
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For very low velocities, laminar flow occurs; consequently, from both theory
and experiment, no lower limit is known to exist for the applicability of Darcy’s
law [5, 6]. However, in material of extremely fine grains, such as colloidal
clays (in which the pores may be reduced to a few molecular diameters) or
sands that are not completely saturated with water, the law of flow may be
somewhat different from Darcy’s law.

Experiments have shown [5, 6] that departure from laminar flow begins at
values of R between 1 and 10, depending upon the range of grain size and shape.
Fortunately, almost all natural ground-water motion has Reynolds numbers
less than unity, and thus Darcy’s law is applicable. In rock aquifers, in uncon-
solidated aquifers with steep hydraulic gradients, or in aquifers containing
large-diameter solution channels, the flow may be expected to deviate from
Darcy’s law. Moreover, flows in the immediate vicinity of open bodies of
water, such as to streams and wells where they are often associated with steep
gradients, may also be expected to violate Darcy’s law. In the majority of these
instances, however, it may be assumed that the flow remains laminar to the face
of the drainage facility. This assumption is implicitly made in the treatment
presented in this article.

Example 5. The slope of the piezometric surface of the aquifer of Example
4 is approximately equal to 0.0001. The aquifer, 100 ft thick, is composed of
uniform sand having a mean grain diameter of 0.004 ft. A 12-in. well screened
throughout the aquifer is pumping at a rate equal to 6.28 ft3/sec. Does the flow
near the well obey Darcy’s law? What is the length of salt intrusion if the
well is far enough inland so that it does not disturb the seaward natural flow ?

The velocity at the face of the well v = Q/27r,b = (6.28)/(27)(0.5)(100) =
0.02 ft/sec. From Reynolds number R = vd/(u/p) = vdv = (0.02)(0.004)/
(0.00001), where v = p/p is the kinematic viscosity = 0.00001 ft2/sec for water.
Thus, R = 8. This suggests that the flow is departing from its laminar regime
as it arrives at the face of the well. The well under consideration, however, is a
fairly productive well. Ordinarily, the flow may be assumed to remain laminar
to the face of the well.

From Example 4, / == aKb*/2q. From Darcy’s law, ¢ = KbI; hence, | =
ab/21. The slope of the piezometric surface is very small so that the hydraulic
gradient (sine of the angle of inclination of the piezometric surface) may be
taken equal to the slope (tangent of angle of surface inclination). Thus 7 =
0.0001. And if y, and y, are equal to 63.95 and 62.4 1b/ft3, respectively, then
a == 0.025 (Example 4). Consequently,/ = (0.025)(100)/2(0.0001) = 12,500 ft.

4. Ground-Water Velocity Potential

If a vector ¢ can be represented as the gradient (positive or negative, depend-
ing on convention) of a scalar function ¥, then V is called the potential of 3.
Thus, if & is a velocity vector, V is called the velocity potential. Symbolically,
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this may be written as & = — V¥, where V is the vector differential operator
with components 9/dx, 9/dy, and 9/0z. Whence

v, = —oV/ox, v, = —oV/ay, and v, = —dV/ez

According to Eq. (11), the head ¢, a scalar function, appears to have the
properties of a potential. In aquifers of constant and isotropic permeability
(k; = constant), the conductivity of the homogeneous and isotropic aquifer
may be considered constant (K, = K) for a given fluid at uniform temperature.
Consequently, the coordinate velocities are

v, = —K d¢p/ox, v, = — K d¢/oy, v, = —K dp/oz (12)

Clearly, the product Ko is a scalar function whose negative space derivative
in any direction gives the velocity in that direction. The function ¥ = Ko, by
definition, is the ground-water velocity potential.

The existence of a velocity potential implies irrotational motion. This
appears to contradict the fact that for Darcy’s law to be applicable the flow
must be viscous and hence invariably rotational. This would be true of veloci-
ties on the scale of the pore size. However, Eq. (10) and hence Eq. (12) apply to
bulk velocities, or average velocities, over a macroscopic area large enough that
the rotational components balance out and the resultant flow is irrotational.
In other words, the potential function deals only with bulk velocities and can
be applied to the viscous flow of ground water. Thus, a powerful mathematical
tool becomes available for solving flow problems which otherwise are not
amenable to even approximate treatment.

C. DIFFERENTIAL EQUATION OF GROUND-WATER MOTION

By the law of conservation of matter, the net inward flux through an arbi-
trary element of volume 8V situated in the field of flow plus the amount of
mass generated therein per unit time must equal the rate of matter accumulat-
ing within this volume. If 8M is the mass contained in the volume 8 ¥, then the
rate of change of this mass per unit time per unit volume will be [6(8M)/ét]/8V.
Let 7 be the bulk velocity vector and p be the density of the fluid, then the flux
of matter transported or mass flow per unit time per unit area is p#. If water is
being released within the field of flow at the rate of F(x,y,z,) per unit time
per unit volume, the mass added per unit time (this mass may be regarded as
being generated within the field of flow) per unit volume is pF. Since mass is
conserved, it follows that

- ff(pﬁ)-dSJer desz” [(6 8M/or)/sV] AV

in which the first term is the surface integral taken over the closed surface of
8V and the others are volume integrals extended over the volume of the element.
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Making use of the divergence theorem to change the surface integral into a
volume integral, replacing the integrand of the right-hand member of the above
relation with its equivalent from Eq. (7) and rearranging will yield

~ [ 1V G8) = pF + pS, ogjo1 @V = 0

where V is the gradient operator (Section I, B, 4). As this relation must hold
for any arbitrary volume, the integrand must be zero. Consequently, after per-
forming the vector operations, one obtains

— (oo x + &pv,) oy + 8pv,)|02) + pF = pS, oot (13)

Jacob [6] has expanded the bracketed terms of Eq. (13) and put the resulting
expressions of the components of the density gradients in terms of the hydraulic
gradient; then he showed that these terms can be neglected in comparison with
other terms of the equation. As the variation of water density in space is very
small, it may be considered essentially constant in most problems of interest.
Thus, if p is constant in space, Eq. (13) can be written, through use of Eq. (11),
as

K, ®p/ox* + K, *p[0y® 4 K, P*[0z® + F = S dep[ 0t (14)
For an isotropic aquifer, Eq. (14) becomes
Vg + FIK = (1/v) dg/ot (15)

in which V2 is the Laplacian operator and v = K/S, = T/S.

Equations of the same form as Eqs. (14) and (15) appear in other branches of
mathematical physics, as in the theories of unsteady flow of heat and electricity
and in the theory of unsteady diffusion from which solutions to many ground-
water flow problems may be obtained by analogy.

D. INiTIAL AND BOUNDARY CONDITIONS

Solution of Egs. (14) and (15), or approximate equations resulting there-
from, that are of interest in practical applications are those which satisfy cer-
tain initial conditions and conditions prevailing on the boundaries of a given
ground-water flow system. On small scales of space and time, the actual varia-
tions of boundary and initial conditions are generally irregular. However, if
averaged in time and on the boundaries, general trends and space variation
may be tractable and discernible. Such average variations may be given
mathematical expressions. Similarly, mathematical expressions may be given
to the usually irregular shapes of the boundaries of a flow system if they are
idealized by simple geometrical forms such as straight lines, exponential curves,
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or circular and elliptical arcs. Such simplifying assumptions make possible the
mathematical treatment of many ground-water problems, yielding results
which in many instances have been confirmed by observation.

1. Initial Conditions

In unsteady flow, the distribution of head throughout a flow system at a
particular time, usually taken as the initial time of the problem, is assumed to
be known. If it is represented by a continuous function, the solution of the
problem should tend to this function as the time tends to zero. If, on the other
hand, the initial distribution is discontinuous at points or surfaces, these dis-
continuities must disappear after a very short time, and the solution must con-
verge to the initial distribution at all points where this distribution is con-
tinuous.

2. Boundary Conditions

The boundaries of a flow system and the conditions prevailing thereupon that
are of common occurrence in the theory of ground-water motion are as follows.

a. OPEN BOUNDARIES. Pervious or semipervious boundaries such as bottoms
and banks of rivers, canals, lakes, earth dams, and bodies of surface water
which permit the entry or exit of water are called open boundaries. In general,
the conditions on these boundaries are as follows:

Known head distribution; that is,  (on a boundary) = f (position and time).
If the boundary is a body of surface water whose volume is so large that its
level is uniform and independent of changes in ground-water flow, the head
distribution thereupon may be considered uniform in position; it may be either
constant or variable with time. Such boundaries may be treated as surfaces of
equal head.

Boundaries open to the atmosphere so that ground water emerges from them
to evaporate or to trickle down the boundary face may be regarded as surfaces
of uniform atmospheric pressure, provided effects of surface tension and pos-
sible restrictions to flow can be neglected. A water table receiving significant
amounts of water from downward percolation of surface water may also be
considered as a surface of uniform atmospheric pressure, provided that the
capillary effects are neglected. The stream lines under these conditions will
cross the water table at various angles instead of lying in it. These angles are
given by [6]6 = tan—'[(K/w) tan 8] — §, where K, w, §, and 8 are, respectively,
the conductivity, the rate of uniform vertical downward infiltration, the angle
of inclination of the water table with the horizontal, and the angle of refraction
of the stream lines with the vertical.

If the atmospheric pressure is taken as zero, the head distribution on bound-
aries open to the atmosphere, from definition of @ with p = 0, is ¢ (on bound-
ary open to atmosphere) = z.
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Known flow distribution; that is v, (at boundary) = — K, d¢/ds = f (posi-
tion and time). If by artificial control, such as that effected by a pump in a
well, the total flow through a water entry section may be held constant and if
the distribution of the flow is uniform over such a section, the function f may
be assumed constant. Flow from or into adjacent semipervious boundaries of
a flow system may be proportional to the head distribution over those bound-
aries. In such systems v, (at boundary) = — K, ép/n = ¢; + c,p (on bound-
ary) where ¢, and c, are constants depending on flow conditions, and # is the
direction of a line normal to the boundary.

b. CLOSED BOUNDARIES. Impervious or nearly impervious boundaries of a
ground-water body, such as under- or overlying beds or contiguous rock
masses (as along a fault or the walls of buried rock valleys) or dikes or similar
structures, are closed to the flow of ground water. The velocity normal to these
boundaries is, therefore, equal to zero, or v, (at boundary) = — K, dgp/dn = 0.

Stream surfaces in a flow system may be considered as impervious boundar-
ies. This is because the flow does not cross these surfaces. Consequently, the
preceding boundary condition prevails thereupon.

¢. INTERFACE BOUNDARIES. Frequently two adjacent aquifers have uniform
but different hydraulic properties. The change may be gradual or abrupt.
The zone of this change may be idealized as a surface forming a common
boundary of the two aquifers. If the head distribution in two such aquifers is
designated by ¢, and ¢, and their conductivities by K; and K,, respectively,
then, since one value of the head may obtain at any point, one condition is
@ (on interface) = ¢, (on interface) and since what enters the boundary at
one side must come out on the other side, the velocities normal to the interface
must be equal on the two sides; hence, the other condition is v,,, (at interface) =
vy, (at interface) or K, d¢,/0n = K, dp,/on.

From consideration of these conditions, the refraction in flow lines when the
flow passes from one medium to the other is given by K /K, = tan 6,/tan A
where 6; and 6, are the angles the flow lines make with the normal to the
boundary [5].

d. FREE-SURFACE BOUNDARY. A free surface is defined as a stream surface
along which the pressure is uniform. In problems of unconfined flow in which
the capillary effects and the rate of downward percolation of surface water and
its accretion to the water table may be neglected, the water table may be re-
garded as the upper bounding surface of the flow. The water table under these
conditions is a free surface ; the uniform pressure on it is that of the atmosphere.
Hence, the head, from Eq. (1), on a free surface is ¢ (on free surface) = gp(x,
».D,t) = p,ly + D + f= D + f where p, is the atmospheric pressure (taken
as zero) and D is the vertical coordinate of any point on the free surface. The
differential equation of the free surface in an isotropic aquifer is obtained as
follows:
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Since ¢(R,f) = p/y + z + f, where R is the vector locating a point in the
field of flow, the total change in p with time is

d(p/y)ldt = dle(R,}) — z — f]/dt
= 0p/ot + Ve - dR/dt — dz/dt
but
dR/dt = 5, = Dle = —(K/e)Vyp
and
dzldt = v,, = v,Je = —(K]e) dp/éz

in which the subscript e pertains to “effective velocities” or “seepage velo-
cities.” Whence, at the free surface where dp/dt = 0, the result after rearrang-
ing is

(¢/K) op/ot = Vo - Vo — dpfoz
in which z is to be replaced by D (the vertical coordinate of any point on the
free surface) after the differentiation is performed.

Example 6. The steady-state head distribution in a thick earth dam with
zero outflow head may be approximated by ¢(x,z) = a[x + /X% + z2°5,
where a = V/q/K, q is the rate of seepage per unit width of dam and x and z
are the rectangular coordinates with origin at the intersection of the base and
outflow face of the dam [7]. Find the equation of the free surface.

At the free surface, z = D; D being the height of free surface above the base
of the dam. If this base is taken as the datum of elevation, fof Eq. (1) is zero;
hence, ¢(x,D) = D. Substituting in the expression of o(x,z) yields D =
afx + vx% + D?|*5. By solving for D, the free-surface equation is D% =
2atx + at.

E. APPROXIMATE DIFFERENTIAL EQUATION OF MOTION

The solution of Egs. (14) and (15) that satisfies the conditions specified on
the boundaries of a given flow system will give the distribution of head through-
out the system, as well as on its boundaries. It is quite difficult, however, to
solve this problem exactly in the general case. Instead, examination should
be made of the possibility of describing the flow in systems of general interest
by an approximation of Egs. (14) and (15) in problems for which rigorous
solutions of these equations are either formidable to use or difficult to obtain.
Many flow problems in which the head varies in the vertical direction, such as
the flow in water-table aquifers, leaky aquifers, or in aquifers of nonuniform
thickness, may be treated in terms of a head distribution that is averaged in the
vertical direction. This process not only makes the solution of problems easier
to obtain but also in many instances desirable, as water levels observed in the
field generally represent average heads in vertical sections of the aquifer. In
wells, water levels represent the average head on the water entry section of the
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well. On the lateral boundaries of a flow system, such as lakes, streams, or seas
which cut or may be assumed to cut completely through the aquifer, water
levels represent the average head on the vertical section of the boundary.

In Fig. 3, ground water flows between the surfaces z; = f(x,y) and z, =
H(x,y,t). The main flow loses and/or gains water from the adjacent layers.
In many instances, the flow in the over- and underlying layers may be consid-
ered as nearly vertical, such as when downward percolation feeds a water table

Fic. 3. Diagrammatic representation of flow in a vertically replenished aquifer.

or when vertical leakage through semipervious layers occurs. Let the rate at
which vertical leakage crosses the interface f per unit area be « and that which
crosses the surface H be w. If y and w are zero, the surface fand H are stream
surfaces. Consequently, differentiation following a particle of water on these
surfaces results, respectively, in

dz,[dt = (9f] ox)(dx[dt) + (of]oy)(dy/dt)

dz,Jdt — (2H|ox)(dx/df) + (8H[oy)(dy/dr) + oH]/ot

but dl/dt represents the effective (seepage) velocity in the direction of /; that s,
v;/e, where v, is the bulk velocity in the /-direction and e is the effective porosity
(specific yield) of the material. Expressing the total derivatives of these rela-
tions in terms of bulk velocity components yields

v1,(f) = 0 )&0x) + v, (S )of]0y)

vo(H) = v (H)(0H|0x) + v,(H)(0H[dy) + ¢0H| ot

where, for purposes of simplification, v(H) and v(f), respectively, denote
v(x,y,H,t) and v(x,, /7).

and

and
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If u and w are not zero, the vertical component of the velocity at the surface
S will be given by
Uz(f) =1u + vlz(f)
and that at the surface H by
vz(H) =W + sz(H)
where v,, u, and w are taken positive in the positive direction of z.
The equation of motion in the main aquifer for a water of constant density
{p = constant) can be written from Eq. (13) as
Ov,/0x + 0v,/0y + v,/0z — F = — S, op|ot

which, when integrated with respect to z between the limits f(x,y) and H(x, y,f)
and the differentiation and integration operations are then interchanged
through use of the rule of differentiation under the integral sign, will become

a[ L’f v, dz] Jox — v (H) 8Hfox + v(f) ofox

+ 4] ff v, dz] oy ~ v,(H) 0H[2y + v,(f) offéy
+ v (H) — v,(f) - J"j’ Fdz

= - ss{a“;’ @ dz]/é‘t — o(H) 3H/3f}

where ¢(H) is used to denote ¢(x,y,H,1).

If, in the preceding equation, v,(H) is replaced by its equivalent in terms of
wand v,,(H), and v,( f) in terms of v and v,( f), and v, and v, are replaced by
their equivalents from Eq. (12), and if the rule of differentiation under the in-
tegral sign is used again to interchange the differentiation and integration
operations, the result will be

(9/2x)[o(b@)/ox — p(H) oH[ox + @(f) 8f]ox]

+ (9/oy)[6(b9)/ 0y — o(H) oH[dy + o(f) 9f]9y]

+ (u — w)/K + bF/K = (¢/K) 6H]ot

+ (S/K)[o(bgp)/ ot — (H) 2H]o1] (16)
where ¢(f) = ¢(x,3,£.1), o(H) = o(x,y,H,1), and F(x,,t) and @(x,y,t) are,
respectively, the average rate at which water is added (hypothetically gene-

rated) per unit time per unit volume to the flow and the average head over the
thickness » = H — f; that is,

F:(l/b)jfpdz, and ga:(l/b)f;’q;dz

Depending on the nature of variation of H, f, u, and w, Eq. (16) may be sim-
plified considerably for many problems of practical interest (Sections 111
and V).
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11. Integral Transforms and Mathematical Functions

The theory of integral transforms affords mathematical devices through
which solutions of various problems in mathematical physics can be obtained.
The Laplace and the finite Fourier transformations are two such devices. In
problems of ground-water flow, the first transformation removes the time vari-
able and the second removes after each application one of the space variables,
provided the region is finite in the direction of that space variable, Full account
of these transformations and their applications may be found in the mathe-
matical literature. The concern here is with the application to ground-water
problems, the aim being to describe rather than to justify the procedure.
Fundamental properties of these transformations will be given with neither
a proof nor a careful statement of the conditions under which they apply. The
exact conditions are, in fact, not needed since the final solution of a problem
can be verified by applying the boundary conditions and by direct substitution
in the differential equation.

A. LAPLACE TRANSFORMS

Unless it is necessary to emphasize the dependence of the functions s(x,y,
z,t) and §(x,y,z,p) on (x,y,z), they will be denoted henceforth by s and 3,
respectively. Should it be necessary to emphasize the dependence of s on ¢ and
s on p, they will be written as s(¢) and §(p), respectively.

Given a function s(z) defined for positive values of ¢, its Laplace transform
§(p) is defined by

Lis)} = 5(p) = [ exp(—pt)s(t) di

where p is a number, called the transform variable, whose real part is positive
and large enough to make the integral convergent.

The inverse transformation, symbolized by L-Ys(p)} = s(¢), is defined by a
contour integral (not given here) in the complex plane. In this chapter, neither
the Laplace transform integral nor the complex inversion integral will be need-
ed. Instead, use will be made of available tables [8-10} of Laplace transforms
and inverse Laplace transforms so that given a function s(¢), its Laplace trans-
form §(p), or given a function §(p), its inverse Laplace transform, can be found
from the tables that are available in the literature.

1. Fundamental Properties

A few of the fundamental properties of the Laplace transformation that are
of immediate use in solving ground-water boundary-value problems are:

L{fis1 + foso} = fi$1 + foSe 17
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in which f; and f;, are constants or functions independent of the variable with
respect to which the transformation is made;

L{osjot} = ps — s(x,p,2,0) (18)
L{Vs} = V5, L{V2s} = V% 19
L{s exp(—at)} = $(p + a) (20)
in which a is any constant and L{s} = §;
when
F@) =0, 0<t<t,
and
Fy=f(t-1), t>¢
then
L{F(2)} = exp(—t,p) f(P) 2D
in which, f(p) = L{f(¢)}; and
L) Ty = [ =) fokr) dr 22)

2. Short List of Transforms

A short list of Laplace transforms referred to in this chapter is given in the
accompanying tabulation. See Section II, C for the definition of functions
appearing in this list.2

fo) = L{f (0} fO =LY f(p}
1. 1/p 1
2. 1p ~Yn—1)1
3. 1jp(p+a) (1/a)[1 —exp(—at)]
4. 1/\/p l/\/‘n’t
5. 1/pf AT k)
6. (1/4/p) exp(—k+/p) (1/4/71) exp(—k?*/41)
7. (p)exp(—kv/p) erfc(k/+/41) B
8. (1/p"*™* exp(—k+/p) (40)"'%™ erfe(k [/ 4t)
9. Kyk '\/E) (1/21) exp(—k?/4r)
10.  (1/p)Kolk+/P) A/2)Wk*/4t)
11. Kykv/p+a) (1/21) exp(—at—k?/41)
12. (llp)Ko(k\/m) 1/2)W(k?/4t, k\/a)
13. (1p)Ko(k/P+avp) (12 H(k?/41, ka4)
14. Ko(k\/g)/PKo(kl'}/P) _ Atk klker)
15, Kolk~/p)[pleir/P)Ky(k1n/P) (1/2)S(t/k3, klky)
16. Ko(k\/P+a)/PKo(k1\/P+a) Z(tk3, kiky, kl\/a)

2The transforms 12 and 13 are obtained from Hantush [2, pp. 3722-3]; 14 and 15 are
from Carslaw and Jaeger {10, p. 335 and p. 338]; and 11 is from Hantush [11, p. 1045].
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B. FINITE FOURIER TRANSFORMS

These transforms are useful in solving boundary-value problems in which
at least two of the boundaries are parallel and separated by a finite distance.

1. Finite Fourier Cosine Transform

Given a function s(x,y,z,t), defined in the interval 0 < z < b and denoted
henceforth by s(z), its finite cosine transform s/(x,y,n,t), or simply s,(n), with
respect to z is given by

Jds(@} = s = | " 5(2) cos(nmz/b) dz 23)

in which » = 0,1,2,3, . ...
The inversion formula is

sG) = (1/B)s,0) + (2/b) f;lsc(n) cos(nmz/b) (24)
also

JA&s/02% = —(nm[b)es(n) + (=" os(b)/oz — 0s(0)/oz (25)

The finite cosine transform is useful for problems in which the velocities
normal to two parallel boundaries are among the boundary conditions of the
problem.

2. Finite Fourier Sine Transform

The finite sine transform s(n,y,z,t), or simply s,(x), with respect to x of a
function s(x,y,z,7), or simply s(x), when defined in the interval 0 < x < a
is given by

f{s(x)} = sy(n) = f o 5(x) sin(amx/a) dx (26)
and the inversion formula is
@) = Q) > s,(n) sin(umx/a) @7)

also
J{&%s]ex?y = —(nmla)’s(n) 4 (nm/a)[s(0) — (=)"s(a)] (28)

wheren = 1,23 ... .

The finite sine transform is useful for problems involving boundary condi-
tions of head distribution on two parallel boundaries.

Example 7. An effectively long and fairly straight stream cuts completely
through a semi-infinite sand. If the water level in the stream is suddenly raised
hy units above its initial elevation and maintained constant thereafter, find the
rise of water levels in the sand and the rate of seepage into the sand caused by
this change of stream level.

Let the stream be along the y-axis and the sand extend indefinitely to the
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right. If the water level in the stream slopes gently along the y-axis so that it
may be assumed independent of y, and if the rise A, is small compared to the
initial depth of saturation in the sand, this bank-storage flow problem may be
represented by the following boundary-value problem:

9hjox® = Ohfvét (a)
h(x,0) = 0 (b)
hO,1) = hy ©
h(c0,f) = 0 @

where 4 is the rise in the water level (caused by the change in stream level) at a
section in the sand x distant from the stream.
Applying the Laplace transformation to the problem yields

L{&hjox2} = L{ohfvdt), or  &hjoxt = (1/v)[ph — h(x,0)],

or  &hjoxt—(ph =0 @"
L{n(0,0)} = Liho}, or h(0, p) = hy/p (")
Li{h(e0,1)} = L{0}, or  h(c0,p) =0 (d"

Equation (a") is a second-order linear differential equation, a solution of
which satisfying Egs. (¢”) and (d') is readily obtained as i=(h,/p) exp(— xV/ p[v)
whose inverse Laplace transform is

L={h(x,p)} = hyL={(1/p) exp(—xVp/»)}

By definition, L-{A(x,p)} = h(x,f). From tables or from the list of trans-
forms (Section 1I, A, 2), L=(1/p) exp(—x+/p/v) = erfc(x/\/4vt); conse-
quently, the solution is A(x,?) = hy erfc(x/v/4vt) where erfc is the comple-
mentary error function.

From Darcy’s law, the discharge per unit width of channel front across any
section is g(x,t) = —T oh/ox, the Laplace transform of which is §(x,p) =
~T 0hjox = (Thy/v/v) (1/Vp) exp(—xV/p/v), from which the Laplace trans-
form of the stream seepage into the sand per unit width of stream front is
4(0,p) = (Tho/v'»)(1/Vp).

The inverse Laplace transform, using tables, gives g(0,¢) = Thy/V/vnt.

Example 8. Instead of being semi-infinite, the sand of Example 7 has a
closed lateral boundary at x = /. Find the solutions corresponding to those of
Example 7.

This bank-storage problem may be described by Egs. (a) to (¢) of Example 7
and by the condition

h(2lt) = he (a)

Applying the Laplace transformation as in Example 7, the transformed
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problem will be given by Egs. (a’) and (¢’) of Example 7, and the Laplace
transform of Eq. (a,); namely,

h(21,p) = holp (a2)
Applying the finite Fourier sine transform to Eq. (a") of Example 7 yields
— (nm20y*hy(n,p) + (n[21)[A(0,p) ~ (— 1)"h(2], p)]
—(p/)hfn,p) =0
Using Eq. (¢’) of Example 7 and Eq. (a,) and solving for h, gives
hfn,p) = (nm|21)(1 = (= 1)Yho/plplv + (nm/20)2]
which, inverted by the finite Fourier sine transform inversion formula or Eq.

(27), will be

«©

2 nm o Bo[sin(rmx/21)]
ﬁ(x,p)—flzﬁn (1) elnbmi 2L

After obtaining the inverse Laplace transform from tables, the formal solu-
tion will be

h(x,1) = (2/10/#)21 A1 — (1)
{1 = exp[ — vt(nn/2D)2]} sin(nmx/20)
which, when # is replaced by 2m + 1, becomes
Het) = @hf) 3 [1/@m + 1]

{1l — exp(—vt[2m + 1)m/2IP)} sin[(2m + 1)mx/2]]

in which the first sum may be recognized as equal to ho. Consequently, the
solution may be written as

h= by = @hyjr) 3~ 11/ + D]

exp(—vt[(2m + 1)=/21?) sin[(2m + 1)mx/2)

The rate of seepage from the stream per unit length is g(f) = — T oh(0,1)/0x;
thus,

90) = QThJD) 3 exp(—wtl2m + Drf2IF)

Example 9. A well partially penetrates an infinite leaky artesian aquifer of
uniform thickness. If the storage in the semipervious layer of the leaky system
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is neglected, find the drawdown distribution induced by pumping the well at a
constant rate.

The flow toward the well may be described by the following boundary-value
problem (Section IV, A):

sfor® + (1/r) os/or + &%s/022 — s/B? = (1)v) és/ot (a)
s(r ,Z,O) =0 (b)
§(00,z,t) =0 ©
os(r,0,)/0z = os(r,b,t)/0z = 0 )
lim [({—d)r(és/or)] = A(t)= 0, 0<z<d
0 = —Q2nK, d<z<I ©
=0, l<z<bh

where the origin of the coordinate system is taken at the center of the well in
the plane of the top of the aquifer, with the z-axis positive downward, B2=
T/(K'[b") where b’, K’ are the thickness and the conductivity of the semi-
confining layer, respectively, b is the uniform thickness of the aquifer, / and d
are, respectively, the total depth of penetration and the depth of penetration
of the unscreened portion of the well, r and z are the radial distance and the
vertical distance to any point in the aquifer (point locating the bottom of a
piezometer), s is the drawdown induced at the point (r,z) at the end of the
period ¢ since the beginning of pumping, Q is the constant rate of pumping,
and (K’/b") is the leakage coefficient (see Section 11, C, 1, for definition).
Applying the Laplace transformation to Egs. (a), (c), and (d) making use of
Eq. (b), then applying the finite Fourier cosine transformation to the resulting
expressions making use of the Laplace transform of Eq. (d), yields

&%, /or2 4 (1/r) 85,/0r — (v -+ 1/B? + (nm /b)), = O, @)
5c(°0,n,P) = Oa (b’)

lim [(/—d)r o5, /or]

= | * A(p) cos(nmz/b) dz = — f ' (0/27Kp) cos(nmzb) dz

= —(Q/2nKp)(bjnm)[(sin(nml/b) — sin(nwd|b)] «©)

Equation (a’) is the zero order modified Bessel equation whouse general
solution [12] is §, = ¢,Ko(Nr) 4 colo(Nr) where N2 = p/v + 1/B? + (nn/b)?,
and J, and K|, are the zero order modified Bessel function of the first and second
kinds, respectively.
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Since Ky(o0) = 0, I(c0) = ©, 8K\(Nr)/or = —NK(Nr), and since as
x—0, xK;(x) — 1, then the values of ¢, and ¢, can be found by using Egs.
(b’) and (¢'). Thus,

S, = [Q2nK(I—d)] - (b/nmp)[sin(nnl[b) — sin(nmd|b)]K,(Nr) d)
whose inverse finite cosine transform, from Eq. (24), is

§ = (Q2mKb){((1/p)Ko(rV'p[v + 1/B?) + [2b/n(l- d)]

3 RAUPK VP B GrrfByT)

where
R, = (1/n) [sin(n=i/b) — sin(nmd|b)] - cos(nwz/b)

By using the list of Laplace transforms (Section I, A, 2), the inverse Laplace
transform of the above equation is

s = (Q/4nKB) {W(u,r|B) + [2bjm(l — d)]if; R,
- Wi, VGTBEF (e BT}

where u = r?/4vt and W(u, B) is an infinite integral, known as the well function
Jor leaky aquifers, tabular values for which are available (Section II, C, 17).

Example 10. A well completely penetrating an infinite leaky artesian aquifer
is pumped at a constant rate Q for a period of time ¢#, after which the well is
shut off. Find the drawdown around the well during the recovery period, if the
storage in the semipervious layer of the leaky system is neglected.

This problem of drawdown and recovery of water levels around the well can
be described by

d2s/or2 + (1/r) &s/or — s/B% = (1)v) ds/ét (a)
5(r,0) =0 (®
$(c0,5) =0 ©
limrasjor = — Q[2aT, 0<t<t,
HO =0, t>1, (d

Apply the Laplace transformation to obtain

o%fort 4 (1r) és/or — (pfv + 1/BHs = 0, $(c0,p) =0
and _
lim r 8§/or = —(Q27Tp)[1 — exp(—pty)]

r—0
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whose solution (see Egs. (a’) to (¢”) of Example 9 for obtaining the solution) is

§ = (Q/2nT){(1/p)Ko(rVp[v + 1/B*) ~ (1/p) exp(—pty)
" Ky(rv/plv+1/B% }

whose inverse transform (from list of transforms) is
s = (Q[4nT)W(r*/4vt,r/B)  for 0<t<t, and
s = (Q/A=T){W(r/4vt,r|B) — W(r*/4v(t—1ty),r/B)}  for  t>1,

This result can be readily generalized for any problem of recovery of water
levels after shutdown of wells that were pumped at a constant rate. Given the
drawdown expression s(r,t) for a steadily discharging well, then the residual
drawdown s’ during recovery after a continuous pumping period of #,, will be
given by

s’ =s(r, 1) — s(r,t—1t,)

C. FuncTioNs OF COMMON OCCURRENCE IN PROBLEMS OF GROUND-
: WATER FLow

Definitions and useful approximations for several functions that are of
common occurrence in well problems and other ground-water-flow problems
are given below in alphabetical order.

(1) A(w,p) may be called the flowing well function for nonleaky aquifers and
is defined [13] by

2 (% Jo) Yolpu) — Yo(u)Jo(pu)

du
— [ _ 2"
A@p) =1-~ : EOES AT exp( Tu)u

The function is available in tabular form [13]. It is given in Table I. The
function may be approximated for practical computation [14]:
a. for small values of r,7 < 0.05,

A(r,p)  [1/y/pl{erfel(o— D/2v/7) + [(o— Dv/7/4p) i etfel(p— 1)/2v/7]}
b. for large values of =, + > 500,
A(r, p) & [W(p*/47))/In(2.257)

(2) erf(x) and erfc(x) are, respectively, the error and complementary error
functions and are defined by

erf(x) = 1 — erfo(x) = (2/+/7) f " exp(— %) dy
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TABLE 1. Values of the Function A(7,p)

1.5 1.6 1.7 1.8 1.9 80 90 100
0,000 | 0,000 | 0.000 | 0.000 | 0.000 0,000 | 0.600 ' 0.000
i
; -
|
! ; (
. ——
| 0,000 | 0.000
o0.010 | 0.002 .00
| .001 0.000 0.000
63 004 | 0l001 | 0.000 | 0.001 | 0,000
009 | 02003 | 0.001 | 0.002 | 0001 | 0.000
6.007 | 0,008 ! 0,004
i 0.012 | 0.005 | 0.397 0,006
| 0018 | 0.009 I 0:407 | 0.235 | 0.009
[ 8.423 | 0794 0025 | 0.013 | 0.415 | 0245 | 0l153 0lo11
1 | 0.443 | 0.316 0.032 | 0,018 | 0.000 | 1000~ 0.422 | 0,284 0,014
) | 0ise2 0.156 | 0,114 | olos2 | olg0r |
1 0620 0.229 | 0181 | 0l14z | ol00s
1 | 0.655 0.282 | 0.233 | o191 | 0,015 | o.000 P
1 | 0.680 0,325 | 0.274 | 0.230 | 0.027 | 0,001 — , . __.
N ; ! — 5.0 ¢ 6.0 70 | 8o %0 [ w
6 11, 0,698 0.356 | 0.307 | 0.263 | 0.040 | 0.003 '——v——’\
701, 0,895 I 0.713 0.382 | 0.334 | 0l290 2006 . 0,000 | 0.000 | 0.000 | 0.000 | 0,000 | 0.000
8 | 1.000 | 0.899 I ai725 0.405 | 0.357 | 0,315 . 0.001
9 | 1000 | 0,903 [0S 0.424 | 0.377 | 0334 . ool | 1
t :
1 1,000 | 0.906 | 0783 0.440 | 0,394 | 0.351 i 0.000
2 01000 | olsze 0.790 0536 | 0.496 | 0,258 0l001
s 1000 | alen2 ! 0.8z 0.583 | 0.546 | 0.511 ! 0,006
41000 | 0la37 0.826 0.612 | 0,577 | ols44 i 0.014
15 1000 | olsa0 | 0,835 0.633 | 0.599 | o.568 0,024
- T T
6 | 1,000 [ 0.943 ;0,842 0.648 | 0.616 | 0.586 ‘ i 0.035
7 [ 1.000 | 0.661 | 0.630 | 0,601 | | i 0.046
[ 0.670 | 0.681 | 0.613 | 0395 | 0l254 | 0.153 | 0.056
9 0.680 | 0,630 | 0.625 | 0:409 ! 01270 | o175 | 0,067
1 0.687 | 0.658 | 0.631 | 0,422 | 0.284 | 0.188 | 0.077
H 0.729 | 0,704 | 0681 | 0497 [ 0,370 | 0.277 0/153
3 0.750 | 0,726 | 0,705 | 0534 | 0.415 | 0.33% r 0.201
I 0.762 | 0,741 | 0.720 | 0.558 | 0.444 . 0.358 0235
10 5 0.772 0.751 0,731 0.574 | 0.464 : 0,381 | _0.314 1 0.260
— 7 T
6 9079 | 0788 | 0739 | 0.see  o4mr | 0.399 | 0.3 J 0,281
7 0.785 | 0.765 | 0,746 | 0.598 : 0494 | 0.4ra | 0.350 | 0.307
H 0.789 | 0.770 | 0,752 | 0607 | 0505 | 0.427 | 0.3¢4 | o313
9 0793 | 0.774 | 0.756 | o.614 ! 0ls18 | 0.437 | 0,323
- o T T
1 0.797 | 0.778 | 0.760 | 0.621 ' 0.522 i
2 0.817 1 0.800 | 0784 | a.658 ' o.3es
H 0.827 | 0.811 | 0.796 | 0.677 | 0.593
. 4 0.834 | 0.819 | 0.804 | 0,690 | 0,609 0
10?5 0:839 | 0.824 | 0.a10 | 0699 | al620 |
T T T
6 0.842 | 0.828 | 0.814 | 0,706 | 0,629 |
H 0.846 | 0.831 | 0.818 | 0.712 | o0.636 |
s 0.848 | 0,834 | 0lg21 | 9.716 ‘ 0.4z |
9 0.850 | 0.837 | 0.824 | 0.720 | 0.647
[ T
1 0.852 | o.838 | o0.a26 [ 0.724 [ o.es2 |




TABLE II. Values of the Function G(7,83)

T ﬁ] 0 |1x10-5 [2010-5 [ 4x10-5 Jex10-5 [#x10-5 | 10-¢ ¥ 20104 [ ax10-4 | 6x10-4 gxto-4 { 10-3 | 2210-3 | m10-3 | 6xr0-3 ] war0-3] y0-2
1x102  0.346 0.346
z . o0t oot {on Jo.mz |o.m2
3 . 294 0.294 [0.294 {0.294 |0.295 0.295
4 0. 283 0.203 [0.283 |0.285 |0.204 Jo.208
s 0. 274 0.27¢ Jo.274 Jo.215 Jo.215 |o.216
[} [o. 268 0.268 [0.268 [0.268 [0.269 {0.271
7 0. 263 0.263 |0.263 [0.263 |0.264 |o0.266
[ lo. 258 0.258 {0,258 {0.259 [o0.260 }o0.261
] 0. 254 0.254 }0.255 |o0.25¢ |o0.257 |o.258
%103 Jo.251 0.251 |0.252 0.252 {o0.254 }o.255
2z jo. 232 0.232 }0.233 {0.234 |0.236 Jo.239
3 lo. 222 0.222 |o,223 Jo.225 {0.227 |o.231
4 Jo. 215 0.215 [o.216 10,219 |o0.222 fo.226
s Jo. 210 0.210 o0.212 fo.215 |0.218 }o0.222
6 lo. 206 0.206 10,208 |o0.211 {o.215 |o.220
7 Jo. 203 0.203 [0.205 |0.209 |o.213 ]0.219
[] lo. 201 0.201 [0.203 |0.207 |0.212 |o. 218
9 jo.198 0.198 |o.20t [0.205 [0.210 |a.217
w10t Jo.19 0.196 | 0.197 [0.200 |0.204 |0.200 [0.216
2 0.185 0.135 { 0,185 (0.190 |0.197 [o0.205 |0.213
3 o.178 0.178 { 0,179 [0.186 [0.194 |0.203 [o.212
‘ o173 0.173 { 0,176 [0.183 [0.193 [o.202

5 0.170 0.170 | 0.173 lo.181 [0.192

6 lo. 168 0.168 | 0.171 |o.180 [o0.192

7 0.166 0.166 o.167 {0,170 [0.179 foain

s 0. 164 0.164 {0.165 | 0.169 |0.179

9 fo.163 0.163 10.164 | 0,168 0.179

1%105  [o.161 0.6t [o.162 |o.162 fo.162 | 0.167 [0.278

2 o.152 0.152 [0.153 |o.ts3 [0.154 |0.155 [ 0.163 [0.177

3 0.148 0.148 fo.148 [0.149 [0.150 fo.152 { 0.162

. 0. 145 0.145 Jo.145 Jo.t46 [0.247 Jo.150 [ 0.162

5 0.143 0.143 |0.143 |o.144 [0.245 J0.148 | 0.16)

6 p.141 0.141 fo.142 [0.143 [o.144 [0.147 | 0,160

7 0. 140 9.140 Jo.140 (0,141 [0.143 [0.146 | 0.160

[ o.138 0.138 {0.139 [0.141 [o0.143 o.145 | 0.160

9 0.137 0.137 [0.132 |o.140 [0.142 {0.144 | 0.160

1106 p.136 0.136 10.137 [0.138 lo.139 {o.141 [0.144 | 0.159

2z p.130 0.130 |0.131 (0,133 [o.135 f0.139 [0.143 ] 0.159

3 b.127 0.127 [0.127 |o0.130 (0.13¢ [e.138 [o.142 | 0.158

. b.124 0,124 |0.125 [0.129 |o.134

5 p.123 0.123 |o0.t2¢ [0.128 [o.133

6 b.121 o.121 10123 [o.128

7 b.120 0.120 [0.122 jo.127

8 p.119 0.9 |oaar foa2r

9 p.118 o.ms |o1zn |o.127

=107 .18 0.118 |o0.120 fo.rz7

2 o.114 o.114 {0.116 o.126

3 .11t 0.111 |0.112

4 b.109 0.109 [0.110 [o.1n1

s o.108 0.108 [0.109 0,110

3 p.107 0.107 {0.108 Jo.109 [0.110

7 p.106 0.106 [0.107 [o.108 [o.tog

2 o108 0.105 [0.106 [o.108 [o.109

9 o.104 0.104 |0.105 [0.106 [o.107 [0.108

1108 o104 0.104 [0.104 [0.108 J0.106 [0.t0a

2 p.100 fo.100 lo.101 [o.102 [o.103 [o.105 [0.107

3 o.0982 0.0982 |0.0986 |0.100 [0.103

+ .0968 0.0968 |0.0974 |0.099¢ |0.102

5 0958 [0.0958 {0.0966 [0.0989

Iy b.0950 [0.0951 |0.0959 |0 0986

7 0.0943 [0.0944 |0.0954 10.0984

[ 0.0937 [0.0939 |0.0949 {0.0982

9 0.0932 [0.0934 [0.0946 {0.0981

1x109  ¥.0927 |0.0930 |0.0943 {0.0980

2 k.0899 [0.0906 |0.0927 |0.0977

3 0.0883 0.0893 [0.0920 |0.0976

4 0.0872 [0.0885 |0.0917

s lo.0s64 [0.0880 |0.0916

6 0.0857 Jo.0876 [0.0915

1 [o.0851 [0.0873 |0.0915

s o.0846 [0.08%0 |o.0915

9 0.0842 [0.0863 [0.0914

1x1010 o, 0838 [0.0B67 [0.0914

2 lo.0814 o

3 lo. 0861

4 0.0792

5 lo.0785

6 0, 0779

1 0. 0774

[ fo. 0770

3 fo. 0767

10 Jo. 0764 o.0860 [0.0914 | 0.0976 §0.102 f0.105 jo.107 [0.116 |0.126 [0.133 |0.138 Jo.142 | 0.158 jo.177 o1 lo.202 [o.212
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They are available in tabular form [10, 15]. The following relations are use-
ful:

a. erf(—x) = —erf(x), erf(0) = 0, erf(e0) = 1,
erfe(—x) = 1 4 erf(x), erfc(—o0) =2

b. forx < 0.1, erf(x) =~ 2x/+/m,
for x>9, exp(x) erfe(v/x) =~ 1/y/7x

(3) G(r) may be called the flowing well discharge Junction for nonleaky
aquifers and is defined by G(r) = G(r, 0).

The function is extensively tabulated [16]. Sufficient values of this function
are given in Table II. It may be approximated by

a. for r <0.05, G(r) = 0.5+ 1/v/77
b. for = > 500, G(r) & 2/In(2.257)

(4) G(r,B) may be called the flowing well discharge function Sor leaky aqui-
Jers and is defined [11] by

G(r.8) = BK.(B)/Ky(B)
+ (/) exp(—8%) [ exp(—rut)F du
where
F=ul[u* + BI[J5(w) + Y3(w)]

Sufficient values of the function are given in Table IL. It may be approximated
by

a. forr <001,  G(r,f) ~ G(r,0) = G(r)
b. for 782> 1, G(=,B) = 2/W(1/4r, B)
(5) H(u,B) defined [2] by

H@wB) = [ (1/y) exp(—) erfe[8v/ulvy(—u)] dy

and is extensively tabulated [17]. Sufficient values of the function are given in
Table III. It may be approximated [2] by
a. u > 1082,
H(u,B) ~ W(u) — (48/+/7u)[0.258 + 0.693 exp(—0.5u)]

b. u < than both 10-5/82 and 10482
H(u,f) = (1/2) In(0.044/8%u)
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TABLE IIl. Values of the Function H{u,pB)

-2 -n {0} 53] {2
1 2 s 1 2 5 1 H 5 1 B s 1 z 5 1 2 B

PR wA -

P

{-4) 8.4258 | 8 2487
(-4} 7.7901 | 7.6563
t-4) 74110 | 7.2985
{-4) 7.1393 | 7.0401

(-4} 6.7533 | s.6705
(-4) 6.6086 | &.5284
{-4) 6.4174 [ 6.4048
(-4} 6.3640 | 6.2952

CE N W

{-3) 25903 | 55431 1 5.91ts f15.2003 | 49139 | 43184 | 37598 | 3.usas | 2034190 | ri7sie | 1izsie | o.6238 | o.3084 | 01104 16b(-4) | 169(-5) | 555(-7)
(-3} 31948 15,1560 | 5. 0465 14,8837 | 4.6149 | 40683 [ 3.5363 | 29498 | 221859 | 17ss2s | iloesz | o.s1m2 | o 2394 816(-4) | 9275} | 713(-6) | 149(-7}
(-3 4.0135 | 4.8758 [ 4.7839 | 4.6396 | 4.396z | 3.8850 | 3.3750 | 2.8050 | 2.0253 | 1.4656 | 0.9658 | 0.4496 | o.1970 619¢-4) | 588(.5) | 360(-6) | 534(-8)
(S 46951 | 4.6649 | 45786 | 4. 4474 | 42231 | 37415 | 3.2483 | 2.6891 | 1.9zs0 | 1.3767
-3 4.5165 | 4.4890 | 4.4099 14.2888 [ 4.0794 | 3.6214 | 3. 4436 | 225957 | 1.8437 | 13054

{-3) 42347 | 4.2109 | 42421 § 45,0387 | y.ga88 [ 3428r | o976z | 204478 | 17166 | 102953 | o.7435 | o.%064 } o 1158 290(-43 | 169(.5} { 553(-7)
{-3) 41194 | 4.0965 [ 4,030 39303 | 37530 | 33478 [ 2.9068 | 2.3870 | 1.6651 | 1.1s1z | o.7083 | o.285¢ | ol 1047 252(-4) | 133(-5) | 384{-7)

PRGN

-2} 4.0163 13,9950 1 3.9334 §3.8374 | 36669 | 32752 | 2.8403 | 2.3325 | 16193 | 11122 | 0.6775 | o.2670 955(-4) | 221{-4} | 108{-5} | 274{.7)
{-2) 3.3397 { 3.3250
-2) 2.9472 | 2.9354

i-2) 2.4590 | 2.4502
{-2) 2.2074 | 2.2795 | 2.2563 f2.2188 | 2.1478 | 19626 | 17217 | 123905 | o.s838 | o/5298 | o, 2593 630(-4) | 12443 | 112(-5)
{-2) 2.1436 | 2.1365 | 21154 §2.0812 { 2.016¢ | 1.8458 | 1.6213 | 1.2088 | o.8255 | 0.4880 | 02332 536(-4} | 982(-5) | 799i-6)
(-2} 2:0203 1 2.0138 | 19944 ;19630 | 1.9031 | L7448 | 15343 | 1 2381 | 0.7758 | 0.4530 | 0.2119 | <ba(-a} 9%-5) | 587(-6) | 219(-8}

PR O

{-1) 0.9033 ( 0.9010 | 0.8940 1 0.8825 | 0.8603 | 0.7986 | 0.7103 | 0.5739 | 0.3390 § 0.1729 | 629(-4) | 752(-8) 592{-8) | 126(-7)
-1y 0-7006 1 0.6989 | 0.6936 | 0.6850 | 0.6683 | 0.6218 | 0.5543 | 0.4482 | 0.2619 § 0.1296 | 4410-4) | 448(-5) 283(-8) | 424{-8)
-1} 05584 1 0.5570 [ 0.5530 § 0.5463 | 0,5333 | 0.4969 | 0.4436 | 0.3551 | 0.2083 | 0.1006 | 325(-4) | 288(.5) 151(-6) | 171{-8}
(-1} 0.4533 1 0.4522 1 0.4490 1 0.4437 | 0.4333 | 0.4061 | 0.3613 | 0.2927 | 0.1688 | 799(-4) | 2a7(-4) 195¢-5) | 873(-7}
(1) 0.3729 1 ©0.3720 | 0.3694 § 0.3651 | 0.3567 | 0.3330 | 0.2980 | 0.z415 | 0.1386 | 64s{-4)| 192(-4) | 137(-5} 534{.7}
-1 ©.3099 | 0.3092 § 0.3070 § 0.3035 | 0.2966 | 0.2770 | 0.2481 [ 0.2012 | 0,115t | 529¢.4) | 152(-4} | 986(-8} 340(-7)
-1 0-2596 | 0.2590 | 0.2572 ] 0.2543 { 0.2485 | 0.23¢3 | 0.2082 | 01690 | 963(-4) | 437¢-4) | 122(-a) | 728(-8} 223(-7)

P R

Comuowa L

{-61 ] 11,9842 1 11,4237 §20.5908 119.9259 | 9.2469 | 8.3395 | 7.6497 | 6.9590 | &.0463 | 53575 | 4.6v21 | 3,775 [ 3. 1ivo T a6 1.6710 § 1.1361 | 0.6879 | o.2608
(-6) | 11,8355 | 11,0211 110.2210 [[9.5677 | 8.8946 | 7.9908 | 7.302¢ | 6.6126 | 5.7012 | sio1e) | 43312 | 34432 § 2.7857 | 2. 1568 1.3944 § 0.8995 | 0.5045 | 0.1685
(-6} 1 11,2593 | 10.7764 | 10,0006 1 9.3561 | 8.6875 | 7.7864 | 7.0991 | 6.4100 | s 4995 | « 8136 | 4.1327 | 3 2474 | 2 5984 | 19801 1.2409 F0.7725 | 0.4113 | 01230
(-6 | 11,0568 | 10.5980 | 9.8419 | o.2com | 8.5399 | 7.6412 | 6.9547 | 6.2663 | s.3567 f 46716 | 3.9922 | 3.1109 | ¢ 4611 £.8571 { 11360 f 06879 [ 0.3815 | 983.4)
(-6) | 10.8958 | 10,4566 | 9.7174 § 9. osed 7.5284 | 6.6427 | 6.1548 | 5.2459 J 4.5617 | 3.8836 [ 3.0085 | 2.3661 | 1.7633 | 1l0s74 § 0.6256 | o 3091 787(. 4}
(-6} | 10.7618 | 10.3389 | 9.6145 [l 8, 9894 T.4362 | 6.7512 | 6.0637 | 5,1555 | 4.4709 | 3.7951 | 2.9199 § 2.2844 | 1.6877 | 0.9948 § 0.5770 | o.2768 662{.4)
{-6) | 10,6466 ] 10.2375 | 9.5267 | 8.9069 | 8.2512 | 7.3581 [ 6.6737 | 5.9867 | 5.0790 | 4.3962 | 3.720¢ | 2.8478 § 7.2158 L6246 1 0.9432 § 0.3375 | 0.2511 | 568{-4)
{-8) ] 10.5455 [ 10. 1493 | 9.4500 18,8350 | & 1819 | 7.2904 | 6.6066 | 59200 [ 5.0129 | « 3306 | 36558 | 2.7856 | 2 1568 | 1 5708 0.8995 F 0.5045 | 0.2302 | 494(.4)
(-6} [ 10,4553 | 10.0702 | 9.3818 [ 8.7704 | 8.1206 | 7.2306 | 6.5474 | 58611 | 49545 | «.2728 | 3.5989 | 2.7309 § 2 1050 | 1 523¢ C.8617 § 04763 | 0.2127 | 436(.4)
(-5} | 10.3739 | 9.9967 | 9.3203 §8.7142 | 8.0657 | 7.1771 | 6.494¢ | s.8085 | «.9024 | 4 2212 2.6822,] ¢.0890 | 1.4816 | o.8285 | 0.4519 | 0.1978 | 388(-4)
{-5) 9.8197 1 9.5097 | 8.9045 §8.3315 | 7.7010 | 6.8238 | 6.1453 | 5.4623 | 4.5598 | 3.e8z7 2.3660 % 1.7632 | 12370 | 0.6256 [ 0.3091 | 0.1166 | 166{-4}
{-5) 9.4815 | 19,2084 | 8.6504 §8.1013 | 7.4844 | 6.6159 { 5.9406 | 5.2597 | 4.3600 | 3.euss 2.1850 | 1.5965 1 L0716 | 0.5203 | 0.240z | sing-43 | 929(-5)
(-5} 9.2358 | 8.9878 | B.4646 §7.9346 | 7.3290 | 6.4677 | 5. 7951 | 5.1160 | 4.2185 | 3.s4e8 2.0588 [ 1.4815 | 0.9730 | o0.4518 | 0.1978 | 6217.4) | 590(-5)
(-3) 9.0422 | 8.8128 | 8.3171 §7.803) | 7.2072 | 6.3523 § 5.6821 | 5.0045 | 4.1090 | 3.4394 1.9622 } 1.3943 | 0.8994 | 0.402¢ { 0.1685 | 494{.4} | 405({-5).
{-5) 8.8822 1 8.6674 | 6.1943 [ 7.6941 | 7.1068 | 6.2576 | 5.5896 | 4.9134 | 4.0196 | 3.3519 1.8841 | 1.3244 | 0.8412 | 0.3645 | 0.1468 | 406(.4) | 293(-$)
1-5) 8.7457 | B.5428 | 8.0888 §7.6007 [ 7.0212 [ 6.1773 ) 56113 | 4.8364 | 30442 { 3. 2181 1.8189 | 1.2664 | 0.7934 | 0.33¢1 | 0.1300 | 342(-4) [ 220¢-5)
-5} 8.6266 | 8.4336 | 7.9962 [ 7.5190 | 6.9466 | 6.1076 | 5.4434 | 4.7697 | 3.8789 | 3.2143 1.7629 § 1.2169 | 0.753¢ | 0.3090 | 0.1166 | 292(-4) | 169(-5}
(-5} 8.5209 | 8.3364 | 7.9134 | 7.4461 [ 6.8804 | 6.0459 § 5.3834 | «.7108 | 3.8214 | 3.1583 L7139 | 11739 | o.718z | 0.2879 | ©.10% | 253(-4) | 133(-8}

7.8386 3 7.3803 | 6.8208 | 5.9906 § 5.3297 | 4.6581 | 3,7700 [ 3.1082 | 2.4658 | 1.6704 | 1.1359 | o.6a78 | o, 2698 983(-4) | 222(-4} | 107(-5}.
7.3276 4 6.9321 | 6.4190 | $.6226 [ 4.9747 | 43115 | 3.4334 | 2.7819 | 201549 | 1.3937 | 0,899z | 0.5044 | o, 168¢ 494(-0) | s42(-5) | 206(-8)
7.0135 16,6563 | 6.1750 | 5.4035 ) 4.7655 | «.1086 | 3.2379 | 2.5937 | 1.9778 | 1.2401 | 0.7721 | 04111 | o 1229 315(.4) | 434(-5) | 674(-7)
6.7840 ] 6.4541 | 5.9971 | 5.2459 [ 4.6161 | 3.9645 | 3.0999 | 2.4617 | 1.ases | 1.1352 | o.6875 | 0,351 963(-4) | 222(-43 | 260(-5) | 275{.7}
{-4) 6.9273 | 6.8375 | 6.6024 [ 6.2934 | 5.8561 | 5.1223 | €.4996 | 3.8527 2.3601 | 1,7604 | 1.0564 | 0.6252 | 0.3089 | 787(-4) | 166(-4) | 169(-5) | 129(-7}
6.4517 [ 6.1596 | 5.7389 | s.0208 [ ¢.4040 | 3.7612 2.2778 | 1.6846 | 0.9937°) 0.5765 | 0.2766 | 661(-4) | 129(-4} | 117(-3) | 677(-8}
6.3027 F6.0447 | 5,6383 [ 4.9333 ) 4.3228 | 3 sa3s 2.2087 | 1.6212 | 0.9420 { 0.5376 | 0.2510 | $67(-4) | 103(-&} | 834{-6) y
6.2100 |5, 9439 | 5.5601 | 4.8573 | 4.2523 | 3,6167 2.1492 | 1.5670 | 0.8962 | 0.5040 | 0.2300 | ¢94(-4) | Ba1(-5) | 616¢-6) | 229¢-8)
5.1097 | 5.8539 | s.4713 | 4.7898 ] ¢, 1898 | 3.3575 2.0971 | 15196 | 0.8603 | 0.4758 | 0.2125 ! 436(-4) | 699(-5) | abs(-6} | 1e2(-8)

{-3) 6.2624 { 6.1969 | 6.0193 | 5.7727 | 5.4001 | 4,7290 | 4.1337 | 3.s048 | z.6650 | 2.0506 | 1.4776 | 0.8271 | 04513 S.1976 § 188(-4) | 590(-5)} | 361(.8)

0.4001 [ 0,1677 | 493(-4) | 403(-5) | ¢05(-8) | z28(-8)
) 0.3620 { 0.1460 [ 404(-4} | 292(-5) | 126(-6} [ 109(-8}
(-3} 403655 14,3400 | 42666 [ 4.1536 | 39564 | 35185 § 3,084z | £.5165 | 1.7754 | 1.2460 | 0.7843 | o.3315 | o, 1292 340(-4) [ 219¢-5) | azi(-7)

3.2818 0 3.2133 ] 3.0880 | 27829 } 2.4227 | 19734 | b3239 | 0.8677 | o 4914 | oltes3 | a4y | a10s) z03(-6) | 226(-8)

2.9007  2.8452 | 2.7423 | 2.4844 | 21680 | 1.7579 | 1.1520 | 0.7353 | 0.3965 | 0.1197 | 308(-4) | 4z6(.5) 662(-7)
-2} 267104 Z.6b11 | 2.6316 §2.5842 [ 2.4955 | 2,2691 § 19841 | 1.6086 | 1.0416 | 0.6467 | 03357 9314} | 216(-4} | 253{-35)

2-4243 12,3626 | 2.3040 | 2,1007 | 1.8401 | 1.4872 | 0.9540 | o.s81z | 0.2923 | 788¢-4) | 1s0(-4) 184(-5})

(-2) 9126 11,9066 | 1.8ee6 | 1.8595 | 1.8039 | 16559 | 14577 | 11760 | 0.7327 | 04230 | o191 | 406{.4) 658(-5) | 442(-6) | 135(-8)
{1 1.8172 | L8116 ¢ 17949 §1.7677 | 1.7157 | 1.5768 | 1.3893 | 1.1207 | 0.6947 | 0.3970 | o.1789 359(-4) { 352(-5) | 340(-6)
(-1} 1.2193 41,2159 11,2059 § 11895 | 1.1579 | 10714 § 0.9497 | 0.7665 | 0.4603 | 0.2452 | 971(-%) 1430-4) | 149(.5) | 493(-7)

0} 0.2189 ¢ 0.2184 | 0.2169  0.2144 | 0.2097 | 0.1961 | 0.1758 | 0.1427 | Bi2g-4) | 3650-4)] 99305y | sarcee 1514-7)
o) ASBL-4) 1 4BT(-a1) 4B4C-4)[ 479041 | 468(-4) | 439003 | 395041 | 322000 | 1sog-a) | 260005y | 17305y | ssuimy

0 130041 1300-4) | 1290-0) | 1280-4) 1 425(-4) | 1170-4) | 106(-a) | B62(-5) | 8105} | 196i.5) | s06-6) | 91148}
o} 3781 ] 3760511 374(-53 ] 370(-5) | 362(-53 | 340(-5) J 307(-53 | 250(-5) [ 139(-5) | ssac-6)| 108(-6) | 139(.8)
o0} VS-S E I4G-5) | 114051 ] 1120-5) | 1100-5) | 104(-5) | 9341-6) | 763(-6) | 423(-6) | 167(-6) | 309(-7)

0} 3SN-6) 1 355611 356(-6)k 353(-6) | 345(-6) | 325(-63 | 203(-6) | 2390-6) ] 133(.6) § s19¢-7) | 926{-8)

o) PIS(-6) 1 115(-6) [ 114(-6)f 123(-6) | 111{-6) | 104{-6} | 941{-7} | ‘769{-T) 286(-8)

o) 376(-7) | 375(-7) | 37370 369{-7) | 362(-7) | 340(-7) | 307(7) | 281¢.7)

o} 1240-1) 1 124(.7) 1 123-73) 1220-7) | 119(-7) | t32(-7} | 102(-7) | 830(-8}

0} 415(-8) | AT4(-BY{ 411(-8}] 407(-B) | 399{-8) | 375(-8} | 339(-8) | 277{-8}

The numbers in parenthesis are powers of ten by which the other numbers are multiplied, eg,
488(-4)=0.0488

(6) Io(2) and Iy(z) are, respectively, the zero- and first-order modified Bessel
functions of the first kind [12]. They are available in tabular form [15] and
may be approximated by:

a. for z < 0.1, Iz~ 1, I(z) ~ 0.5z
b. for z> 5, I(2) = (1 + 1/8z) exp(2)/V 27z,
I(z) = (1 — 3/8z) exp(2)/ vV 27z

Qo

c. In(z) = L(2)
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(7) i* erfe(x), defined [10] by
i erfo(x) = L‘f i"lerfe(B)d8, n=1,2,3
with
i% erfe(x) = erfe(x) = 1 — erf(x)

is the nth repeated integral of the error function, tabular values of which are
available [10, 18]. A general recurrence formula for the function is

2ni"erfe(x) = i"~® erfe(x) — 2xi" ! erfe(x)
and
i"erfc(0) = 1/[2"I'(1 + n/2)]

(8) Ji(2) and Jy(2) are, respectively, the zero- and first-order Bessel functions
of the first kind [12]. They are available in tabular form [15] and may be
approximated by

a. for z < 0.1, J(D) =1, Ji(z) = 0.5z

b. forz>16,  Jy(z)m V2[mz cos(z - m/d),
Ji(2) ® V2/xz sin(z — n[4)
c. Jo(2) = —Jy(2)

(9) Ky(z) and Ky(2) are, respectively, the zero- and first-order modified
Bessel functions of the second kind [12]. They are available in tabular form
[15] and may be approximated by

a. for z < 0.05, Ko(z) ¥ —[0.5772 + In(z/2)] = In(1.12/2),
K@)~ 1/z

b. forz>5,  Ky(z) ® vVm/2z(1—1/82) exp(—2),
Ki(2) & V7/2z(1 + 3/8z) exp(—2)
c. Ki(z) = —Ky(2)
(10) L(u, £ w) is defined [19] by
L(u, £ w) = —L(—u, +w) = Jz Ky(vw? + y¥) dy
and can be easily tabulated for a practical range of w and w. A special case is
L@0) = —L(-u0) = [* K0) dy

tabular values of which [20] are given in Table V.
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TABLE IV - Values of the Function M(u,B)

0.1 0.2 0.3 0.4 0.5 0.8 0.7 0.8 0.9 1.0 1.2 1.4 1.8 1.8 2.0

0.1887 10.3874 |0.5813 |0.7801 {0.9624 [1.1376 [1.3053 (1.4653 [1.6177 [1.7627 [2.0319 {2.2759 (2.4979 |2.7009 |2.8872

© I DU

0.1894 0.3969 (0.5907 10.7792 |0.6613 [1.1383 [1.3087 |1.4835 {1.6157 {1,7605 {2.0282 |2.2728 |2.4043 |2. 6988 |2.8827
0.1893 10.3967 (0.5904 (0.7788 {0.9608 |1.1357 [1.3031 |1.4628 |1.6148 [1.7585 |2.0281 |2.2715 |2.4829 2.6951 |2.8809
0.1993 0.3866 |0.5902 |0.7785 {0.8605 (1.1353 [1.3026 |1.4522 |1.6142 |1.7588 |2.0272 |2.2705 [2.4917 |2 3938 2.8794
0.19982 10.3865 10.5900 }0.7783 |0.9302 [1.1349 [1.3022 |1.4617 |1.6137 |1.7582 |2.0265 |2.2696 |2.4807 2.8827 |2.8782
0.1992 10.3964 |0.5868 [0.7780 [0.9599 |1.1346 [1.3018 |1.4813 [1.6132 |1.7577 [2.0259 |2.2689 |2.4889 2.6818 [2.8772
0.1991 10.3963 10.5897 (0.7779 |0.9596 [1.1343 [1.3C14 |1.4608 |1.6127 |1.7572 |2.0253 |2.2682 |2.4891 2.6908 [2.8762
0.1991 [0.3962 |0.5885 [0.7777 |0.9594 {1.1341 [1.3011 [1.4605 [1.6123 |1.7568 |2.0248 |2.2676 |2.4884 |2.6801 2.8753
0.1990 10.3961 10.5804 [0.7775 |0.9582 [1.1338 [1.3009 [1.4602 [1.6120 |1.7563 [2.0243 |2.2670 |2.4877 2.6894 (2.8745
0.1990 [0.3950 |0.5893 |0.7774 |0.9580 {1.1336 {1.3006 |1.4598 |1.6116 |1.7560 [2.0238 |2.2665 |2.4871 |2.6887 |2. 8737

© 0w

0.1989 10.3050 10.5892 [0.7772 |0.9588 |1.1334 {1.3003 [1.4596 [1.6113 |1.7556 |2.0234 |2.2660 |2.4865 2,8880 12.8730
0.1987 (0.39854 10.5683 (0.7760 |0.9574 [1.1318 |[1.2983 [1.4572 [1.6088 |1.7526 |{2.0198 |2.2618 i2.4818 2.6827 |2.8671
0.1984 10,3949 (0.5876 |0.7751 |0.9562 [1.1302 [1.2067 |1.4554 [1.6066 |1.7504 |2.0171 {2.2587 |2.4782 |2. 8786 2.8625
0.1982 10.3845 10.5871 |0.7744 |0.9553 [1.1201 |1.2053 [1.4539 [1.6049 |1.7485 [2.0148 |2.2560 |2.4751 2.3752 |2.8587
0.1981 [0.3942 (0.5858 10.7737 [0.6544 |[1.1281 |1.2041 [1.4526 |1.6034 [1.7488 [2.0128 |2.2536 |2.4724 2.8721 }2.8553
0.1978 [0.3939 (0.5861 70.7731 |0.6537 (1.1271 |1.2031 |1.4513 {1.6020 |1.7452 [2.0110 {2.2515 [2.4700 |2.6604 |2. 8523
0.1978 [0.3938 |0.5857 |0.7725 {0.0530 |(1.1263 [1.2021 [1.4502 [1.6007 |1.7438 [2.0093 |2.2405 |2.4677 2,86869 |2.8495
0.1976 10.3933 |0.5853 |0.7720 |0.8523 [1.1255 {1.2012 [1.4492 |1.5998 |1.7425 [2.0077 |[2.2477 |2.4857 2.6645 (2.8460
0.1975 10.3931 |0.5849 [0.7715 {0.98517 [1.1248 [1.2003 |1.4482 |1.5084 |1.7413 |2.0062 |2.2460 |2.4637 |2. 8623 |2.8444

© 0 DG DN

0.1974 10.39829 10.5846 [0.7710 [0.9511 |1.1241 [1.2895 |1.4473 {1.5974 |1.7402 |2.0048 |2.2444 [2.4619 2.6603 |2.8421
0.1985 |0.3610 10.5818 [0.7673 |0.9485 |1.1185 |1.2830 [1.4398 [1.5890 |1.7308 |1.9938 |2.2313 |2.4489 2.6434 |2.8234
0.1958 10.3898 10.5796 (0.7644 [0.9429 |1.1142 |1.2780 |1.4341 {1.5825 |1.7238 [1.9850 |2.2212 |2.4354 2.6305 |2.8081
0.1952 10.3883 0.5778 [0.7620 |0.9308 !1.1106 [1.2737 [1.4292 |1.5771 |1.7176 |1.9778 |2.2128 |2.4258 2.8197 {2.7970
0.1946 [0.3873 10.5762 10.7509 [0.9372 [1.1074 [1.2700 [1.4250 |1.5723 |1.7123 |1.9714 |2.2053 {2.4172 |2.6101 2.7834
0.1941 10.3863 [0.5748 [0.7580 |0.9348 {1.1045 [1.2666 |1.4211 {1.5680 |1.7075 |1.9656 |2.1986 |2.4095 |2.6014 2.7768
0.1937 10.3854 (0.5734 10.7562 10.9326 [1.1018 {1.2635 |1.4176 |1.5540 [1.7630 [1.9503 |2.1924 |2.4025 |2. 5834 {2.7679
0.1933 [0.3846 (0.5722 (0.7545 {0.9305 [1.0994 [1.2607 [1.4143 [1.5603 |1.8989 |1.9554 |2.1856 |2.3959 2.5880 |2.7507
©0.1929 10.3838 (0.5710 [0.7530 10.9286 [1.0070 |1.2579 [1.4112 |1.5568 |1.6851 |1.0507 |2.1812 |2.3897 |2.5791 |2.7519

© DD LN

0.1925 0.3831 |0.5698 {0.7515 [0.9267 |1.0948 {1.2554 [1.4083 |1.5535 |1.6914 [1.8463 {2.1761 |2.3838 2.5725 |2.7446
0.1896 0.3772 10.5611 (0.7397 10.9120 {1.0771 [1.2347 [1.3846 |1.5270 [1.6619 |1.8108 |2.1348 |2.3387 2.5195 {2.6857
0.1873 10.3727 10.5543 10.7307 |0.9007 [1.0636 |1.2189 [1.3666 |1.5086 |1.6393 {1.8838 |2.1032 |2.3006 2.4788 12.6408
0.1854 10.3689 10.5486 [0.7231 [0.8912 [1.0521 {1.2056 [1.3513 |1.4895 |1.6203 [1.8610 |2.07656 |2.2702 2.4447 |2.6027
0.1837 [0.3655 |0.5435 {0.7163 |0.8828 |1.0421 [1.1838 |1.3379 (1.4744 |1.6035 |1.8409 |2.0532 2.2434 12.4146 [2.5683
0.1822 [0.3625 ;0.5390 [0.7103 {0.8752 |1.0330 [1.1832 |1.3258 |1.4608 {1.5884 |1.8228 |2.0320 |2.2193 |{2.3875 2.5393
0.1808 10.3597 10.5348 10,7047 [0.8682 11,0246 [1.1735 [1,3147 |1.4483 |1.5745 [1.8061 |2.0126 |2.1972 |2.3626 2.5117
0.1785 10.3571 10.5310 0.6085 |0.8618 i1,0169 |1.1845 |1,3044 [1.4367 |1.5818 |1.7907 |1.9946 |2.1766 |2.3395 2.4861
0.1783 |0.3547 |0.5273 [0.6847 [0.8557 {1.0006 |1.1560 {1.2947 [1.4258 |1.5495 {1.7762 |1.9777 |2. 1573 12.3178 {2.4620

© 0D

0.1772 10.3524 {0.5238 |0.6901 |{0.8500 [1.0027 |1.1480 |1.2855 |1.4155 |1.5381 {1.7625 |1.9617 |{2.1381 |2.2875 j2.4304
0.1880 10.3340 10.4062 ]0.6533 {0.8040 [0.9476 [1.0836 {1.2121 |1.3328 |1.4464 [1.6527 |1.8340 {1.9935 [2.1342 |2.2587
0.1610 10.3200 |0.4753 }0.6253 ;0.7691 [0.0057 |1.0349 (1.1564 |1.2703 |1.3770 |1.5697 |1.7376 |1.8839 |2.0116 |2.1233
0.1551 10.3083 |0.4578 ;0.6020 |0.7400 [0.8708 10.9942 {1.1100 |1.2183 {1.3193 |1.5008 |1.6577 {1.7932 |1.9103 |2.0117
0.1500 10.2981 |0.4425 10.5817 10.7146 |0.8404 !0.9588 {1.0696 [1.1730 {1.2691 i1.4410 [1.5884 |1.7147 {1,8220 |1.9158
0.1455 10.2880 |0.4280 |0.5635 [0.6919 [0.8132 [0.9272 {1.0336 11.1328 |1.2243 [1.3877 |1.5268 [1.6450 [1.7454 |1.8307
0.1413 10.2807 [0.4164 |0.5470 |0.6713 |0.7885 (0.8994 [1,0008 [1.0958 [1.1837 |1.3394 [1.4711 {1.5821 |1.6756 |1.7543
0.1375 {0.2731 [0.4050 10.5317 |0.6522 |0.76858 |0.8720 [0.9707 |1.0821 [1.1464 [1.2051 [1.4200 |1.5246 (1.8120 |1.6848
0.1338 [0.2680 [0.3043 !0.51768 |0.6346 |0.7447 |0.8474 (0.9428 |1.0308 |1.1118 [1.2541 [1.3729 [1.4718 |1.5534 |1.6210

© DD

0.130 |0.2593 (0.3844 [0.5043 |0.6181 10.7249 |0.8245 [0.9187 |1.0018 |1.0795 [1.2159 [1.3290 |1.4223 |1.4981 |1.5610
0.1051 |0.2084 (0.3081 [0.4030 10.4920 [0.5744 |0.6500 [0.7186 [0.7808 |0.8362 [0.9297 |1.0029 {1.0595 [1.1026 |1.1352
8.74(-2)j0.1731 |0.2554 [0.3331 (0.4053 |0.4713 [0.5309 {0.3842 [0.6313 |0.6727 [0.7400 {0.7889 (0.8261 |0.8519 i0.8609
7.39(-2)/0.1482 |0.2153 |0.2801 |0.3397 |0.3935 |0.4415 [0.4837 10.5203 |0.5519 [0.6015 |0.6363 |0.6802 [0.6760 |0.6863
8.32(-2){0.1248 [0.1835 [0.2381 (0.2878 [0.3323 [0.3714 |0.4052 |0.4341 {0.4584 |0.4955 [0.5203 [0.5362 |0.5462 [0.5521
5.44(-2)/0. 1074 (0. 1575 |0.2039 |0.2458 [0.2828 [0.3149 {0.3423 {0.3652 |0.3842 {0.4122 |0.4300 |0.4408 {0.4471 |0.4506
4.71(-2)19.29(-2)0. 1360 |0.1756 [0.2111 |0.2421 [0.2686 {0.2008 {0.3093 |0.3242 |0.3455 [0.3583 |0.3657 {0.3698 |0.3719
4. 10(-2}18.06(-2)|0. 1179 [0.1519 |0. 1821 |0.2082 [0.2302 {0.2484 {0.2632 |0.2750 {0.2813 [0.3007 |0.3058 [0.3084 |0.308s
3.57(-2){7.03(-2);0. 1026 {0.1319 |0.1576 |0.1797 |0.1880 [0.2130 |0.2250 [0.2343 {0.2468 |0.2537 [0.2572 |0.2589 |0.2597

COEDIBU W N

3.13(-2){6. 14(-2)(8.95(-2){0. 1148 ;0.1369 [0.1555 [0.1709 |0.1833 |0.1626 |0.2004 [0.2101 ]0.2151 |0.2175 |0.2186 {0.2181
9.01(-3)\1.75(-2)(2. 51(-2) 3. 16(-2) 3. 67(-2){4. 07(-2){4. 35(-2} 4. 55(-2) 4. 69(-2){ 4. T7(-2)| 4. B5(-2) 4. 88(-2) 4.88(-2)
2.82(-3)(5. 44(-3)|7.68(-3){ 9. 47(-3) 1.08(-2){ 1. 17(-2)[1. 23(-2)| 1. 26(-2) 1. 28(-2) 1. 30(-2) 1.30(-2)
9.20(-4){1.76(-3)!2. 44(-3) 2. 96(-3) 3. 31(-3)( 3. 53(-3)(3. 66(-3)] 3. 72(-3) 3. 75(-3){ 3. 77( -3) 3.77(-3)
3.07(-4){5. 80(-4)|7. 96(-4){ 6. 49(-4} 1. 05(-3)| 1. 10(-3)|1. 13(-3)| 1. 14(-3) 1. 15(-3) 1.15(-3)
1.04(-4){1, 95(-4){2. 64(-4){ 3. 10(-4)| 3. 36(-4)| 3. 50(-4)|3. 56(-4)| 3. 59(-4) 3. 60(-4 3.60(-4)
3.56(-5){6.61(-5)|8. 84(-5)| 1.02(-4)4 1. 10(-4)| 1. 13(-4)|1. 15(-4){ 1. 15(-4) 1. 15(-4) 1.15(-4)
1.23(-5)|2. 26(-5)| 2. 99(-5){ 3. 42(-5) 3. 83(-5)} 3. 72(-5)|3. 75(-5){ 3. 76(-5) 3. 77(-5) 3.77(-5)
4.28(-6)|7.79(-6){ 1.02(-5)| 1. 15(-5) 1. 21(-5)| 1. 23(-5)| 1. 24(-5)[ 1. 24(-5 1.24(-5)
1.49(-6)]2.70(-6)|3. 48(-6)] 3. 90(-6) 4. 07(-6)4. 13(-6){4. 15(-6)|4. 16(-6 4.16(-6)

Volues of M{u,B) are equal to W(u) for u greater thon 10 and alivalues of 8

The numbers in parentheses are powers of 10 by which the other numbers gre multiplied e.g., 8.74(-2)=0.087
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TABLE IV (Continued)

GCNBL 20 [ 22 |24 f2e fas fao 32 | a4 | as | e S0 [ 42 | 44 [ 48 | 48 | 50 | 52 | 54 {56 s.8 | 8.0
0428872 | 30593 [ 3.2188 | 3. 3675 13.5064 |3.6369 | 3.7507 | 3. 8757 |3. 0856 | 4. 0900 |4, 1694 | 4 3932 |4 3718 44616 | 4.5448 [ 4.5248 [ 4. 7018 [4,7780 |4.8475 | 49167 |4 9835
32 58T [ 3.0543 4 3.2134 [ 3.3616 | 3.5001 | 3.6301 |3.7625 | 38881 |3.9775 | 4.0815 |4. 1608 | 4.2747 | 6. 9849 | 4. 4512 4.5340 | 4.5136 {4.6001 | 4.7638 |4.8345 |4. 9036 | 4. 9700
2)3-8800| 3.0523 | 3.2112 | 3.3592 | 3.4975 | 36273 | 3.7495 | 3.8049 |3.9742 | 4.0776 |4 1108 | <2708 | 4" 3008 4.4469 | 4.5295 14,5089 {4.6852 | 4.7508 [4.8297 | 4. 8982 | 4. poas
3]2-5704| 3.0507 ) 3.2095 | 3.3573 13.4955 {36251 | 3.7472 | 3.8025 |3.0716 | 4,072 4. 179 | 4267 | 4. seve 44436 14.5261 | £.6053 (4,6815 | 4.7549 14.8257 [ 4.8940 | 4.8601
-6 $12-8783) 3.0404 1 3.2080 | 3.2557 | 3.4938 [ 30233 | 3.7453 | 36604 |3. 0604 | 4.0726 |4 1704 | 4. 2558 | 4. 9960 4.4408 £4.5232 14.6023 14.678¢ |4.7516 [4.8223 {4 8905 | 4. 9565
1077 512.81721 3.0482 | 32067 | 33544 {54023 {38217 [ 3 7436 | 3. 8586 |3.9675 {4.0708 |4, 1993 | 4. 2us0 4.3526 14,4384 14,5206 | 4.5906 | 4.5756 |4.7488 {4.8193 | 4. 8874 | 4. 9533
8148762130471 13.2056 | 3.3531 | 3.4910 136203 | 37420 { 3. 8509 | 3. 9658 | 40890 |4. 1075 | 4.2010 | 5. 3308 4.4362 14.5183 [4.5072 [ 4.6731 |4.7462 [4.8165 { 4. 8846 | 4. 9504
T)2-57153) 3.0462 1 3.2045 | 3.3510 | 3.4897 (36190 | 3.7406 [ 38354 {30642 | 4.0674 4. 1600 | 4. 5504 | 4. s40y 4.4341 14.5162 | 45950 | 4.6708 |4.7438 |4.8141 | 4. 8821 |4, 5477
138145 3.0453 1 3.2035 | 3.3508 | 3.4886 |3.8177 13,7493 | 38540 [3.9627 | 4.0658 |4. 1639 | 4.2574 | 4. 3487 | 4. {395 4.5142 £4.5920 {4.8886 | 4.7415 [4.8118 | 4.8797 | 4. p452
928737130444 | 3.2026 | 3. 3400 | 3.4875 | 38106 | 3.2380 | 3.8527 |3. 0613 | 4.0643 |4, 1823 | 4. 2968 | 43500 4-4305 | 4.5124 14.5810 [4.6686 {4.7384 |4.8007 | 4.8774 | 4. 9420
3 |2:873013.0436 1 3.2017 | 3.3488 [ 3.4865 |3.6155 | 3.7369 | 3.8515 |3.0600 | 4.0620 |4. 1609 | 4.2542 | 6949 4.4208 14.5106 | 4.5802 [4.8647 |4.7375 [4.8076 | 4.8753 | 4. 9407
21386711 3.0871 | 3.1646 13,3412 | 34782 13.6086 | 3.727 | 38414 |3.9493 | 6.0517 |4 1400 | 4. 2418 | 4. 390 4.4152 14,4964 (4.5744 | 4. 6494 14.7215 |4 7912 [4.8582 | 4. v230
2138625 3.0321 13,1802 | 3.3353 | 3.4716 {35998 | 3.7202 {38307 |3.9412 [ 4.0431 |4, 1400 | 4. 2328 | 4. 9904 | 5. s00r 4.4856 1 4.5631 14.6376 [4.7093 [4.7784 | 4. 8450 | 4. 5094
-5 §[28587)3.0279 | 31846 | 3.3304 13,4685 | 35041 [ 3,740 | 3.8272 |35343 |4.0358 |4.1303 | 4.2243 | 4. 328 |1 s0an 4.4784 | 4.5535 | 4.6276 [ 4.6989 {4.7677 | 4.8330 | 4. 8979
1077 312.8553 | 3.0242 | 3.1800 | 3.5260 | 3.4618 | 35890 { 37087 | 38215 |3/ 0282 | 40204 |1, 1208 | 4 13 4.3046 14.3882 [4.4683 | 4.5451 | 4.6180 [4.6890 [4.7582 | 4. 8247 | 4. 9878
9| %8231 3,020 | 3.1769 | 3.3220 | 3.4575 | 3.5844 | 3.7038 | 38163 3.0207 [4.0206 (4. 1195 | 4.2108 | 4 207 | 5. sun 4.4510 14.5375 {4.6110 | 4.6816 J4.7497 | 4.8153 | 4. o787
7128495 (3.0178 [3.1735 | 3.3184 | 3.4536 {35802 | 3.6093 | 3.8116 |3.9177 |4.0183 |4, 1130 | 42045 | 4. s900 4.3748 | 4.4543 1 4.5305 | 4.6037 | 4.6741 [4.7419 | 4.8072 | 4. 8703
328469 3.0140 ;3. 1704 13.3150 | 3. 440 | 3.5763 | 36051 {3.8071 |3.9130 [4.0133 |4. 1087 | 41994 | 4. 3800 43688 1 4.4430 | 4.5240 |4.5669 |4.9670 |4.7346 [4.7997 | 4.8625
912844430122 |3 1675 | 3.3118 | 3.4485 | 35727 | 3.0012 | 28030 |3. 0086 |4.0087 |4, 1036 | 4. 1945 | 4 suns 4.3632 | 4.4421 | 4.5178 14.5905 | 4. 6604 |4.7277 | 4. 7026 | 4. 8551
3|3 0421 | 30007 | 3.1647 ) 3.3088 | 3.4433 | 3. 5692 [ 3.8875 | 5.7990 |3.9044 | 40043 14,0002 | 4.1694 | 42756 |4.3578 4.4386 14.5121 14.5845 | 4.6542 14.7212 | 4. 7850 | 4. 8482
(28234 12,9801 1 3. 1423 | 3.2845 [ 3.4171 | 33412 | 3.6576 | 37673 |3 8708 | 3. 0088 |4.0818 | 4. 1502 | 4. a5 43140 (4.3018 | 4.4554 | £.5360 [4.6038 |4.5680 [ 4.7317 | 47922
312.8001 20713313, 1251 1 3.2850 | 3.3670 13.5197 | 56347 (37428 |3, 8450 | 39410 140332 | 4. 1203 | 5. 3090 4.2820 [ 4.3574 14,4208 14.4988 | 4.5652 [4.6280 | 4.6903 | 4, 7483
-4 §]2.7670/2.9800 131106 | 3.2502 | 3.3801 (35015 | 3.8154 | 3.722¢ |3.8233 | 39187 4,000 | 4.0948 | 4. 1764 | 4. sory 43285 14.3095 | 4.4674 |4.5326 |4.5952 [ 4.6553 | 4. 7132
1077 52,7864 | 2.9483 | 3.0078 | 3.2363 | 3.3652 | 3.4856 | 35984 | 3.7063 |3, 8042 | 3. 8985 |3. 0079 | 4.0725 | 4. 1601 42208 {4.3030 [ 4.3720 14.4399 [4.5040 |4.5655 | 4.5245 | 4. 3814
6]2.7788 | 2.9378 | 3.0863 | 3.2238 { 3.3518 | 3.4712 | 3. 5830 3.6880 {3.7860 |3.8802 [3.9686 | 4.0624 [ 4.1320 | 4.2077 | 4. 2800 | 4. 3480 4.4150 14.4781 14.5387 | 4.5969 | 4.6527
7|3:2678 | 2.9260 | 3.0757 | 3.2123 | 3. 3394 {34570 |3.5688 | 36730 [3.7710 | 3.8835 |3.0809 | 4.0338 | 4. 1126 | 4. 1970 4.2588 1 4.3270 14,3821 |4.4544 |4.5141 | 4,574 | 4.6264
o)275971 29190 | 3.0856 | 3.2017 13,3278 | 3.4456 | 3.5557 | 36500 |3.7582 | 3. 8470 |3, 0345 | 4.0180 | 4.0045 |, 1088 4.2302 §4.3065 [4.3708 [ 4.4323 {4.4512 [4.5477 | 46018
©|2.7519 ]2 9105 |3.0565 | 3. 1916 | 3.9171 {3.4340 | 3.543¢ | 3.6450 |3.7423 |3.8382 |2, 9101 | 4.0006 | 40778 | 4. 1009 4.3207 | 4.2873 {4,3508 | 4.4116 [4.4697 |4.5255 | 4. 5789
3|3-7448 | 2.9024 {13.0478 ) 3.1821 | 3.3080 | 2.4231 | 3.5317 |3.6335 |3.7202 | 3.5196 {39048 | 3. 9852 | 4.0016 | 4. 1942 4.2033 | 4.2691 |4.3320 {4.3920 |4.4484 |4.5045 | 4.5572
22,0857 | 2.8377 1 2.9771 | 3.1056 | 3.2245 {33349 | 3.4377 | 3.5337 |3.6236 |3.7080 |3.7874 | 58623 | 3. 9320 | 3 0o0s 4.0832 14.1293 [4.1805 | 4.2340 [4.2067 | 43380 | 4. 3832
3|3 04081 2.7881 | 2.9231 | 3.0471 | 3.1816 | 3.2675 [3.3650 | 3.4575 |3.5430 36330 |3 6081 | 3.7685 | 3,835 | 3.9075 | 3. gens 4.0125 14.0654 ) 4.1156 [4.1532 [4.2084 | 4. 2514
3 #]2:8021) 2.7464 | 2.8776 | 2.9980 | 3. 1007 | 3.2110 | 3.3056 [ 33936 |3.4754 35518 36233 | 36902 | 3.75%0 | 3. 600 3.8676 [ 3.9199 {3.0694 [ 4.0161 |4.0502 {4. 1020 | 4. 1416
1070 512.5693 | 2.7008 | 2.8377 | 2,9548 | 3.0823 31613 | 3.2526 |3.3375 13,4182 |3. 4804 |5, Sa0n | 3.000 3-6813 15.7372 13,7898 | 3.8391 |3.8856 | 3.9293 |3.9705 | 4.0094 | 4. 0462
©12.3303 | 2.6767 | 2.8018 | 2.9159 |3.0205 | 2.1168 | 32052 {3.2871 [3.3626 |3 334 |3.4089 | 3 5500 | 3 dtew 3.8702 [3.7200 | 3.7667 |3.8105 | 3.8517 |3.8903 | 3.9267 | 3, 9809
71231171 2.6464 | 2.7688 | 2.8802 | 29822 |3.0757 {31616 | 3.2409 |3.3142 |3. 3821 |3, 4451 | 3.5036 | 3. 501 3.6000 13.8564 | 3.7007 {3.7422 [3.7810 13.8174 | 3.8515 | 3. 8835
3|2.4861]3.6183 | 2.7382 | 2.8472 | 2. 9486 | 3.0377 {31213 | 3. 1982 |3.2001 |3.3348 |3.3953 | 3.4516 | 38038 |3 cunn 3.5077 13,6398 13,6792 | 3.7159 §3.7502 | 3.7823 | 3. 8123
§]24630 | 2.5020 | 2.7088 | 2.8162 {2.9134 |3.0022 | 30835 [ 3. 1582 |3.2270 | 3.2003 |3. 3489 | 3. 4030 | 3. 453 3.4998 |3.5430 {3.5832 |3.6206 | 3.6554 |3.6878 | 3.7181 | 3.7463
3] 24364 1 2.5671 | 3.6825 | 2.7870 [2.8820 | 2. 9687 | 30460 |3.1206 [3.1873 | 3.2487 [3.3052 | 3.3574 | 34057 |3, 4503 | 3. 2917 35300 [3.5656 | 3,5087 {3.6204 | 3.6580 ] 3.6845
2225671 2.3802 | 24875 | 2.5652 [ 2.6387 | 2.7041 | 2.7673 [ 2. 9240 {2.8756 |2.0218 {29637 | 3.0015 | 2.0357 | 3.0008 | 3. sots 3.1200 13.1430 [3.1638 {3.1827 {3.1998 | 3.2153
$]3-a383| 2.2212 | 2.3073 | 2.9830 [2.4498 | 2.5088 [2.5810 |2.6073 |2.0482 26848 [2.7168 ] 27453 | 27707 | 2,792 | 5. gres 2.8307 | 2.8464 | 2.8602 |2 8724 | 2.8832 | 2 8928
I130NT[ 20896 | 21759 | 2.2423 (23000 | 2. 3503 | 2.3942 2.4324 |2.4058 | 2.4940 [2.5302 | 2. 5423 | 25815 | 2. 5705 | 5 S0s1 2.8052 12,6161 | 2. 5256 12,6337 | 2.6408 | 2. 6468
107 5 (1 e156 | 119051 | 200834 | 3 1221 | 2. 1725 | 7,218 | 2. 2005 |5 deut 2.3125 12,3381 (2.350% 12,3735 | 2.3883 | 2.4000 | 2.4116 | 2.4207 | 2. 4284 | 2.4350 | 2. 4405 | 2 4452 | 2. 4401
]1.8307 | 1.9031 [ 1.0645 | 2.0167 3.0810 {2.0986 | 2.1305 {2.1574 |2.1802 |2.1005 |3.2157 | 22204 | 3. 2408 | 5. 2304 2.2584 1 2.2651 | 2.2706 { 2.2752 |2.2790 { 2.2821 | 2. 2846
Tii-Tsaa ) 1820528700 [ 1.9227 | 1.9618 [ 1.9948 | 2.0220 [2.0440 1210840 |2.0706 |2.0820 | 21088 | 3. 117 | 5. 1201 | 3 sans 2.1310 [2.1350 [ 2.1382 {2.1408 | 2. 1420 | 2. 1446
] 1-Sa48 | 11455 | 17959 | 18378 | 18725 | 1.9012 { 19249 | 1.9444 | 19604 | 100734 |1.9841 | 1.9928 | 19098 | 3.0008 | 3 001 2.0137 [2.0166 | 2.018¢ {2.0207 | 2.0221 | 2. 0238
S{10210)1.6767 | 17226 | 1.7603 | 1.7912 [1.8164 | 1. 8370 |1.8538 [1.8071 |1.8780 [1.5867 | 1.8987 | 1,992 | 1. 9008 | 1. gout 1.9098 | 1.9116 | 1.9135 | 1.9148 | 1.9158 | 1.9185
318019 18133 | 1.6552 [ 1.6892 | 1.7167 | 1.7389 | 1.7588 | 17721 |1.7825 {17915 |1.7087 ] 1. 8043 | 1. 6087 | 1. 8121 | L. 8147 1.8168 | 1.8183 | 1.8195 {1.8204 | 1.8211 | 1.8218
(2333 ) 1.1508 | 1177 | 11908 |1.2004 {1.2073 {1.2123 | 1.3158 {1.2170 [1.3195 [1.2206 | 1,221 | 1.2218 | | 2281 1.2223 11,2224 | 1.2225 | 1,2226 | 1.2226 | 1.2226 | 1. 2228
115 2eva 1 0.8823 [ 0. 8907 | 0.8062 1 0.899 {0.9021 | 0.9035 | 0. 9044 [0.9049 | 0.9053 |0. 0054 | 0. 9058 | 0. 3056 | 0. 3058 | 0. sacy 0.9057
1 #]0.0863 | 0.8028 1 0.5968 | 0.8002 {0.7005 | 0.7014 | 0.7019 f0.7021 |0.7023 {0. 7025 Jo. 7034 0.702¢
1077 510.5531 1 0.5556 | 0.5576 | .5587 | 0.5592 | 0.5595 | 0.5597 | 0.5597 {0, 5597 0.5597
810.4506 1 0.4525 1 0.4535 | 0. 4540 [ 0. 4543 | 0. 4543 | 0. 4543 0.4543
7{0.3719 | 0.3720 | 0.3734 | 0.3736 | 03737 | 0.3737 0.3737
8(0.3006 | 0.3102 | 0.3104 | 0.3105 0.3105
90.2597 | 0.2600 | 0. 2601 | 0. 2602 0.2602
L 1]9.2181{ 0.2193 ] 0.219¢ . 2194
Values of M{ug) are equal to Wiu) for u grecter than i ond oli volues of g
3! 601 62 84 | &6 4 68 [ 70 | 7.2 | 7.4 | 7.6 | 7.8 | 80 | 82 | 84 86 | 88 [ 90 | 92 | 94 } o5 { 2.8 10
01L9835 5.0482 51109151718 5.2308 | 5. 2882 | 5.3440 | 5.3083 | 5.4511 | 5.5028 |5.5520 | 5.6019 | 5. 6497 | 5.0965 | 5. 7421 57868 | 5.8305 | 5.8733 [5.9151 | 5.9562 5. 9984
14 5900| 5-0343 1 5.0065 | 5. 1560( 5.2155 [5.2724 | 5.3278 ( 5.3818 [5.4340 | 5. 4851 5.5040 ] 55834 | 5.6308 | 5.6771 | 5,722 $.7666 | 5.8098 | 5.8531 5.8935 } 5.9341 | 5.9739
F14 30441 20285 ) 30908 | 5.1507) 5.2001 | 5.2050 | 5.3210 | 5.3747 1 5.4209 | 54778 |5 5374 | 5.5758 | 5.6230 | 5. 8891 | 5.7143 5.7581 {5.8012 | 5.8433 {5.8646 | 59250 | 5. ess
3490011 5.0340 15,0860 1 5.1460| 5.2043 | 52609 | 5.3159 | 5. 3664 | 5. 4215 | 54722 |5.5217 | 5.5609 | 6. 8170 | 3. 6800 5.7078 | 5.7517 | 5.7946 | 5.8365 |5.8777 | 5.9179 | 5. 9573
4] 4.9565) 5.0203 1 5.0821 | 5.1420| 5.2002 {52566 { 5.3115 | 53845 | 5. 4269 | 5.4675 |5.5168] 5. 5649 | 3. 6119 | 5. 6579 5.7025 [ 5. 7463 | 5.7890 | 5.8309 [5.8718 [ 5.9120] 5. 9513
167 5{49s33) 510170 | 50787 1 5. 1385 5. 190 | 52520 | 4 070 a0 | 24128 [ 5. 4033 {5.5126 | 5.5608 | 5.6074 | 5.6531 | 56078 | 5.7415 | 5.7841 | 5. 8250 (5. 868 | 5. sony 5. 9480
8 4-8504| 5.0140 | 5.0756 | 5.1353 5. 1033 | 5.2495 [ 5.3042 | 5.3574 | 5.4092 | 5. 4508 |5.5087 | 5. 5585 | 5. 8054 | 5. seve 5.5936 | 5.7371 | 5.7797 | 5.8214 {5.8821 | 5.9021| 5. o412
1484771 5.0012 150728 { 5.1324 | 5.1902 | 5.2464 | 5.3010 [ 53541 | 5.4068 | 54301 155052 5. 5530 | 4. 9908 | 5. oazs 5.8807 { 5.7331 15,7756 | 5. 8172 15.8579 | 5. 8977 | 5. 9367
8| 49453 5.0087 | 5.0701 | 5. 1297 5, 1874 | 5.2435 | 5.2081 | 5.3511 | 5.4027 | 5.4520 |5.5010 | 5. 5408 | 5. 5989 | 5. o4z 5.6860 | 5.7204 |5.7718 [ 5.8133 |5.8539 | 5.8937{ 5. 9326
©[8.%430) 5.0063 | 5.0676 | 5. 1271 5.1848 | 5.2408 | 5.2953 | 5.3482 | 5.3997 | 5.4498 {5, 4988 | 3. 5404 | 5. 505 | 5. o300 5.5828 | 5.7250 | 5.7483 | 5.8087 {5.8502 | 58899 | 5. 9287
114 407] 5.0040 | 5.0853 | 5.1247| 5. 1823 | 5.2383 | 5.2026 | 5. 3455 | 5.3069 | 5.4470 |5.4958 ] 5. 5434 | 5, 5898 | 5. 6352 5.8794 15,7226 | 5.7649 { 5. 8083 {5.8467 | 5.8883] 5. 0251
314-9330| 4.9857 | 5.0464 | 5. 10521 5.1822 | 5.2176 | 5.2714 | 5.5236 | 5. 3745 | 5.4240 |5.4722 | 55192 | 5. 5850 | 5. 6090 5.8534 | 5.6961 [5.7377 | 5.7785 | 5.8183 | 5. 8573 | 5. 8955
3[4-9004) 4.9716 | 5.0319 | 5.0002 | 5.1488 | 5.2017 | 5.2550 | 5. 3089 | 5. 3573 | 5.4083 |5.4541 | 5. 5006 | 5. 2400 | 5 2900 $.8335 | 5.5757 1 5.7189 | 5.7572 15.7938 | 5.8351 | 5. 8720
A14.5070) 49598 5.0196 | 5.0776| 5.1338 { 5. 1883 | 5.2413 | 5.2027 | 5.3427 | 5.3014 |5.4388 | 5. 4849 | 5. 5200 | 5. 2798 | 5. cros 56585 1 5.5993 | 5.7392 [5.7782 | 5. 8154 5. 8538
107 s 4.s878 49493 [ 5.0089 | 5.0885 5. 1224 | 5. 1768 | 5. 302 52003 15.3209 | 5.3783 15.4253 | 5.4711 | 5.5158 |5.5504 | 58018 { 5.6433 | 5.6838 | 5.7234 | 5. 782, | 5. 998 5.8368
O] 3-Z18T} 4.0399 1 4.9991 | 50665 5.1120 | 5.1659 | 5.2182 |5 2690 5.3184 | 5.3884 |5 4131 | 54587 | 5.5030 | 5. 969 | 3. s080 5.6296 [ 5.6698 | 5.7091 |5.7475 | 57850 5. 8217
T{4-8703) 493121 4.9902 | 5.0472) 5.1025 (5. 1561 | 5.2081 | 5.2586 |5.3077 | 5.3585 |5.4020 | 5. 4472  5.4913 | 5. 2343 | 3. suny 5.8171 | 5.5570 1 5.6060 |5.7341 | 5.7713| 5.8078
Sf4-3620| 402331 4.9618 | 5.0388| 5.0037 | 5.1470 | 5. 1988 | 5.2490 | 52979 | 5.3453 |5, 3015 | 5.4365 | 5. 4803 | 5. 293 | 5. soes 5.8053 | 5.6450 { 5.6837 |5.7218 | 5.7588 ] 5. 7948,
§]4.8551] 49158} 4.9740 | 5.0308 5.0853 | 5. 1384 | 5.1900 [ 5.2400 | 5. 2868 | 5.3358 5. 3818 | 5. 4265 | 5.4701 | 5. 8296 | 5 sey 5.5943 [ 5.6338 | 5.6723 |5.7009 | 5 7488 | 5.7826
1{4.84821 4.9084 | 4.96068 | 502201 5.07175 | 5.1303 | 5.1816 | 5.2314 |5.27908 | 5. 3308 |5. 3725 5.4504 15,5026 {5.5438 | 5.5840 | 5.6231 | 5.6614 | 5.
3714.7022] 4.8506 | 4.9069 | 4.9614( 5.0141 | 5.0851 | 5. 1145 | 5. 1624 | 5.2089 | 5. 2541 |5, 2080 5.3821 £5.4225 | 5.4619 | 5.5002 [ 5.5375 | 5.5739 | 5.
3]4.74931 4.8002 | 4.8612 | 4.9142| 4.9655 | 5.0151 | 5.0631 | 5.1006 |5. 1547 | 5. 1985 5. 2409 5.3223 [5.3512 | 5. 3002 | 5.4361 | 5.4720 | 5.5070 | 5.
4 319.7132 4.7880 | 4.8227 4.8745, 4.9246 | 4.9730 | 5.0198 | 50652 | 5.1001 | 51518 |8, 1029 5.2719 15.3087 [ 5.3464 | 5.3822 | 5.4169 | 5.4508 | 5.
1077 514.38141 4.7381 | 4.7888 | 4.8306 | 48886 | 4.9350 | 4.0818 | 5.0261 | 5.0089 | 5. 1105 |3, 1907 5.2275 | 5. 2644 [ 5.3001 | 5.3348 [ 5.3686 | 5.4014 | 5.
814 6527 4.7085 | 4.7582 | 4.8081| 4.8562 | 4.9026 | 4.9475 | 4.9908 | 5. 0327 | 5.0733 |5. 1127 5.1877 | 5.2236 | 5. 2583 | 5.2021 | 5.3349 | 5.3568 | 5.
7]4-6284 4.6793 | 4.7301 1 4.7791| 4.8264 | 4.8719 | 4.9150 | 49584 | 4. 9995 | 5.0393 |5, 0777 51811 15,1861 {5.2200 | 5.2530 { 5.2850 | 5.3180 | 5.
8[4.6018 | 4.8540 | 4.7040 | 4.75221 4.7987 { 4. 8435 ] 4.8867 | 4.0284 | 4. 9687 | 5. 0076 5. 0453 S.1171 [5.1513 | 5.1845 ] 5.2166 | 5.2478 | 5 2781 | 5.
91457881 4.8302 4.6796 | 4.7270| 4.7727 { 4.8168 | 4.8592 | 4.9002 | 4. 9307 | 4.9780 |5.0149 5.0852 i 5.1187 | 5.1512 | 5.1826 | 5.2131 | 5.2427 | 6.
2| 43572) 4.6078 1 4.6565 | 4.7032 47482 | 4.7915 | 4.8333 | 4.8736 | 4. 0124 | 4.9500 [4.9862] 5.0213 | 5052 | 5. 0830 5.1197}5.1505 | 5.1803 | 5.2082 {5.
31430321 44361 44713 ) 4.5125] 415619 | 4.5898 | 4.6260 | 4.6600 | 4.6943 | 47268 |4.7573 | 47870 | 48150 | 4. 9as0 4.8695 | 4.8950 | 4.9195 | 4.90433 | 4.
S/ 435181 43930 | 4.3312 | 4.3684| 44038 | 4.4376 | 44690 | 4.5007 [4.5302 | 4.5584 |4.5854 | 46113 | 49350 | 4. oy 4.882¢ 4.7042 | 4.7251 | 4. 7452 | 4.
-3 }fA.1616] 41702} 4.2148 | 4. 2487} 4.2808 | 4. 3114 [ 4.3405 | 4.3682 | 4. 3945 | 4.4197 {44438 | 4. 4664 | 4. 495 4.5089 | 4.5287 | 4.5476 | 4.5355 | 4.5820 | 4.
1077 514.0432| 4.0808 | 4. 1137 | 4. 1448 | 4.1742 | 42021 | 42285 | 4.2535 | 42173 | 4. 2998 14,5212} 4 3418 4.3808 [ 4.3792 | 4.3966 [ 4.4131 | 4.4288 | 4.4438 | 4.
5| 39000 3.9832 | 4.0236 | 4.0523] 4.0793 1 4.1048 | 4.1200 | 41517 | 4. 1733 | 4. 1038 |4.2126 | 4,231, | 4. 248 4.2646 [ 4.2800 | 4.2046 | 4.3084 | 43214 | 4.
713:8835] 39136 | 3.9418 | 3.9684| 3.9934 (4.0158 | 40390 | 4.0598 | 40704 | 4.0078 |4, 1152 | 4. 1916 | 1. san 4.1616 | 4.1753 | 4,1882 [ 4.2004 | 4.2118 | 4.
813.8123) 3.8404 | 38668 | 3. 8914 | 3.9148 | 3.9382 | 59563 [ 3. 5756 | 3. 9935 | 4.0103 {40261 | 4. 0408 | 4. 0545 4.0678 | 4.0801 | 4.0016 | 4.1024 | 4. 1125 | 4.
P3:7463) $.7726 | 3.7972 3.8202| 3.B416 | 3.8517 | 3.8805 | 3.8900 [ 3.9144 | 30207 {3,940 | 3. 9574 | 3. oren 3.9817 13.0927 { 4.0029 | 4.0125 { 4.0215 | 4.
1]3.88451 3.7093 | 3.7323 | 376371 3.7737 | 5.7923 | 3.8086 | 3. 8258 8014 13.9020 | 3.9119 3.9210 { 3.9296 | 3.9375 | 3.
213.2153| 3.2203| 3. 2419 3.25341 3.2638 | 3.2731] 3.2815 | 3. 2802 3175 13.3215 §3.3252 ] 3.3285 | 3.3314 | 3.3340 | 3.
312.8928] 2.9012 | 2.0086 | 2.9151 2,9200 | 29259 | 2.9303 | 2. 9342 8473 1 2.9480 | 2.9504 { 2.9517 | 2.9528 | 2. 9537 | 2.
.z 4] 284881 2.6520( 2.6565 { 2.8603| 2.6636 | 2.6034 | 2.6688 | 2. 5708 . 6771 | 2.6778 12,6744 | 2.5789 | 2.6793 | 2.6797 | 2.
1077 5§2.4451) 2.4523 | 2.4551 1 2.4574{ 2.4593 | 2 4609 2. 4622 | 2. 4532 2. 4063 | 2.4666 | 2.4669 | 2.4671 | 2.4873 | 2.4674 { 2.
612.2846] 2.2867 | 2.2884 | 2.2698 2.2909 | 2.2918 | 2. 2025 | 2. 2931 2 2047 1 2.3048 1 2.2040 | 2.2050 | 2. 2951 | 22951 | 2.
7] 214481 2.1460 { 21470 | 2. 1479 2. 1486 ) 21481} 2. 1495 | 2. 1498 2. 1506 | 2.1506 | 2. 1507 | 2.1507 | 2. 1508
812.0233| 2.024: | 2.0248 | 202531 2.0257 ) 2.0260 | 2.0263 | 2, 0264 | 3. 2. . 0268 | 2.0269
O LOT33] 19171 | 19175 | 1.9178] 1.9181 | 1:9183 ] 1.9184 | 1.9185 | 1.9186 | 1.9186 |1 o100
! )f1-8216] 18219 18222 | 18224 1.8226 [ 1.8227 ] 1.8227 | 1.8228 | 15228 | 1. 5228
2] 12228 1.2226 { 1. 222
Volues of Mu,8) ore equol to Wiv) for u greater than 2:10™ ond ail volues of §




TABLE IV (Continued)

NG ERY] 12 14 18 18 20 22 24 26 28 30 32 34 38 38 40 42 4 40 48 50
0]5.9964 } 6.3505 | 6.6068 | 6.9333 | 7.1684 | 7.3789| 7.56902 | 7.7431 [ 7.9030 | 8.0511 | 8.1890 | 8.3180 | 8.4392 | 8.5535 | 8.6615 | 8.7641 | 8.8616 | 6.9546 | 9.0435 | 9. 1288
1]5.9739 1 6.3325 | 6.6353 | 6.8073 | 7.1279 | 7.3330| 7.5197 | 7,8891 | 7. 8445 | 7.9881 | 8.1215 | 8.2460 | 8.3827 | 8.4725 [ 8.9761 | 8.6741 | 8.7671 { 8.8556 | 8.9400 | 9.0208
3(5.9645 | 6.3213 | 6.6223 { 6.8823  7.1111 | 7.3152| 7.4902 | 7.8667 | 7.8202 | 7.9620 { 8.0935 | 8, 2161 | 8.3309 | 8.4388 | 8. 5406 | B.6367 | 87279 | 5.8145 | 8.8971 | 8.0758
315.9573 1 6.3127 [ 6.6122{ 6.8700 | 7.0982 | 7.3008 | 7.4834 | 7.6405  7.8016 | 7.9419 | 8.0720 | 8.1932 | 8.3066 | 8.4130 | 8.5133 | 6.6061 | 8.6978 | 8.7830 | 5.8041 | 8.9414 | 9.

6| 4[5-951316.3054 | 6.6038 | 6.8612 | 7.0873 | 7.2887 | 7.4701 | 7.6350 | 7.7859 | 7.9250 | 8.0530 | 6.1739 | 8.2861 [ 8.3013 | 8.4904 | 8.5830 | 8.6725 | 8.7585 | 8.8364 +8.9125 | 8. 985!

1077 51 5.0460 | 6.2090 | 6.5063 | 6.8527 | 7.0T77 | 7.2781 | 7.4584 | 7.6222 | 7.7721 | 7.9101 | 8.0370 | 8.1560 | 8.2680 | 8.3722 | 8.4702 | 8.5627 | 8.6502 | 8.7331 | 8. 8119 | 8.8870 | 8. 958
6| 5.9412 | 6.2032 [ 6. 5696 | 6.8450 | 7.0691 | 7.2685{ 7.4478 | 7.6106 | 7.7596 | 7.8966 | 8.0235 | 8.1415 | 8.2516 | 8.3540 [ 8.4519 | 8.5435 | 8.6300 | 8.7120 | 8.7809 | 8. BE40 | 8. 934
71%5.9367 | 6.2070 | 6.5834 | 6.8379 1 7.0611 | 7.2596 | 7.4381 | 7.6000 | 7.7481 | 7.8842 | B.0102 | 8.1273 | 8.2366 | 8.3390 | 8.4352 | 8.5258 | 8.6115 | 8.6026 | 8.7695 | 8.8428 | 8. 012¢
8159320 | 6.2830 | 6.5776 | 6.8313 | 7.0537 | 7.2514 | 7.4200 | 7.5001 | 7.7374 | 7.8727 | 7.9979 | 8.1142 | 8.2226 | 8.3242 | 8.4196 | B.5094 | 8.5942 | 8.6745 { 8.7507 |8.8231 | 8. 89321
9]5.9207 | 6.2783 16.5722 | 6.8251 | 7.0467 | 7.2436 | 7.4205 [ 7.5809 [ 7.7273 | 7.8619 {7.0883 | 8. 1018 { 8.2095 | 8.3103 | 8.4049 | 8.4940 | 8.5761 | 8.8576 | 8.7330 |3.8047 | 8. 872
115.9251 4 6.2730 | 6.5671 | 6.8193 | 7.0402 | 7.2363 | 7.4125 {7.5721 | 7.7178 { 7.8517 [7.0753 | 8.0901 [8.1971 | 8.2072 | 8.3010 { 8.4704 | 8.5626 | 8,6416 | 8.7163 [8.7872 | 8. 854
3|5.8955 | 8.2385 | 6.5257 | 6.7720 | 6.9870 | 7.1773 | 7.3476 | 7.5013 | 7.6412 { 7.7692 | 7.8871 | 7.0960 | 8.0972 | 8.1914 [8.2795 | 8.3621 | 8.4397 | 8.5127 | 8.5817 |8.6469 | 8.708"
315.8720 16.2113 | 6.4940 } 8.7358 | 6.0463 | 7.1321 ( 7.2970 |7.4472 | 7.5826 | 7.7061 |7.8195 | 7.9240 | 8.0208 [ 8.1106 | 8.1943 | 8.2725 | B.3458 | 8.4145 | 8.4792 |8. 5401 | 8. 597¢

5| 4|5-8538 | 6.1884 | 6.4673 1 6.7053 | 6.9120 | 7.0940 | 7.2561 [7.4016 | 7.5332 { 7.6531 |7.7627 |7.8636 |7.9566 | 8.0428 | 8.1229 | 8.1975 | 8.2671 | 8.3332 [ 8.3033 |8.4507 | 8. 504

107715 5.8389 | 6.1682 | 6.4438 | 6.6785 | 6.8818 | 7.0606 | 7.2193 | 7.3615 | 7.4899 | 7,6065 |7.7120 | 7.8105 |7.9003 | 7.9833 | 8.0602 [6.1316 | 6.1982 | 8.2602 [ 8.3182 |a.3725 | 8. 423:
8 (5.8217 | 6.1500 | 6.4225 | 6.6542 | 6.8546 | 7.0303 | 7.1861 |7.3253 | 7,4508 {7.5644 |7.6679 |7.7626 |7.8498 7.9298 |8.0038 |8.0725 | 8.1382 |8.1955 | 8.2508 |8.3024 | 8. 350°
7]5.8078 | 6.1332 | 6.4030 | 6.6319 | 6.8206 | 7.0025 | 7.1556 |7.2921 | 7.4149 | 7.5250 |7.6267 |7.7188 | 7.8032 {7.8807 |7.9522 |8.0183 |8.0705 [8.1364 | 8. 1892 |0.2384 | 8. 284:
815.7048 | 6.1177 [ 6.3848 | 8.6112 | 6.8063 | 6.6707 { 7.1272 (7.2613 [ 7.3815 |7.4901 |7.5685 | 7.6781 | 7.7601 {7.8353 | 7.9044 (7.9682 | 8.0271 |8.0817 | 8.1323 [8.1792 | 8. 222
9|5.7826 | 6.1030 | 6.3678 | 6.5017 | 6.7844 | 6.9525 | 7.1007 | 7.2324 [ 7.3503 {7.4565 |7.5527 |7.6401 {7.7198 |7.7928 | 7.8507 {7.9214 | 7.9782 | 8.0306 |8.0791 |8.1241 |8. 185¢
115.7710 | 6.0892 16.3517 | 6.5734 {6.7638 | 6.9206 | 7.0756 [7.2051 {7.3208 |7.4249 (7.5180 |7.6042 {7.6818 |7.7527 |7.8177 |7.8773 |7.9321 |7.0826 | 6,0202 |8.0723 |8. 112:
3|5.6760 | 5.9778 |6.2221 | 6.4357 | 6.5982 | 6.7463 | 6.8747 |6.9869 | 7.0856 | 7.1720 |7.2504 |7.3194 |7.3811 |7.4364 |7.4861 |7.5307 [7.5700 [7.6072 [ 7.6309 |7.6605 |7.60s;
315.6089 /5.8028 |6.1233 | 6.3133 | 6.4725 | 6.6075 | 6.7231 {8.8227 {6.0001 {6.9844 |7.0502 |7.1080 {7.1588 |7.2035 |7.2420 |8.2777 |7.3084 |7.3356 {7.3597 |7.3809 |7.389"

4| 4155471 15.8214 16,0406 | 6.2194 | 8.3677 | 6.4920 | 6,572 | 6.6985 |6.7635 |6.8294 |6.9862 | 6.9353 |6.9778 |7.01468 [7.0465 |7.0742 {7.0082 [7.1191 |7.1371 |7.1538 |7. 166

1077 | 5|5.4947 | 5.7560 | 5.9681 | 6.1374 |6.2763 | 6.3015 | 6.4880 |6.5692 |6.6378 |5.6061 [6.7456 [6.7878 |6.8237 [8.8544 |6.8805 |6.9026 |6.0215 |6.9380 {69518 |6.0835 |6.073:
65.4474 |5.7026 (5.9031 | 6.0638 |6.1045 | 6.3010 | 6.3908 |6.4648 |6.5266 (6.5784 |6.6218 |6.6583 |6.6890 |6.7147 [8.7363 |6.7545 |6.7696 6.7823 |6.7929 {6.8017 |6.800¢
754041 |5.8511 (5.8437 | 5.9967 |6.1201 | 6.2205 | 6.3027 |8.3704 |5.4263 (6.4726 |6.5109 |6.5427 |5.5690 |6.5907 [8.6087 {6.6235 |6.6357 |6.6457 |6.6539 |6.6605 |6.666]
8153639 | 5.6034 |5.7887 | 5.9348 |6.0515 | 6.1456 | 6.2210 |6.2641 |6.3349 (8.3763 16.4103 |6.4380 |6.4607 {6.4791 [6.4942 {6.5083 |6.5162 |8.5241 |5.3305 [8.5357 |6. 5391
953363 | 5.5588 |5.7374 |5.8771 | 5.9878 | 6.0762 | 6.1472 |8.2044 |6.2506 (6.2876 [6.3181 |6.3424 |6.3620 {6.3777 [8.3003 [6.4004 |6.4084 |6.4147 {6.4197 [6.4238 6. 4267
115.2008 |5.5160 | 5. 6892 | 5.8230 | 5. 9281 |6.0113 | 6.0775 (6.1303 (8.1724 |6.2061 [6.2330 |6.2543 |6.2713 |6.2848 [6.2054 [6.3037 |6.3102 |6.3153 {6.3192 [6.3222 [6. 324t
35.0005 |5.1861 (5.3123 |5.4037 | 5.4701 |5.56184 | 5.5534 |5.5788 |5.5970 [5.6101 [5.5193 |5.6257 |5.6302 {5.6338 |5.8354 [5.6388 |5.8377 [5.8383 [5.6387 |5.6390 {5. 6391
34.8006 | 4.9437 (5.0402 | 5.1056 |5.1498 | 5.1705 { 5. 1993 |5.2124 |5.2208 {5.2263 [5.2207 |5.2318 |5.2331 |5.2339 |5.2343 |5.2346 [5.2347 [5.2348 [5. 2348 5. 234¢

3 {4[4-6301 |4.7481 14,8235 | 4.8714 14.0017 |4.9305 | 4.9320 |4.9390 |4.9430 [4.9454 [4,0487 |4.9474 [4.9478 {4.9480 |4.0481 4. 90481

1077 15 [4.4844 | 4.5830 |4.8426 4.6783 [4.6803 |4.7114 | 4.7183 [4.7220 |4.7241 [4.7251 |4.7256 |4.7259 |4.7260 |4.7260 4.726¢
614.3566 | 4.4306 (4.4872 | 4.5140 [4.5288 | 4.5367 | 4.3400 |4.5420 |4.5439 [4.5444 [4.5ed6 |4 5447 4. 5447
7 14.3425 | 4.3128 |4.3510 |4.3714 14.3810 | 4.3871 | 4.3896 |4.3808 |4.3913 {4.3015 |4.3918 4.391¢
8 14.1303 | 4.1091 14,2300 |4.2455 ;4.2530 | 4.2565 | 4.2580 |4.2587 [4.2580 [4.2590 |4.2501 4.2501
9 [4.0450 | 4.0061 [4.1212 {4.1331 [4.1385 |4.1408 | 4.1417 |4.1421 {41422 |4. 1423 4. 142:
1{3.0382 [4.0020 [4.0224 [4.0316 |4.0355 |4.0370 {4.0376 [4.0378 4.037¢
3 §3.1403 |3.3507 [3.3537 [3.3545 |3.3547 3. 3541
3 ]2.0558 |2.0585 [2.9500 2. 95

2 |4 |2.6804 |2.6812 |2.8812 2.681:

1077 |5 {2.4677 [2.4870 2. 467

6 [2.2052 2. 295!
Values of M{u,8) are equal to Wiu) for u greater than 6-10"2and all values of

oG s 52 54 56 58 80 62 64 [ 68 0 12 74 8 8 80 82 84 8 68 %0
0]9.2102 9.2886 | 9. 3641 | 0.4368 | 9.5089 | 9.5747 | 0.6403 | 9.7037 | 5.7653 | 9.8249 | 0.8820 | 3.9392 | 0.9940(10.0473 10. 0992 $10. 1498[10. 1992 |10. 2474 [10. 2944 [10. 3404 10_ 38:
119.0977] 9.1716 [ 0.2426 | .3108 [ 9.3765 | 9.4308 | 9.5008 | 9.5508 | 9.6168 | 9.6720 {9.7255 | 0.7773 | 0.8276) 0.8764 | 9.9238 | 9.9700|10. 0148 {10. 0585 | 10. 1011 |10. 1425 }10. 183
24905101 ©.1231 £9.1922 | 9.2585 | 9.3223 | 0.3838 | 9.4430 | 9.5001 | 9. 5553 | 9.6086 | 5.6602 | 9.7102 | 9.7586] 0.8056 | 9.8512 | 9.8955| 9.9385( ©.09803110.0210 |10, 0608 {1c. 099:
39.0152) 9.0858 | 9.1535 | 9.2185 | 9.2909 | 9.3409 | 0.3986 [ 0.4543 | 9.5081 [ 9.5600 | 9.6102 | 9.6588 | 6.7058] 9.7513 { 9.7955 | 0.8384 | 9.8800] 9.9204] 9.9507{ 9.8978 (10, 035,

5] 9]8-9851| 9.0545 [9.1210 | 9.1847 [ 0.2450 | 9.3047 { 0.3613 | 9.4158 | 9.4684 | 9.5181 | 9.5681 | 9.6155 [ 0.6613| 9.7057 | 9.7487 | 9.7904| 9.8308| 9.8700| 9.9081| 9.9452] 0. 9a1:

1077 15]8.9586 [ ©.0260 0.0024 | 9.1550 | 9.2152 | 9.2720 | 9.3285 | 9.3819 | 9.4335 | 9.4831 | 9.5311 | 9.5774 | 0.6222| 9.8655 | 9.7075 | 9.7481| 9.7875| 9.8257 | 9.8028 | 9. 8088 | ¢, 033
€1 8.9346 1 0.0020 | 0.0685 { 9.1282 | 9.1874 1 9.2442 | 9.2088 | 9.3513 | 0.4019 | 0.4507 | 9.4977 | 9.5431 | 9.5869| 9.6203 { 9.6703 { 9.7101| 9.7485 | 9.7858 | 9. 8220 9.8571] 8,801
718.0126 | 8.9791 9.0427 { 9.1036 | 0.1610 | 9.2179 | 9.2718 | 6.3232 [ 5.3730 [ 9.4208 |9.4670 | 9.5115 [ 9.5545| 0.5081 | 9.6362 | 93751 9.7137 | 9.7492} 9.7645 | 5.8187 | 9. 8515
& 8.8931 6.9578 19.0206 | 9.0807 | 9.1382 1 9.1933 | 9.2463 [ 0.2971 [9.3480 | 9.3931 |9.4385 | 9.4822 | 9.5244{ 9.5652 | 0.6048 | 6426 | 9.6795 | 9.7151] 9.7497 | 8.7831 | 9. 815¢
©(6.87201 8.9378 ] 9.0000 | 9.0592 | 9.1160 | 9.1703 | §.2225 [ 0.2726 [9.3208 [ 9.3671 19.4118 | 0.4548 | 9.4962] 0.5362 [ 9. 5740 | 9.6122] 9 6483 | 9.6833| 9.7171 | 9. 7498 ] 9. 781¢
1]8.8547 | 8.0100 | 6.9803 } 9.0389 { 0.0940 | 9.1486 | 9.2001 | 9.2495 | 0.2070 | 6.3426 ;9.3865 | 9.4288 | 9.4696] 9.5089 | 9.5460 | 9.5635 | 9.6189 | 9.6532| 9.6863 | 0.7183 9. 7494
2(8.7087 | 8.7673 | 8.8220 ; 8.8759 | 8.0263 18.9743 | 9.0202 | 0.0840 [9.1050 | 9. 1461 |9.1845 | 9.2213 | 9.2568 | 9.2905 {9.3230 | 9.3542 | 9.3843 | 9.4132 | 9.4410 | 9.4477 ] 0. 493¢
3|8.5078 | 8.8519 | 8.7033 | 8.7521 | 8.7083 {8.8422 | 8.8830 | 8.9237 | 8.9615 | 8.0975 |9.0310 | 9.0647 {9.0930| 9.1280 [9.1546 | 6. 1819 | 5.2081] 9.2332 | 92572 | 9.2802 | 9. 30%:

5| 4]8-5047 | 8.5555 | 8.8035 | 8.6488 { 8.6916 { 8.7321 | 8.7705 | 6.8069 | B. 8414 |8.8742 | 8.9053 | 8.9340 |8.9630 | 8.9898 |9.0153 | 9.0396 ] 9.0628 | 9.0848 | 9. 1059 | 9. 1260 | . 1451

1077 15)8.4235 | 8.4713 [ 8.5163 | 8.5587 | 8.5086 | 8.6362 | 8.6717 | 8.7053 | 8.7370 18.7671 {8.7955 | 8.8224 |8.8470 | 8.8721 |8.8950 {8.9167 | 8.09374 | 5.9570 | 6.9758 | 8. 9932 | . 010¢
6|8.3507 | 8.3059 | 8.4383 | 8.4780 | 8.5154 {8, 5505 | 8.5836 | 8.8147 |8.06440 | 8.6716 {8.6977 | 8.7223 |8.7455 | 8.7675 |8.7882 | 8.8078 | 8.8263 | 8.8438 | 88603 | 8. 8760 | 8 800
7(8.2843 | 8.5271 | 8.3672 | 8.4046 | 8.4307 | 8.4726 | 8.5034 | 9.5324 |6.5506 |8.5851 |8.8091 |8.8317 |8.6530 | 8.6730 [8.6918 |8.7005 | 6.7262 | 8.7419 | 5.7567 | 87706 | 5. 783¢
8)8.2220 | 8.2636 | 8.3016 | 6.3370 | 8.3700 | 8,4009 | 5.4207 (8.4568 |8.4821 | 8.5057 |8.5279 |8.5487 |B.5682 | 8.5865 |8.6036 |8.6197 | 86348 | 56490 | B.6623 | 8.06747 | 3. 6864
9|8-1658 | 8.2045 | 8.2405 | 6.2740 | 8.3052 | 8.3343 [ 8.3614 | 8.3866 |8.4102 | B.4322 |8.4528 |8.4720 (5.4890 | 8.5067 |8.5223 |8.5370 | 8.5507 | 85635 | B.5754 | 8, 5866 | 8. 5970
1/8.1122 | 8.1401 |8.1833 | 82151 | 8. 2446 18.2720 | §.2074 | 8.3211 | 8.3431 |8.3636 |8.3827 |8.4005 [8.4170 | 8.4324 [8.4468 |8.4501 | 8.4726 | 84842 | 8. 4949 | 5.5050 | 6. 5143
2147.6962 | 7.7203 | 7.7421 | 7.7618 | 7.7797 |7.7058 | 7.8104 | 7.8236 |7.8355 {7.8463 (7.8560 |7.8648 [7.0727 | 7.8708 {7.8862 |7.8920 | 7.8072 | 7.0019 | 7. 9061 | 7.9008 | 7. 9133
3[7.3007 | 7.4163 | 7.4300 | 7.4439 | 7.4553 |7.4654 | 7.4742 | 7.4820 (7.4880 |7.4049 |7.5002 [7.5048 {7.5088 | 7.5124 [7.5154 |7.5181 | 7.5204 | 7.5225 | 7.5242 | 7.5258 | 7. 5271

4 {4]7-1683 | 7.1760 (7.1881 | 7.1968 | 7.2043 |7.2108 |7.2163 | 7.2211 |7.2251 |7.2286 |7.2315 |7.2341 {7.2362 | 7.2380 |7.2395 |7.2408 | 7.2410 | 7.2428 | 7. 2436 | 7. 2442 | 7. 244

10775169734 | 6.9813 |6.9888 | 69948 | 6.9998 | 7.0040 (7.0075 | 7.0105 |7.0120 |7.0150 |7.0167 {7.0181 |7.0192 | 7.0202 |7.0208 |7.0216 | 7.0221 | 7.0225 | 7.0228 | 7.0231 | 7. 0233
6(6.8000 | 6.8151 |6.8201 | 6. 8242 | 6.8276 |6.8304 |6.8327 | 6.8345 | 6.8360 (6.8372 |6.8382 {5.8390 6.8306 [ 6.8401 [6.8405 |8.8408 | 6.8411 | 6. 8413 | 6,8414 | 6.8416 | 6. 8417
7(6.6661 | 6.6705 |6.6741 | 8.6770 | 6.6703 |6.6811 |6.6826 | 6.6838 | 6.6847 (6.6854 |6.6860 {0.6864 |5.6866  6.6871 (6.6873 |6.6874 | 6.8875 | 6.0976 | 6.6877 |5 0878 | 6. 6878
86.5397 | 6.5430 |6.5456 | 6.5476 | 6.5492 |6.5504 16,5514 | 6.5521 6.5527 (6.5531 |5.5535 |6.5537 {6.5530 | 6.5541 [6.5542 |8.5543 | 6.5543 | 6.5544 | 6.5544 | 6. 5544 | 6. 6544
9(6.4367 | 6.4201 [6.4310 | 8.4324 | 6.4335 |6.4343 16.4350 |6.4354 16.4358 (6.4361 |6.4363 |6.4364 |6.4385 | 6.4366 |6.4365 |6.4367 | 6.4367 | 6. 4367 | 6 4388 6. 436

10-3 | 1]8.3246 | 6.3263 [6.3277 {6.3267 | 6.3204 |6.3300 |6.3304 {6.3307 (6.3310 {6.3311 [6.3312 [6.3313 |6.3314 | 6.3314 |6.3315 6.3315
3|5.6801 { 5.6392 |5.6303 |5.6308 |5.6393 5.6393

Values of M{u.8) ore equal to Wlu) for u greater than 2-10 >gnd ait volues of §

NI EED 92 94 96 98 100 120 140 160 180 200 220 240 260 280 300 320 340 360 380 400
0]10.3853|10.4292{10.4722{10,5143)10.5555|10.5959 |10,9604 }11.2686(11.5355|11.7709]11.9815]12. 1720 12.3459112. 505812, 6539 (12.7918(12.9207[13. 0418|13. 1560]13. 2640} 1 3. 366
1]10.1830410.2224110. 2609 |10. 2986 |10. 3353 110. 3712 (10,6909 }10. 9543111, 1765 (11, 3674(11. 5335 [11. 6797] 11.8093{ 11. 9252 [12. 0294 [12. 1234] 12. 2088] 12. 2865 12, 3574 | 12. 4224] 12, 452
2] 70.0992(10.1368(10.1735}10.2092 (10.2441}10,2782|10.5795{10.8247}11.0288|11.2018]11.3502|11. 4788 118912311, 6900111.7773 |11.8549]11.9240|11.9858[12. 0411 [12. 0908 12.135
3110.0351110.0713(10. 1065 }10. 1409 [10. 1744 110. 2070 10. 4944 [19. 72581 10.9165 |11, 0760 11. 2113 [11. 3273 { 11, 4269{ 11 5134 [11. 5888 {11, 654714, 7125 |11, 7633 |11, 8081 |11, 8475| 11, 882
4| 9-9812110.0162110.050310.0834 | 10. 1158 ]10. 1473 (10. 4231 |10. 6431 |10, 8225 (10.9712 |11. 0958 |11, 2012] 11,2909 | 11. 3677 |11. 4337 {11, 4906 | 11. 5398 [11. 5823111, 6192 |11 6511} 11, 676

107® 5| 9.9338] 9.9678}10. 0008 {10. 0330 [10. 0643 ]10. 0948 |10. 3605 |10. 5706 | 10. 7404 |10, 8797 |10, 9953 11.0919] 11, 3733{11.2420(11. 3003 111.3499]11. 3922 11, 4282{11. 4589 {1 1. 4850] 11. 507
6] 989111 59,9242} 9.9563 | 9.9876110.0179 110.047510. 3042 [10. 5055 |10. 6668 |10. 1979 10.9056 [10.9945] 11. 0688 11. 1307 [11. 1826 [11-2261{11. 2626 [11. 293311, 3191 |11, 3408] 11, 358
71 9.8519[ 9. 88421 9.9155] 9.9459| 9.9754110. 0041 (10.2526 }10. 4461 |10. 5997 |10.7234[10. 824) }10.9065{ 10.9744] 11. 0304 11,0767 1L 1151111, 1469 [11. 1732 |11. 195011, 2130§ t1, 227
al 9.8156{ 9.8470] 9.87761 9.9072| 9.9360{ 9.9640(10,204910.3911[10.5377 |10. 6548 10,7492 |10. 8257]10.8880{10.9388 |10.9804 }11.0144{11, 0422 |11. 0649 [11 0834|11.0984) L. 110
9 9.78151 9.81231 9.84211 9.B710f 9.8991] 9,9263 10,1602 |10.3397{10. 480c[10.5910]10. 6797 |10. 7509 10.8082(10. 8545 |10.8519 [10.9221|10.9465(10.9661 10,9819 ]10.9945 1t. 004
1 9.7494] 9.7794) 9.8086 | 9.8368| 9.8642{ 9.8908|10.1182[10.2914(10.4258[10.5313]|10.6147|10. 6811 10.7340(10.7763{10.8100(10.8369110. 8584 {10.8754|10. 8888 [ 10. 8994 10.907
2 9.4935] 9.5184] 9.5423| 9.5654) 9.5876] 9.6091| 9.7870| 9.9141[10.0059{10. 0726(10. 1211 [10. 1563 10.1818(10.2001 {10.2131 [10.2224| 0. 228810. 2333[10.2364(10. 2385 10.239
3 9.3023| 9.32341 9.3437| 9.3631| 9.3818 9.3997| 9.5441| 9.6413[ 3.7071) 9.7516{ 9.7815[ 9.&014 9.8145) 9.8230] 9.8284( 9.8319] 9.8340| 9.8353| 9.8361| 9.8365 9.836
4| 9.1451) 9.1634| 9.1808| 9.1975| 9.2134 | 9.2285| 9.3478| 9. 4238 9.4721{ 9.5026| 9.5216 9.5332| 9.54011 9.5442] 9.5466 | 9.54791 9.5486( 9.5490| 9.5492| 9. 5493 9.549

1075 |51 9.0100( 9.0260| 9.0411( 9.0555]| 9.0692 | 9.0822( 9.1819| 9.2421 9.2781 1 9.2993| 9.3116] 9. 3185| 9. 3222| 5. 3243} 9. 3253 9.3258 9.3261( 9.3262| 9.3263 9.326
6 8.8908( 8.9048( 8.9181 [ 8,9306{ 8.9425) 8.9538( 9.0378( 9.0859{ 9. 1130} 9. 1279 9.1350} 9. 1401 9.1422] 9.14321 9.1436| 9. 1438] 9.1439| 9.1440| 9. 1440 9. 144
7 8.7838( 8.7962( 8.8078( 8.8188| 8.8292 | 8.8389( 8.9101( 8.9489| 8.9894f 8.9800( 8.9853( 8.9878 8.9890) 8.9895| 8.9897 | 8.9898] 8.9898| 8.9898 8.989
8 B.6864( 8.6974( 8.7077 [ 8.7174| 8.7264 | 8.7349( 8.7956( B.8269 | 8.8426| 8.8502( 8.8537( 8. 8553 B.8559] 8.8562  8.8563( B8.8563 8. 856
9 | 8.5970| 8.6068| 8.6159 | 8.6244 | 8.6324 8.6399 | 8.6917  8.7172] 8.7293] 8.7347| 8.7370| 6.7380| 8.7384] 6.7385 | & 7385 | 8. 7386 8.738
1 2.5143| 8.5231 [ 8.5312 | 8.5387 | 8.5457 | 8.5522 | 8.5967 | 8.6175| 8.6268| 8.6307| 8.6323| 8.6329| 8.6331 8.633
2z 7.91321 7.9162( 7.9189 | 7.9213 [ 7.9235{ 7.9254 7.9361) 7.9392| 7.9399] 7.9401| 7.9402 7.940
3 7.5271| 7.5282 | 7.5292 | 7.5300( 7.5307 | 7.5314| 7.5342] 7.5347 7.534
4 | 7.2447] 7.2452 | 7.2456 | 7.2459 | 7. 2461 ) 7. 2463 7.2471] 7.2472 7.247

1074 |5 7.0233] 7.0235) 7.0237 | 7.0238( 7.0239 [ 7.0239 | 7.0242 7. 024
61 6.8417{ 6.8417| 6.8418 | 6.8418| 6.8419 | 6.8419 | 6.8419 6. 842
7 | 6.6878] 6.6878 | 6.6878 | 6. 6879 6.687
8 6.5544] 6.5544 | 6.5544 6. 554
9

Values of M{u,8) ore equal to W{u) for u greater than B-IO" and all volues of &
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(11) Li(u, ) is defined by

. ® dy
W) = —wf (_ ‘_”) jacd
Liu,w)y=e 1 exp { —~uy + 3y

and can be easily tabulated for a practical range of u and w, using a tabulation
of a related function [61].

(12) M(u,B) defined [21] by
M@B) = =M, ~p) = [ (1/y) exp(~y) erf(8v/3) dy

and is extensively tabulated [22]. Sufficient values for practical use are given
in Table IV. This function may be approximated as follows:

for ¥ <0.05/8 <001,  M(uB)~ 2[sinh~8 — 28v/ufr]
u < 0.05/82, M(u,f) ~ 2[sinh~18 — B erf(v/a)]
u>5/p, M(u,B) ~ W(u)

(13) S(r,p) is defined by

S(rp) = (@fm) [ 11 ~ exp(—ru2)]R du
where
R = [ Yo(pu) = Yy)o(p))u*[T3(w) + ¥i)]

a few values of which are given in Table VI. The table is adapted from that of a
function [23] that is equal to (1 [2m)S(z,p). The function may be approximated
[23] as follows:

S(r,p) & W(p*/4r), if =>20
(14) sinh—'x is the inverse hyperbolic sine, defined by
sinh~!(x) = — sinh1(—x) = In(x + v/ X2+ 1)
tabular values of which are available [15]. It may be approximated by

sinh-'x ~ x, if x <0.1
sinh~!x ~ In 2x, if  x>10

(15) ¥(7,p) may be called the gravity well function and is defined [24] by
V(r,p) = f : (1/u)Jy(up){1 — exp(—ru tanh u)} du

It is available in tabular form [25]. Table VII is constructed by graphical
interpolation from available tabulation [25]; thus, it may be in error in the
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TABLE V. Values of the Function L(u,0)
u 0 .1 .2 .3 .4 .5 .6 .1 .8 .9 .0
0 0.0 0.3422 | 0.5471 | 0.7020 | 0.8256 |0.9271 L0119 [1.0836 | 1.1447 |1.1972 | 1.2425
1 1.2425 1.2818 | 1.3159 [ 1.3457 | 1.3718 |1.3946 L4146 [1.4323 | 1.4478 |1.4616 | 1.4737
2 1.4737 | 1.4844 11.4939 |[1.5023 | 1.5098 |[1.5164 . 5223 1.5321 1.5400
3 1.5400 1.5462 1.5511 .5550 1.5582 1.5606
4 1.5606 1.5626 1.5642 . 5655 1.5666 1.5674
5 1.5674 1. 5681 1.5686 . 5690 1.5694 1.5696
6 1.5696 1.5699 1.5700 .5702 1.5703 1.5704
7 1.5704 1.5705 1.5705 5706 1.5706 1.5707
8 1.57066 1.57068 1.57071 . 57072 1.57074 1.57075
9 1.57075 1.57076 1.57076 57077 1.57078 1.57078
10 1.57078 1.57078 1.57078 . 57078 1.57079 1.57079
TABLE VI. Values of the Function S(7,p)
T\C 1 2 5 10
0.10 0.616
0.20 0. 842
0.30 1.005
0. 40 1.131
0.50 1.244
0.60 1.344
0.70 1.420
0.80 1.483
1.00 1.608 0. 440 0.0126 ©. 000
1.20 1.722
1.5 1.860
2.6 2.048
2.5 2.199
3.0 2.337
1.0 2.551
5 2.727 1. 407 0.192 0.0012
6 2.865
8 3.104
10 3.305 1.948 0.488 0.0302
12 3.456 2.098 0.591 0.0528
15 3.657 2.287 0.729 0.0905
20 3.921 2.55) 0.925 0.162
25 4.122 2.752 1.088 0.236
30 4.298 2.915 1.236 0.309
50 4.775 3.405 1.658 0.578
100 5.441 4. 059 2.274 1.058
500 7.037 5.642 3.820 2. 476
1,000 7.716 6.333 4.511 3.142
5, 000 9.324 7.942 6.107 4.725
10, 000 10.015 8.633 6.798 5.416
25, 000 16.933 9.550 7.716 6.333

last shown decimal. The function may be approximated, for practical purposes,

by

a. for r < 0.05,

b. for r <0.01,

c. for r <0.01 and 7/p > 10,

V(r.p) ~ In(27/p)
d. forr>35,

Vir,p) = 0.5W(p*/4r)
319
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TABLE VII. Values of the Function V(7,p)

1073 1072
1 2 3 P 5 6 7 8 9 1 2 3 4 5 6 7 8 9
2.99 [2.30 [ 1.90 | 1.64 { 1.42 {1.28 | 1.15 | 1.04 | 0.950 { 0.875 | 0.474| 0.322 | 0.240 | 0.192 | 0.158 | 0.135 | 0.118 | 0.104 | 0.093
3.68 [2.97 |2.58 [2.30 | 2.09 |1.92 | 1.76 [ 1.64 | 1.52 [ 1.42 | 0.8601 0.610 | 0.468 | 0.378 | 0.316 | 0.270 | 0.236 | 0.z10 | 0.187
4.08 |3.40 | 3.00 [2.70 [ 2.46 {2.28 | 2.23 | 2.00 [ 1.88 | 1.79 | 1218 | 0.860 | 0.675 | 0.555 | 0.465 | 0.400 | 0.350 | 0.310 | 0.278
4.35 |3.68 [3.26 12.98 [2.75 | 2.58 | 2.42 | 2.29 | 2.17 | 2.06 | 1.42 | 1.07 | o.850 | 0.710 | 0.600 | 0.525 | 0.460 | 0.410 | 0.
4.58 |3.90 | 3.49 | 3.20 | 2.96 [ 2.79 | z.¢4 |2.50 | 2.38 | z.28 | 1.60 | 1.24 | 1.o10 | 0.850 | 0.725 | 0.630 | 0.560 | 0.500 | 0.
4.76 |4.06 |3.65 [3.36 [3.15 {2.96 | 2.80 {2.68 | 2.56 | 2.45 | 1.78 | 1.40 | 1.15 | 6.970 | 0.840 | 0.735 | 0.650 | 0.585 | 0.
4.92 |4.20 | 3.80 | 3.51 [ 3.30 {3.22 | 2.96 | 2.82 | 2.70 | 2.60 } 1.91 | 1.54 | 1.28 | 1.09 | 0.950| 0.835 | 0.740 | 0.670 | 0.
5.08 |4.34 |3.94 | 3.65 | 3.4z {3.24 | 3.09 |2.95 |2.84 |2.72 |2.0¢ | 1.65 [1.39 | 1.20 | 1.0¢4 | 0.925 | 0.825 | 0.750 | 0.
5.18 [4.47 |4.05 | 3.75 | 3.54 {3.35|3.20 | 3.0 |2.95 |z.8¢ |24 | 1.75 | 150 | 1.29 | 114 | Loz | 0.910] 0,825 |o.
5.24 |4.54 [4.14 | 3.85 | 3.63 |3.45 | 3.30 | 3.15 | 3.04 [ 294 |2.25 | 1.85 |1.58 | 1.38 ]1.22 | 1.09 | 0.985 | 0.890 |0
5.85 |5.15 [4.78 | 4.50 | 4.28 | 4.10 | 3.93 |3.80 | 3.66 | 3.56 | 2.87 | 2.46 |2.20 | 1.98 |1.80 | 1.65 | 1.52 | L.42 |1.
6.24 [5.50 [5.12 | 4.85 | 4.61 |4.43 | 4.28 [ 4.14 | 4.01 | 3.90 | 3.24 | z.84 |2.54 | 2.32 |2.14 | 1.98 |[1.85 | 174 |1
6.45 [5.75 |5.35 {5.08 | 4.85 [4.67 | 4.50 |4.38 | 4.26 | 4.15 | 3.46 | 3.05 |2.76 | 2.54 |2.36 | 2.20 | z.07 | 1.96 |1
6.65 [6.00 [5.56 | 5.25 [5.00 |4.85 [ .70 | 4.55 | 2.45 | 4.30 | 3.65 | 3.2 |2.95 {272 |2.52 | 2.38 | z.24 | 2.14 {2.03
6.75 |6.10 [5.65 | 5.40 {5.15 [4.98 [ 4.82 | 4.68 | 4.56 | 4.45 | 3.76 | 3.37 |3.09 | 2.85 |2.67 { 2.50 |[2.38 | 2.26 |2.16
6.88 |6.20 [5.80 |5.50 |5.25 [5.08 | 4.92 {4.80 | 4.68 | 4.55 | 3.90 | 3.50 | 3.20 | 2.99 |z.80 | 2.64 | 2.50 | 2.38 }zz8
7.00 [6.25 }5.85 | 5.60 | 5.35 |5.20 | 5.00 | 4.90 | 4.80 | 4.65 | 3.96 | 3.55 |3.26 [ 3.05 |28 | 270 |[2z58 | 246 |2.36
7.10 [6.35 |6.00 {570 [5.50 |5.30 | 5.12 |5.00 | 4.90 | 4.75 | 405 | 365 |3.36 [ 315 [296 | 2.80 [2.66 | 2.55 |z.a5
7.14 [6.45 [6.05 |5.75 | 5.55 |5.35 | 5.20 |5.05 | 4.95 | 483 | 410 | 3.74 |3as [ 3.2z |04 | 290 [275 | 264 |254
7.60 |6.88 {6.45 |6.15 |5.92 [5.75 | 5.60 {5.50 | 5.35 | 5.25 | 4.59 | 418 |3.90 | 368 {350 | 3.3 | 320 | 309 |z97
7.85 [7.15 [6.70 | 6.45 [6.20 [6.00 | 5.85 [6.75 | 5.60 | 5.50 | 4.62 | 442 | 412 [ 390 |32 | 357 [3.45 | 331 |20
8.00 |7.28 |6.85 {6.58 [6.35 [6.15 [ 6.00 | 5.90 [ 5.75 | 5.70 | 495 { 455 | 426 | 404 [3.8 | 3.70 [ 3259 | 346 |[3.36
8.15 {7.35 [7.00 [6.65 [6.50 |6.25 | 6.10 [6.00 | 5.85 | 5.80 | 5.05 | 468 |4.40 | 419 |400 | 3.8 [371 | 360 |3.49
8.20 [7.50 [7.10 [6.75 |6.55 |6.35 | 6.20 | 6.10 | 5.95 | s5.85 |5.20 | 478 |4.50 | a26 ]4.09 | 392 [3.80 | 369 |3.59
8.25 {7.55 [7.15 |6.85 [6.62 |6.40 | 6.30 |6.20 | 6.05 | 5.95 |5.25 | 4.8 [¢5° | 435 1418 | 400 [3.90 | 3.78 |3.66
8.30 {7.60 [7.20 [6.90 |6.70 |6.50 [ 6.35 | 6.25 [ 6.10 | 6.05 | 530 | 492 |4, | 440 |a2s | 410 [ 295 | 382 [3.74
8.3z [7.65 |7.25 | 7.00 |6.75 |6.55 | 6.40 |6.30 | 6.15 | 6.10 | 5.35 | sioc |4.70 | s.49 | 430 | 415 | 400 | 3.90 |380
8.35 |7.75 [7.35 | 7.05 [6.80 |6.60 )6.45 [6.35 | 6.20 | 6.14 |5.40 | 5.02 |4.80 | 452 |435 | 419 | 405 | 3.92 |3.84
o7} 1
1 2 3 4 s 6 7 8 9 1 2 3 4 5

1| 0.093 | 0.0430 | 0.0264 | 0.0180 | 0.0132 | 0.0L00 | 0.0078 | 0.0062 | 0.0049 | 0.0040 0.00057 | 0.00015

2| 0.187 | 0.0865 | 0.0530 | 0.0365 | 0.0268 | 0.0205 | 0.0160 | 0.01z5 | 0.0100 | O.0081 0.00118 | 0.00020

3| 0.278 | 0.130 | 0.0800 | 0.0550 | 0.0405 | 0.0310 | 0.0240 | 0.0190 | 0.0150 | o.0122 0.00184 | 0.00032

4| 0368 ) 0174 | o0.107 | 0.0735 | 0.0540 | 0.0415 | 0.0322 | 0.0255 | 0.0z0z | 0.0165 0.00244 | 0.00043

5| 0.450 | 0.215 | 0.133 | 0.0920 | 0.0675 | 0.0520 | 0.0400 | 0.0320 | 0.0255 | 0.0206 0.00305 | 0.00055

6] 0.530 { 0.257 | 0.160 | 0.116 | 0.0810 [ 0.0610 | 0.0478 | 0.0380 | 0.0305 | 0.0250 0.00365 | 0.00065

7| 0.610{ 0.298 | o0.18 | 0.130 | 0.0950 | 0.0725 | 0.0565 | 0.0450 | 0.0360 | 0.0292 0.00430 | 0.00078

8| 0.680] 0.340 | 0.214 | o0.148 | 0.108 ! 0.0825 | 0.0645 | 0.0510 | 0.0412 | 0.0336 0.00500 | 0.00090

9| 0.750 { 0.378 | o0.236 | 0.164 | 0.122 | 0.0930 | 0.0730 | 0.0585 | 0.0470 | 0.0380 0.00570 | 0.00105

17085) o045 |[o0.260 |0.180 | 0134 |o0.103 | 0.0805 | 0.0640 | 0.0515 | 0.0420 0.00635 | 0.00118

2|1.32 jo.750 |o.s00 | o0.359 | 0.268 |o0.208 | 0.165 | 0.132 | a.107 | 0.0880 0.0145 0.00278

3| Les | 102 0.700 | 0.515 | 0.392 |0.308 | 0.246 | 0.200 | 0.164 [ o0.135 0.0238 0. 00490

4| 186 | 122 0.870 | 0.650 } o.510 |0.405 | 0.328 | 0.268 | o.zz0 | o.1s2 0.0350 0.00750 | 0.00160 | 0.00038

5| 203 | 1.37 1.00 0.770 | o.610 |0.490 | 0.400 | 0.330 | 0.275 | 0.230 0.0450 0.0104 0.00240 | 0.00056

6216 | 1.49 12 0.875 | 0.700 | 0.570 | 0.468 | 0.390 | a.325 [ o0.276 0. 0580 0.0138 0.00320 | 0.00080

7| 2.28 | 1.60 1.22 0.965 | 0.775 |olewo | 0.525 | 0.445 | 0.375 | 0.320 0.0715 | 0.0175 0.00425 | 0.00108

8236 |1.69 1.30 1.04 0.850 |o0.715 |[0.600 | 0.500 | 0.425 | 0.364 0. 084C 0.0212 0.00525 | 0.00140

9 | z.45 | 175 1.38 L1 0.920 | 0.775 | 0.650 | 0.550 | 0.475 | 0.404 0. 0980 0.0260 | 0.00630 | 0.00165

1| 258 | 1.85 1.45 1.18 0.975 |o0.825 [0.700 | 0.595 | 0.510 [ 0,444 0.113 0.0310 0.00840 | 0.00235

2 {297 | 229 1.88 1.60 1.38 122 1.07 0.950 | o0.840 | 0.750 0.259 0.0950 0.0330 0.0115

3 {320 {250 2.10 1.82 1.60 1.42 1.28 1.15 1.05 0.960 0.388 0.165 0.0700 0.0275

4| 336 {266 2.25 1.97 1.75 1.58 142 1.30 1.20 1.10 0.495 0.235 0.112 0.0835

5| 349 |28 2.38 2.09 1.87 1.69 1.54 142 1.30 .21 0.580 0.300 0.150 0.0715

6 | 3.5 |2z90 2.47 2.18 1.95 1.78 1.65 1.52 1. 40 1.30 0.660 0.360 0.195 0.0990

7 {366 |2.96 2.85 _ | 2.25 2.04 1.85 1.70 1.58 1.48 1.38 0.730 0,415 0.230 0.125

8 |'3.74 | 300 2.60 2.32 2.11 1.94 1.79 1.66 1.55 144 0.790 0.465 0.272 0.155

9| 380 |309 2.67 2.39 2.17 2.00 1.85 172 1.60 1.50 0.850 0.515 0.307 0.182

10 | 3.84 [3.12 2.74 2.45 2.24 2.05 1.90 177 1,65 1.55 0.890 0.550 0.340 0.210

For T> 5, YUT,p)=0.5 W(pY4T) r
~ sinht -

For T< 0.01 , V(T,p) = sinh (TP) m -

For T£ 001 & T/p>10, VIT,p)= sih ' (1/p)~ In(—?—l)
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Hydraulics of Wells

(16) W(u), known in the field of hydrology as the well function for nonleaky
aquifers, is equal to the exponential integral ; namely,

W) = —E(=w) = [T (1)) exp(~) dy

The function is extensively tabulated {26, 27]. Sufficient values of this function
are given in Table VIII for W(u,0) = W(u). Its series expansion is

Wu)= —0.5772 —Inu — > (—=1yu"/n-n!
n=1

and for u < 0.05, it is approximated by

W(u) = —0.5772 — In u = In(0.562/x)

(17) W(u,B), known as the well function for leaky aquifers, is defined by
W) = [ (1[y) exp(=y - §/4y) dy

and is extensively tabulated [28]. It is given in Table VIII for a sufficient prac- .
tical range of # and B. The following relations may be useful in practical com-
putations:

WO.8) = 2K(B),  W(u,0) = W(w),
W(u,B) = 2Ky(B) — W(8%/4u,B)
and
Wu,p) = W) for u>28
~ W(u) for u> 5p2, if B<0.1
W(u,B) =~ 2K(B) — L(BW(B/4u)  for u<<B20, if wu<l

(18) Yy(2) and Y,(z) are the zero- and first-order Bessel functions of the
second kind [12]; tabular values are available [15]. They may be approximated
by

a. for z < 0.01,
Yy(2) = (2/m)[0.5772 4 In(z/2)],
Yi(2) % —2/nz
b. for z > 16,
Y2) & V/3nz sin(z — /4),
Y(z) & — V2/wz cos(z — =/4)
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TABLE VIII. Values of the Function W(u,B)

0.001

0.002

0.003

0.004

0.005

0 006 0.007 0.008 0.009 0.0
u
00 14.0474 12,6611 11.8502 11.2748 10.8286 10.4640 10.1557 | 9.8887 9.6532 9.4425
0 . .
000001 13.2383 13,003t 12,4417 11.8153 .27 10.8283 10.4640 10.1557 | 9.8887
000002 12.5451 12,4240 12,1013 N.6716 11.2259 10.8174 10.4619 10.1554 9.8886 9.6532
000003 12,1397 12,0581 11.8322 11.5098 11,1462 10.7849 10.4509 10.1523 9.8879 9.6530 9.4425
000004 11.8520 11.7905 11.6168 1.3597 11.0555 10.7374 10.4291 10.1436 | 9.8849 9.6521 9.4422
000005 11.6289 11.5795 11.4384 11.2248 10.9642 10.6822 10.3993 10.12%0 9.8786 9.6496 9.4413
000006 11,4465 11.4053 11.2866 11.1040 10.8764 10.6240 10.3640 10.1094 9.8686 9.6450 9.4394
000007 11.292 1.2570 11.1545 10.9951 10.7933 10.5652 10.3255 10.0862 9.8555 9.6382 9.4361
000008 11.1589 n.azz» 11.0377 10.8962 10.7151 10,5072 10,2854 10.0602 9.8398 9.6292 9.4313
000009 .04 11.0135 10.9330 10.8059 10.6416 10.4508 10.2446 10.0324 9.8219 9.6182 9.4251
00001 10.9357 10.9109 10.8382 10.7228 10.5725 10.3963 10.2038 10.0034 9.8024 9.6059 9.4176
00002 10.2426 10.290t 10.1932 10.1332 10.0522 9.9530 9.8386 9.7126 9.5781 9.4383 9.2961
00003 9.8371 9.8288 9.8041 9.7635 9.7081 9.6392 9.5583 9.4671 9.3674 9.2611 9.1499
00004 9.5495 9.5432 9.5246 9.4940 9.4520 9.3992 9.3366 9.2653 9.1863 9.1009 9.0102
00005 9.3263 9.3213 9.3064 9.2818 9.2480 9.2052 9.1542 9.0957 | 9.0304 8.9591 8.8827
00006 9.1440 9.1398 9.1274 9.3069 9.0785 9.0426 8.9996 8.9500 8.8943 8.8332 8.7673
00007 8.9899 8.9843 8.9756 8.9580 8.9336 8.9027 8.8654 8.8224 8.7739 8,7204 8.6625
00008 8.8563 8.8532 8.8439 8.8284 8.8070 8.7798 8.7470 8.7090 8.6661 8.6186 8.5669
00009 8.7386 8.7358 8.7275 8.7138 8.6947 8.6703 8.6411 8.6071 8.5686 8.5258 8.4792
0001 8.6332 8.6308 8.6233 8.6109 8.5937 8.5717 8.5453 8.5145 8.4796 8.4407 8.3983
.0002 7.9402 7.9390 7.9352 7.9290 7.9203 7.9092 7.8958 7.8800 7.8419 7.8416 7.8192
.0003 7.5348 7.5340 7.5315 7.5274 7.5216 7.5141 7.5051 7.4945 7.4823 7.4486 7.4534
0004 7.2472 7.2466 7.2447 7.2416 7.373 7.2317 7.2249 7.2169 7.2078 7.1974 7.1859
0005 7.0242 7.0237 7.0222 7.0197 7.0163 7.0118 7.0063 6.9999 6.9926 6.9843 6.9750
0006 6.8420 6.8418 6.8403 6.8383 6,8353 6.8316 6.8271 6.8218 6.8156 6.8086 4.8009
0007 6.6879 6.6876 6.6845 6,6848 6.6823 6.6790 6.6752 6.6706 6.6653 6.6594 8.6527
0008 6.5545 6.5542 6.5532 6.5517 6.5495 6.5467 6.5433 6.5393 6.5347 4.5295 6.5237
0009 6.4368 6.4365 6.4357 6.4344 6. 434 6.4299 6.4269 6.4233 6.4192 6.4146 6.4094
00 63315 6.313 6.3305 6.3293 6.3276 6.3253 6.3226 6.3194 6.3157 63115 6.3069
002 5.6394 5.6393 5.6389 5.6383 5.6374 5.6363 5.6350 5.6334 5.6315 5.6294 5.627%
003 5.2349 5.2348 5.2346 5.2342 5.2336 5.2 5.2320 5.2310 5.2297 5.2283 5.2267
004 4.9482 4.9482 4.9480 4.9477 4.9472 4.9467 4.9460 4.9453 4.9443 4.9433 4.9421
005 4.7261 4.7260 4.7259 4.7256 4.7253 4.7249 4.7244 47237 | 4720 4.7222 472012
006 4.5448 4.5448 4.5447 4.5444 4.544) 4.5438 4,5433 4.5428 4,5422 4.5415 4.5407
007 4.3916 4.3916 4.3915 4.3913 4.3910 4.3908 4.3904 4.3899 4.3894 4.3888 4.3882
.008 4.259 4.2590 4.25%0 4.2588 4.2586 4.2583 4.2580 4.2576 4.2572 4.2567 4,2561
009 41423 4.1423 4.1422 4.1420 4.1418 41416 41413 4.1410 4.1406 4.1401 4.1396
01 4.0379 4.0379 4.0378 4.0377 4.0375 4.0373 4.0371 4.0348 4.0364 4.0360 4.0356
.02 3.3547 3.3547 3.3547 3.3546 3.3545 3.3544 3.3543 3.3542 3.3540 3.3538 3,353
.03 2.9591 2.9591 2.9591 2.959%0 2.9590 2,9589 2,9589 2.9588 2.9587 2.9585 2.9584
.04 2.6813 2.6812 2.6812 2.6812 2.6812 2,681 2.6810 2.6810 2.6809 2.6808 2.6807
05 24679 2.4679 2.4679 2.4879 2.4678 2.4678 24478 2.4677 2.4876 2.4676 2.4475
.06 2.2953 2,2953 2,2953 2.2953 2,2952 2.2952 2.2952 2.2952 2.2951 2.2950 2.2950
.07 2.1508 2.1508 2,1508 2.1508 21508 2.1508 2:1507 21507 21507 21506 2.1506
.08 2.0269 2.0269 2.0269 2,0269 2.0269 2.0269 2.0269 2.0268 2.0268 20268 2.0267
09 1.9187 1.9187 1.9187 t.9187 1.9187 1.9187 1.9187 1.9186 1.9186 1.9186 1.9185
A 1.8229 1.8229 1.8229 1.8229 1.8229 1.8229 1.8229 1.8228 1.8228 1.8228 1.8227
2 12227 1.2226 1.2226 1.2226 1.2226 1.2226 1.2226 1.2226 1.2226 1.2226 1.2226
3 0.9057 0.9057 0.9057 0.9057 0.9057 0.9057 0.9057 0.9057 | 0.9056 0.9056 0.9056
A 7024 7024 7024 7024 7024 7024 7024 7024 7024 7024 7024
5 5598 5598 5598 5598 5598 5598 5598 5598 5598 5598 559
K) 4544 4544 4544 4544 4544 4544 4544 4544 4544 4544 4544
7 3738 3738 3738 3738 3738 3738 3738 3738 3738 3738 3738
8 3106 3106 3106 3106 306 3106 3106 3106 3106 3106 3106
9 2602 2602 2602 2602 2602 2602 2602 2602 2602 2602 2602
1.0 0.2194 0.2194 0.2194 0.2194 0.2194 0.2194 0.2194 0.2194 0.2194 0.2194 0.2194
20 489 489 489 489 489 489 489 489 489 489 489
3.0 130 130 130 130 130 130 130 130 130 130 130
4.0 38 38 38 38 38 38 38 38 38 38 38
5.0 n 1" n n n n n " n n L
6.0 4 4 4 4 4 4 4 4 4 4 4
7.0 1 1 1 1 ] 1 1 1 1 1 1
8.0 0 0 o 0 o 0 [ 0 [} [} 0
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Hydraulics of Wells

TABLE VI (Continued)

M 8 0.01 o.0s 0.02 0.028 o0 0.035 0.04 0.043 0.08 0.055 0.06 0.068 0.07 0.075 008 0.083 009 | o095 I (31
° SAS | 8419 | by | TANY | 271 | A9 | 647 | 643) | 6285 | 608 | smese | 5707 | 5% | seam | swso | sarc | soem | e9ssa | e 8501

00000}

000002

000003 | 9.4425

000004 | 9.4422

000005 | 9.4413

000008 | 9.4304

000007 § 94361 | 8.6319

000008 | 94313 | 8.8318

000009 | 9.4251 | 8.431¢

00001 | 9.4176 | 86113 | 8.059

00002 | 9.29¢1 | me152 | 8058 | rem | zan

00003 | 9.1499 | 85737 | sou3 | rewor | 7w

00004 | 90102 | 85168 | 8000 | .60 | 7245 | sy | s67

00005 | $.8827 [ 34533 | 800K | 76000 | M0 | 69 | 667%

00006 | 8.7673 | 33000 | 79786 | 7.5eM | 72419 | o934 | s672 | suae3

00007 | 8.6625 | 837 | 2436 | 7.57% | 7: | 69w | 672 | s4d2 | szms

00008 | 8.366% | 82600 | 79105 | 7.asey | 7208 | v | eene | sazs1 | e2m4

00000 | 84792 | 81996 | 74743 | 7507 | 7:27:2 | e | & a3 | 423

0001 | 6.3963 | 81414 | YRS | TS | 222 | 69273 | 669 | 44372 | sam2 | some | ses | sr0s7 | s | sazm | sz

0002 | 78192] 7.6780 | r4¥72 | 7. TOMS | 6B | 66242 | 641 | N7 | 6038 | 5887 | S0% | 5593 | 54207 | 52049 | 50750 | s06m ! 4958

WU | A | ramez | 2wl | 707P | 408 | ATme | ese | M2 | 6188 | s0Ms | sasz | seww | sss2 | senz | sawez | sizar | soste | sess2 | aaser
004 | Idem | TIMY | 2018 | MR | 6757 | se0m | 6dSH | 4SS | S1IT | s9Is | SAXP | 5480 | 55476 | 5410 | smiz | sirm | sosto | <eser | § 59
0005 | 8970 | 69152 | e STIT | 64N | baved | 636 | 4226 | 40BN | 506 | SMOU | 54648 | 530 | 54062 | 536 | sreso | soms | 4952 | 4as%0

0006 | smo0s | 6708 | scsm | s | 6ol | 6N | s2de | 41512 | 60z | seses | s | sem | ssine | swn | soe | swen | sosw 49502 | 48510

Q07 fessz | et | 438 | 44777 | 4} | 622 | 61917 | 40M) | Noas2 | sskee | 57774 | seoer | sewoz | 535 | S2618 | 515 | 5080 445 | asarm

Q0 jesny | e | aM0 | 6395 | 6 | 678 | 6113 | 401 | 3907 | 57wz | sears | 55755 | saeez | sasz | 528l | sis6 | 30001 | 69ame 4043

000 | 6A0N | 68T | 6B | 6T | 622 | 41256 | 6O0MI | S3481 | A9 | 570 | Sedss | 5506 | Sadk | 53317 | s2mz | sams | s0mr | <936 408
001 63069 | 625 | 62347 | 6107 | 6102 | s0e4 | S2m1 | sessd | s7ms | 502 | seose | ssom | saors | s% | s.208 5013 | asxe | 4822
062 |56zt | SeNs | 507 | 53638 | 5534 | 5499 | 54514 . 535 1 s | s | sim0 | sum | 5087 | 49848 4878 | w7 | am®
003 | s2267 | 52166 | 52025 | siss | s1627 | saws | osaoes 50408 | 50025 | 49615 | 49180 | 48722 | 4823 | 47746 467 | sa80 | 4un
008 L dodat | 49343 | 49m0 | 49108 | aewr | se79 | 460 48016 | 47722 | 47406 | 47068 | 4670 | 4adss | aspa2 ASIH 4de7s | 40
€05 | 47212 | 47152 | 47008 L0960 | 46829 | 46675 | dedsy 40086 1 ases | 450 | 401 | <022 | 4an3 | caaee 4uw | 45 | 4290
006|457 | 4RS7 | ASH7 | 45197 | 45008 | 44960 | 44814 | Adsay | aass7 | 44267 | <40 | 4399 | 43sm | 43 | e 4266 | an | aam2
Q7 4362 48 | 43779 | 43X2 | 4309 | 4300 | 4207 | 4373 | 43077 | 405 | 42719 | e | 4205 | 4207 | s1mw 4132 | 4108 | o7t
B8 azse) | AZM | AWM | 44 | 412 | 428 | 42s | aded | 4387 | 41707 | dises | 4raes | «1ie0 | <oome | 4orey 40315 | 40073 | 39822
007 {4136 | L1363 | LINT | 4128 | 42i6s | 4100 | 47004 | 4009 | 40772 | 406 | 4040 | 4036 | 40169 | 3.9 39395 | 39178 | de9s2
ot 4035 | 4032 | A0S | 40z | 40167 | 4009 | 40003 | 39905 | 3975 | 39675 | 2.9 39403 | 29282 909t | 23930 34582 18150
02 3353 33821 | 33502 | 337 | 3 33408 | 33065 | 31017 | 3ams | 33205 | 3341 | 371 | 327 | Im7 | 3ms2 32647 3242

03 29384 | 29575 | 2952 | 29545 | 29523 | 2901 | 2947 | 2944 | 2940 | 293% | 2932 | 29m4 | 2925 | 29180 | 29027 2.9007 2073
o4 26007 | 2. 261 | 2677 | 26768 | 26247 | 26727 | 2675 | 26680 | 26852 | 26622 | 20639 | 26553 | 26515 | 26475 2636 248
o5 24475 | 24670 | 24647 | 24853 | 24642 | 2462 | 24613 | 24m5 | 24576 | 2455 | 2453) | 24505 | 24478 | 24448 | 24416 24347 24
08 229% | 22045 2940 | 2932 | 2973 | 22912 | 2290 | 22888 | 2270 | 2m52 | 2233 | 22812 | 229 | 2.0 | 2240 2.2084 2222
o7 21506 | 21502 | 20497 | 20491 | 21483 | 2047 | 2484 | 20432 | 2189 | i | 21408 | 2180 | 2072 | 23952 | 2130 21284 2102
o8 2027 | 20064 | 20M0 | 20285 | 202 | 20MO | 2021 | 20221 | 20210 | 20198 | 2018 [ 2019 | 20153 | 2013 | 2018 20078 20004
o0 VS | LISy | LR | V8174 | 196 | 19162 | 19184 | 19w | 1916 | 19125 | 194 | tewor | 19087 | 19072 | 1.o0se 19022 Levey
1 18227 | 1a;s | 10z | 18208 | 2820 | 18207 | 180 | 1miwy | nses | rsizs | vewes | nmisa | 1sa | rers | 18 ¥ 1. 10067 | 18050
2 1202 | tams | vz |oa;2 | oLz | oLz | rans | raaz | or2o9 | 12205 | tzmot | ot | rasz | orzies | naer | v2s | vz | naez | rarss
3 0905 | 0908 | 05055 | 09054 | 05083 | 05052 { 09050 | 0949 | 0904 | 09045 | 043 | o 0903 | 09035 | 09032 | 0902 | 09025 | 0022 | oS0
. n% | nn B b3 022 n2a 0 019 18 7016 15 7014 m2 210 7008 7006 7004 7002 o0
5 ss98 | sse7 3597 597 5596 w6 5595 5594 5594 559 st 5590 508 ssa7 s s584 583 st
© dsi | asu 403 s 4543 4542 4542 4842 4541 4540 4540 4539 438 4537 4536 405 a5 sy 4532
7 e | I ny 7 el 37 3736 e s 3738 4 I 733 m n2 n2 3 70 Fd
8 306 1 306 3106 06 3108 3108 3108 atos 3104 3104 o4 3103 3108 3102 3102 3101 310t 3100 3100
s 202 | 02 %02 02 20 20t 201 201 0t 200 200 200 599 E 2999 ] F 297 297
10 N | 024 | 0219 | o2 | 0293 | 0293 | 02193 | c293 | 09 | 0295 | o292 | o292 | o292 | o;v | omn | omer | oz | oz | caw
20 499 " a5 L 49 489 a9 40, 49 49 L3 a8 P 4 49 Lid 49 408 =
39 0 130 12 130 e 0 120 130 1% 10 130 130 2 % 120 130 130 13 1%
@ » £ » » 3 » » - » » » » »* » » » » » »
$0 1 " n n " n n n " n it n n i n 1 n n "
60 4 4 4 4 4 4 4 4 4 L) 3 4 4 4 4 4 4 4 4
70 1 1 1 1 1 1 1 1 | 1 1 1 1 1 i 1 1 1 1
8.0 ° o ¢ ° ] [ ° ¢ o ° ¢ o ° [ [ o ° s °
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TABLE VIII (Continued)

[3] .15 0.2 0.5 03 0.35 04 0.45 [X3 a.s5 0.6 0.65 [ 24 07s o8 0.65 [X] o098 10
u
3 4850 | 4001 | 25054 | 3080 | 27449 | 2ass6 | 22290 | 2028 | twses | 1evnt | rssso | vawr | ovamo | vanz | 1a%r | vosss | 0973 | osoes | omex
.0001
0002
000 | 48341
0004 | 40539
0005 | ansx
0008 | 4.0510
0007 | 48am
0008 | 4840
009 | 4838
001 4972 | 40595 | 25034 .
02 207 | 40405 | 35003 | 3.0800 | 2749
003 | 45422 | 40007 | 4969 | 30821 | 27448
004 | 44200 | 39351 | Qamos | 307B8 | 27eu4 | 24854 | 229
005 | A0 | Jeen [ 347 [ 30719 | 24m | 245 | 2220
006 | a2 474 | 30614 | 2 24644 | 22289 | 20258
007§ 40771 | 37528 | 537 | 30426 | 27350 | 24630 | 22286 | 20257
008 129822 ( 36903 { 33w | 3oar | 27me | 2 22279 | 20256 | tease
o0y | 34 6302 | 3379 | 300% | 27202 | 2457 | 2229 | 20253 | 1.8487
01 38150 | 35728 § 275 | 20925 | 27104 | 24594 | 22253 | 206 | vease | rewnr | 1550 | vawz | raz;o | vemz | rexr | 1o
02 32442 [ 3n138 | 29501 | 27858 | 2 2313 {21809 | 20023 | 1637 | Te6B | 15530 | 1439 | 1327 | 1220 | 1136 | vosd | asms | o004
« 2873 | 20017 | 2609 | 2350 | 2410 | 2257 | 2003 | 19515 | V6062 | 1eb%s | vsam | vazst [ 1377 | voes | 1ame | 1o 7 048 [ 08420
04 26289 | 25455 | 24006 | 23802 | 22641 | 20430 | 20155 | 1Ees? | 17603 | 13w | vs;3 | 1anz 1246 [ 102720 | 1Oses 7 04 sas
05 2471 | 23776 | 2210 | 2299 | 20071 | 2005 | 19283 | 1eisl | 175 | 15985 | 14927 | 13014 | 1955 | 1m52 | 1120 | 1042 9700 9020
08 2262 | 2218 | 20673 | 29002 | 20227 | 19369 | 18452 | 17497 | v.esa | 05550 | 14593 | 13683 | t2mmo LMs {1032 9657 so01 891
o7 )BT | 2084 | 2005 | 19867 | 1926 | 18469 | 1767 | 1eR3S | LH7 | 100 | 1amz | 13m0 | 12sst Lo | rom b 8955
08 20034 19745 | 19350 | 1esst | 18290 | 17846 | resa? | 1626 | ¢ 14850 | 1380 [ 13078 1 12000 10847 | L0181 9510 5. &6
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Hydraulics of Wells
(19) Z(r,p,B) is defined [11] by
Z(7,p,8) = Ko(Bp)/Ko(B) + exp(—7p?)
2 [ Joup) Yolw) — Yo(upo(w) exp(—rud)
mJo J3w) + Yiw) u? 4 g
The function is not tabulated. It may be approximated by
a. for r/p* < 0.05,
Z(7,p,8) ~ (1/24/p){exp[Blp— )] erfe[Bv/7 + (p—1)/24/7]
+exp[—Blp— D] erfe[—By/T + (p—1)/24/7] }
b. for 3% > 1,
Z(z,p.B) = [W(p?/4r, Bp))| W(1/47,6)]
¢. forr = oo,
Z(00,p,8) = Ko Bp)/ Ko(B)
d. for3=0,
Z(,p,0) = A(7,p)
(20) The gamma function, I'(x), is defined by

T(x) = [; exp (-pB~1dB, x>0

and is available in tabular form [15]. A general recurrence formula for the
function is

I'(d 4+ x) = xI'(x), or I'(x) =0/ + x)
For 0 << x < 0.5, the following relation holds

Ira—-x
’”(m T

1+x)

) ~ —0.8456x - ln(1 5

III. Flow to Artesian Wells

Ground water is extracted by pumping wells in regions where the piezo-
metric surface of the aquifer lies below ground surface. In regions where this
surface is above ground level, ground water may be discharged by flowing
wells. In either instance, the discharge of these wells is supplied from local
storage in the main artesian aquifer, as well as from leakage, if any, originating
in and/or passing through the semipervious confining beds.

The confining beds of an artesian aquifer are rarely completely impermeable.
Frequently, the artesian sand is confined above and/or below by semipervious
elastic clay or silt that yields significant amounts of water from storage. In
certain instances, the water released from storage in these semipervious layers
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is much more significant in amount than that released from storage in the
artesian sand they confine. These semipervious layers may in turn be overlain
by water bodies in which the water levels remain more or less uniform. Such is
the case when the semipervious layer reaches to the ground surface where the
ground water is continuously replenished by rainfall or surface water main-
taining nearly constant head on the top of the semipervious layer. A similar
case occurs when the semipervious layers are over- or underlain by aquifers
whose capacity for lateral flow is sufficient so that the head distribution therein
is not affected by flow conditions in the main artesian aquifer in spite of the
leakage from or into them. Water thus ponded at the ground surface, or
accumulated in the over- and/or underlying aquifers, will be the main supply
of the leakage induced by lowering the head in the main artesian aquifer.

In many cases, the semipervious layers are more or less incompressible so
that water released from storage therein is very small compared to that sup-
plied by other sources. In others, the flow through the semipervious layers is so
slow that it may be neglected and the layers are assumed impermeable. The
flow in each of these systems is a special case of the more general system that
is described below.

A. LEAKY ARTESIAN SYSTEMS

1. Description and Assumptions

Figure 4 is a diagrammatic representation of two leaky artesian systems.
Each is composed of a semipervious layer confining a main artesian aquifer
resting on an impermeable bed. In one of the systems, henceforth referred to
as Case 1, the system is overlain by a body of water in which the head distribu-
tion is not influenced by pumping in the main artesian aquifer. In the other,
referred to henceforth as Case 2, the semipervious layer is overlain by an im-
permeable bed. In other systems, the main aquifer may overlie the semipervious
layer which in turn may either rest on an impermeable bed or on an aquifer
in which the head distribution is not influenced by flow in the main aquifer.
These situations are analyzed in the same way as those of Case 2 and Case 1,
respectively.

Referred to the coordinate system shown in Fig. 4, let the surface defining
the bottom of the system be /= ix; that of the interface between the main
aquifer and the semipervious layer, henceforth referred to as the “interface,”
be H = b + ix; and that of the top of the semiperviouslayer bef; = b+ 4’ +ix,
where b and &’ are the uniform thicknesses of the main aquifer and the semi-
pervious layer, respectively, and i is the tangent of the angle of dip of the forma-
tion.

Except where otherwise stated, the following assumptions are made: (1) the
aquifers are individually elastic, homogeneous, isotropic, uniform in thickness,
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infinite in areal extent, and the tangent of the angle of dip i is small (i < 0.01);
(2) the conductivity and specific storage remain constant with time and con-
stant in the space of the layer they characterize; and (3) the wells are screened
throughout the main aquifer only.

Ground level

zmpebeby

Case |
z
g S Ground level
/
Impermeabie bed
1=f+b+ b
3 7
b /K', S’
f+b ! 1 f
I
T Artesian sond
b K,s T
N
'”/'?7777;777%79777#)277777777773"7’3»%’«
Case 2

Fig. 4. Diagrammatic representation of leaky systems.

2. Vertical Motion in Semipervious Layer

For saturated flow passing from a medium of one conductivity K to another
of conductivity K’, a refraction in flow lines occurs such that tan 6/tan § =
K’/K, where 8 and 6’ are, respectively, the angles which the flow lines at the
interface make with the normal to the interface (Section I, D, 2, ¢). Thus, if the
conductivity K’ of the semipervious layer is small compared to that of the main
aquifer K, as is usually the case (K/K’ > 500), and since at the interface the
vertical component of the velocity in the main aquifer is not zero, the flow in
the semipervious layer will be nearly vertical; that is, the horizontal compo-
nents of the flow therein are so small that in practice they may be neglected.

3. Equations of Motions in the Flow System

a. EQUATION IN SEMIPERVIOUS LAYER. Let the head distribution in the semi-
pervious layer, if the well were not pumped, be ¢;;(x,y,z,1). This head distri-
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bution is assumedly governed by Eq. (15), with F= 0. Let ¢,(x,,2,¢) be the
distribution of head after pumping from the main aquifer has begun. The
induced drawdown distribution s, in the semipervious layer is then s, =
®;1 — @ Having assumed nearly vertical flow in this layer—that is, the
velocity components in the x- and y-directions are neglected—the substitution
of ¢, in terms of ¢;; and s, in Eq. (15), with F = 0, yields

[0 /028 — (1/v")qy[0t] — [&%s4/0z% — (1/v")0s,/0t] = O

in which the first bracketed term is zero, since ¢, is a solution of Eq. (15),
with F = 0 and dp/dx = d¢/0y = 0; consequently, it becomes

&2s,/02% = (1)v") 0s,/t 29)

inwhich v’ = K’[S; = K'b’[S’, where S; and S’ are, respectively, the specific
storage and the storage coefficient of the semiconfining layer.
The leakage velocity at the interface [representing w of Eq. (16)] is given by

w= —~K' 0p/0z = K'[8s,/0z — Op;{/ 2] (at interface) 30)

b. EQUATION IN MAIN AQUIFER. The flow in the main aquifer is a special
case of that governed by Eq. (16). In the present system, f = ix, H = b + ix,
u=20, F=0, and w = — K’ d¢,(H,1)/9z. Substitution of these relations in
Eq. (16) will finally give

o*p[0x* +- P*@[0y* + (K'[T) opy(H 1)/ 0z
+ 1 0le(f) — e(H)}/ox = (1/») o]0t (30a)

in which v = K/S; = TS, where T and S are, respectively, the transmissivity
and storage coefficient of the main aquifer. The quantity d[e( /) — @(H)]/ox is
generally small. When multiplied by i (i < 0.01), it becomes insignificantly
small. Thus, it may for all practical purposes be neglected. In other words, the
average drawdown in a vertical section of an aquifer of uniform thickness may
be considered independent of the tilt of the aquifer provided that the tilt is
small (i < 0.01).

Let ¢,(x,y,) be the average head distribution in the main aquifer if the well
were not pumped; assumedly ¢; is a solution of the preceding differential
equation. Let ¢(x,y,?) and s(x,p,r) be, respectively, the average head and the
induced average drawdown in the main aquifer after pumping has started. In
terms of s(s = ¢;— @) and s, (at interface), the preceding differential equation,
after dropping the ¢ terms, will become

[V + (K'/T)o@u(x,y,H )]0z — (1/v)0¢;/01]
~ [V3% 4 (K'[T)osy(x,y,H,t)[0z — (1/v)ds/ot] = O
in which V2 is the Laplacian in terms of x,y and the first braketed term is
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zero, since §; is a solution of Eq. (30a), with i << 0-01. In polar coordinates
the preceding equation then becomes

o2sjort + (1/r) os/or + (1/r?) 2%s/062
+ (K'IT) ésy(r,H 1)/ 6z = (1}v) 0s/ot 3D

where r and 6 are the polar coordinates.

B. THE ARTESIAN-WELL FrLow PROBLEM

When a single well is pumping or flowing from an effectively infinite and
isotropic aquifer of uniform thickness and small tilt, the flow toward the well
is essentially purely radial; that is, independent of the polar angle. The water
levels at effectively infinite distances from the well maintain their initial distri-
bution; that is, the drawdown at infinity is zero. If a steady well, a well of con-
stant discharge, is pumped at the constant rate Q, the discharge, from Darcy’s
law is

O=K [ r,db [ Log(0,,2.0/0rldz = Kr,, [ Tie(f) — p(H))cosd -+ o(bg)/arlds

which, if one recalls that [57 [0@,/0r]d8 = 0, will, in terms of s, finally reduce
to r,,0s(r,,1)/0r = — Q2= T where r,, is the effective radius of the well (Section
X, E), and r is the radial distance to any point in the aquifer.

When a flowing well has been idle for a long time, the pressure head on the
cap is equal to the height of a column of water reaching to the piezometric
surface at the well site. As the well is opened, the piezometric surface at the site
of the well drops almost instantaneously to some lower elevation. Should the
so-called well loss (Section X, E) remain more or less constant, the head and
consequently the drawdown at the face of the well, may be assumed to remain
constant during the subsequent period of continuous flow. This drawdown,
s, 1s equal to the initial pressure head at the well cap less the assumedly con-
stant well loss. Thus, the condition at the face of a flowing well is given by
s(r,,t) = s,,; the initial head distribution in this case is assumed to be a
function of position only.

If, as in Case 1, the semipervious layer is overlain by an aquifer maintaining
a uniform pressure head, the drawdown at the top of the layer is s,( f;,) = 0.
If, on the other hand, this layer is confined by an impermeable bed, as in Case
2, the condition is s,( f1,¢)/9z = 0. In either case, the drawdown at the inter-
face is equal to the drawdown in the main aquifer; thus, s,(H,t) = s(r,f), and
the induced drawdown everywhere in the system initially is zero.
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1. The Boundary-Value Problem
The artesian-well flow problem may, therefore, be described by

In semipervious layer:

925,022 = (1)v")osy/ot (32a)
8(r,z,0) =0 (32b)
8,(r,H,t) = s(r,t) (32¢)
s:(r,f1,t) = 0, for Case 1 (324d)
or
osy(r. f1,0)] 6z = 0, for Case 2 (32¢)
and

in main aquifer:
Psfor® + (1/r) dsjor + (K'|T) osy(r,H,t)[0z = (1/v) as/ot (33a)

5,0 =0 (33b)
s(o0,t) =0 (33¢)
r,05(r,,0)/or = — Q[2xT, for a steady well (33d)
or,
8(r,,t) =5, for aflowing well (33e)

2. Formal Solution of the Problem

Let §(r,z,p) and §(r,p) be the Laplace transforms of s,(r,z,¢) and s(r,7),
respectively. Applying the transformation to Egs. (32), by making use of Eqgs.
(17) to (19), will transform Egs. (32) to

9%,/02 = (plv")5 (34a)
5(r,H,p) = &(r,p) (34b)
§y(r.f1p) = AO, for Case 1 (34c)
or, -
95,(r.f1,p)]9z = 0,  for Case 2 (34d)

Equation (34a) is a second-order linear differential equation whose general
solution can be readily obtained. The particular solutions satisfying Eqs.
(34b) and (34c) are, respectively, given for Case 1 by

§, = §[sinh(b’ —z)v/p/v']/sinh b'/p}’ (35)
with
o5,(r,H,p)/6z = —35V/p]v’ coth b'/pJv’ (36)
and for Case 2 by
§; = $[cosh(b’ —z)V/p/v")/cosh b’/ pJ’ 37
with
osy(r,H,p)/6z = —3§v/p/v’ tanh b’/pJv’ . (38)
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where sinh, cosh, tanh, and coth are the hyperbolic functions of the sine,
cosine, tangent, and cotangent, respectively.

If the Laplace transformation is applied to Eqs. (33) through use of Egs.
(17) to (19), observing that the transform of a constant 4 is A/p, Egs. (33) will,
after using Eqs. (36) and (38), become

Jor steady wells:

Case 1.
25/ort + (1/nosjor — 22§ =0 (39a)
§(o0,p) =0 (39b)
ro5(r,p)for = — Q2=Tp (39¢)

Case 2. Equations (39), with A, replacing A;
for flowing wells:

Case 1.
Eq. (39a) (40a)
5(o0,p) =0 (40b)
§(rysp) = s,/p (40c)

Case 2. Equations (40), with A, replacing A, where
A= plv+ (K'[b'TYb'VpJv') coth b’/ pJv’
A% = p/v+ (K'[b’'T)(b'V/p/v) tanh b’'+/pjv’

Equation (39a) is the modified Bessel equation of zero order whose general
solution (Section II, B, Example 9) is

§ = 1 Ky(Ar) + coly(Ar)

Since Ky(o0) = 0, and Jy(c0) = <o, then for all cases, the value of ¢, is found
(by using the common condition §(c0, p) = 0) equal to zero. Since OKy(Ar)/or =
—AKy(Ar), the value of ¢, for the cases of a steady well is obtained by using
Eq. (39¢) as Q/2#TpAr,K,(r,). For the cases of a flowing well, ¢, is obtained
by using Eq. (40¢) as s,,/pKy(Ar,). Thus, after substituting these values of ¢,
and ¢, and applying the inverse Laplace transformation, the formal solutions
for the different cases of the problem are

(41

Sor steady wells:

Case 1.

s(r,t) = (Q2=T)LY{Ky(Ar)/phr, Ky (Ar,)} (42)
Case 2.

Eq. (42), with A replacing A (43)
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Jor flowing wells:

Case 1.

s(r,1) = 5, LY Ky(Ar)[pKo(Ar,,)} (44)
Case 2.

Eq. (44), with A, replacing A 45)

The inverse Laplace transforms in Eqgs. (42) to (45) are not available. Conse-
quently, exact solutions to these cases are yet to be found. Asymptotic solu-
tions can be obtained, however.

3. Asymptotic Solutions

The behavior of s(f) at large and small values of time may be determined,
respectively, from the behavior of §(p) for small and large values of the
transform parameter p. Thus, the solutions for long-time periods and those for
short-time periods correspond to those obtained from Egs. (42) to (45) as p
becomes small and large, respectively.

a. SOLUTIONS FOR LONG TIMES. As p becomes small, the arguments of the
hyperbolic functions of Egs. (41) become relatively small. Since for x < 0.4,
xcothx & 1 + x*/3 and tanh x = x, it follows that for b’'v/pj»’ < 0.4 (of
the order ¢ > 2b'S'/K"), A and A, of Eq. (41) become, respectively,

y* = &plv+ 1/B

46
y1® = Sp/v @0

where
8;=1+48'/3S, 8;=1+§'/S, and B2=T/(K'|b").

Also, since for x < 0.1, Kj(x) = 1/x, then for yr, < 0.1 (of the order
t > 308,r2/v[1 — (10r,/B)?], with r,/B < 0-1) and y,r,, < 0.1 (of the order
t > 30 8,r%/v), the following approximations may be made:

mKilyr) 1 and  ynKinr,) & 1 “47n

By making these approximations and using the short tables of transforms
(Section II, 1, ) Eqgs. (42) to (45) become, respectively:

for steady wells:
Case 1, for t > both2b'S’|K' and 30 8,r%/v[1 —(10r, / B)?], with r,/B <01,

s(r,t) = (Q/4=T)W(b,u, r/ B) (48)
Case 2, for t > both 2b'S’|K’ and 30 8, /v,
5(r,t) = (Q[AnT)W(8;u) (49)
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Jor flowing wells, t > 2b'S’|K’:

Case 1.
s(r,t) = 5,Z(7/3,p,r,,/B) (50)
Case 2.
8(r,1) = 5,A(7/84,p) (51)
where
u = ri/4vt, T = vt/rl, and p=rjr,

b. SOLUTIONS FOR SHORT TIMES. As p becomes large, the values of the func-
tions coth 5'+/p/v’ and tanh b'+/p/v” approach unity. Since forx > 3,cothx~
tanh x ~ 1, it follows that for 5'/p/v” > 3 (of the order ¢ > b'S’/10K"), Aand
A, of Egs. (41) both approach the value

Yo = plv + (K'|T)Wpj' (52)

Consequently, the solution to both Cases 1 and 2 will be the same.

Theoretically, the required solutions will be given by Egs. (42) to (45), with
yo replacing A and A,. But the inverse transforms of the resulting expressions
are not available. A solution, however, may be obtained for the cases of a
steady well, provided the radius of the well can be assumed as vanishin gly small.

Because the well radius is small compared to other dimensions of practical
interest, this assumption does not seriously affect the drawdown distribution
around the well except at points very close to the well during the early period of
pumping.

For wells of small radii (r,, — 0) the limit of yor, Ky(y,r,) = 1. Consequently
Egs. (42) and (43), with y, of Eq. (52) replacing both A and Ay, will give the
solution for

steady wells in Cases 1 and 2 as
s = (Q/AnT)H(u,B) (53)
in which
u=r4t and B = (r/AB)VS'/S = rVK'S]/16TS

C. DRAWDOWN AND YIELD FORMULAS FOR STEADY OR CONSTANT-
DISCHARGE WELLS

Expressions for the drawdown, the rate and volume of yield from storage
in the main aquifer, and the rate and volume of induced leakage are given
below. The reader is referred to Section 11, C for the definition, approximation,
and tables of the functions appearing in the following and subsequent solutions.
Evaluation of the functions outside the range of their tabular value, may be
effected, in general, by using their approximate forms.
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FiG. 5. Time-drawdown variation in the main aquifer owing to a steady well in the flow
system shown.

1. Wells in Leaky Systems with Storage in Semipervious Layer

a. CASE 1, FIG. 4. The flow formulas for this case are as follows:

(i) Long-time solutions, t > both 2b'S’|K’ and 30 8,%/v[1 — (10r,/B)?] and
r»/B << 0-1. In this range of time the solutions are obtained as follows:

Unsteady drawdown equation: From Eq. (48), the equation of drawdown is

s = (Q/4=xTYW(S,u,r/ B) (54)
another form of which, useful for large values of time, may be written [28] as

s = (Q/4nT){2Ky(r/B) — W(q/3,, r/B)}

in which u = r*/4vt, ¢ = vt/B?, and (1/B?) = (K'[b")/T, where (K’/b’) is a con-
stant characteristic of the semipervious layer which is a measure of the ability
of this layer to transmit vertical leakage. It is known as the coefficient of leak-
age (or leakance) and is defined as the rate of flow that crosses a unit area of
the interface between the main aquifer and the semipervious layer, if the differ-
ence between the heads at the top and bottom of the semipervious layer is unity.

These drawdown equations are valid for any well radius r,, (not necessarily
small, as is usually assumed), provided that > 30 8,/2/v[1 — (10r,/B)?), with
r,/B < 0-1.

334



Hydraulics of Wells

Steady drawdown equations: As time becomes effectively large, the yield of
the well will be sustained almost entirely by leakage passing through the semi-
pervious layer; thus, a steady state of flow will be essentially realized. As
t— o0, p— 0, and A of Eq. (42) becomes 1/B. Consequently, the steady draw-
down, from Eq. (42), with A = 1/B, is

§ = (Q2nT)[K(r/B)/(r,,| B)Ki(r,/B)]

which, since in practice r,/B < 0.01 and since xKy(x) = 1 for x < 0.1, may
for practical computations be written as

s = (Q/2nT)K(r/B) (55)

Figure 5 shows the variation of drawdown with the logarithm of time for
the flow system of Case 1.

Rate and volume of yield from storage in main aquifer: From the definition
of storage coefficient, dg,/dp = 2mrS ds[ot, where g, is the rate of yield from
storage in the main aquifer. From Eq. (54), dsfot = (Q[4xT)(1/1) exp(—r? &,/
4vt—vt/8,B%). Consequently,

g, = (QS/4nTt) exp(—vt/8,B?) f: exp(—r28;/4vt)(2nr dr)
or ,
s = (Q/8y) exp(—vt/5,B?) (56)

The total volume of yield (¥,) from storage in the main aquifer within any
period when ¢ > both 25’S’/K’ and 30 &7%/v[1 — (10r,/B)?], is obtained by
integrating Eq. (56) with respect to 7 between the limits of the period. Thus,

Vs = Q(B?/v)[exp(—vt,/8,B%) — exp(—v15/8,B%)] (57

where 7, > t; > both 2b’S’/K’ and 30 21 — (10r,,/B)?); t, and 1, are the
limits of the period in question.

Rate and volume of induced leakage: The rate g, and total volume ¥V, of
induced leakage are, respectively, given by

w=9-q and V.= Qt,—1) -V, (58)

where g, and ¥ are as given by Egs. (56) and (57), respectively.

(ii) Short-time solutions, t < S'b’/10K’. Within this range of time the solu-
tions are as follows.

Drawdown equation: From Eq. (53), the equation of drawdown is

5 = (Q/4=T)H(u,p) (59)
where 8= (r/4B)V/S'/S.

Figure 6 shows the variation of drawdown with the logarithm of time at
different radial distances from the center of the well during relatively short
periods of pumping for the system shown in the figure.
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F1G. 6. Variation of drawdown with time and distance in the main aquifer due to a steady
well in the flow system shown.

The rate and total volume of yield from storage in the main aquifer and the
rate and total volume of induced leakage, obtained in a manner similar to that
used for long times, are, respectively, given by

g, = Q exp(nt) erfc(v/nt)
Ve = Qu{2/Vnmt — (1/nt)[1 — exp(nt) erfe(vn)} (60)
qL:Q—qs’ VL:Qt—Vs

where n = (K'/b’)(S'/S?) = K'S;/S? and ¢ is time since pumping started, pro-
vided ¢t << S'5'/10K".

(iif) Solutions for intermediate time. Expressions for the intermediate
range of time are given neither for Case | nor for Case 2 (presented subse-
quently). The two asymptotic solutions of each can, however, be used to obtain
an approximate solution for the intermediate range by graphical interpolation
on semilogarithmic paper. For example, values of g,/Q, obtained from the
two asymptotic expressions, are plotted against values of nz (or 7) on semi-
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logarithmic paper, with sz (or ¢) plotted on the logarithmic scale. A smooth
curve joining the two branches of the calculated curve is then constructed by
inspection, from which approximate values of 4,/ Q can be obtained. Similarly,
approximate values for s and V, in the intermediate range of time may be
obtained.

b. casE 2, FIG. 4. The flow formulas for this case are special cases of those
of Case 1. Comparing the drawdown equations of Cases 1 and 2 as given by
Egs. (48) and (49), it is clear that if the parameters &, and B in the solution of
Case 1 are replaced, respectively, by 8, and oo, the resulting equation will be
the solution to Case 2. Consequently, the flow formulas for Case 2 are the limit
of their counterparts of Case 1 as B — oo and 8, - 8,. Thus, the solutions are
as follows.

(i) Long-time solutions, t > both 2b'S’/K and 30 8or2/v. The drawdown,
the rate and volume of yield from storage in the main aquifer, and the rate and
volume of induced leakage are, respectively, given by

s = (Q/4nT)W(3.u)
gs = Q/8s, V= 0@t~ 1)/3, (61
g = 0(1-1/3,), Ve = Q(t—t)(1-1/8,)

Figure 7a shows the variation of drawdown with the logarithm of time for
different values of specific storage. In Fig. 7b the variation is shown at a more
distant well than that of Fig. 7a.

(i1) Short-time solutions, t < b'S’/10K’. During this time range the flow
formulas are the same as those of Case I and hence given by Egs. (59) and (60).

€. LEAKY SYSTEM OF AN INDEFINITELY THICK SEMIPERVIOUS LAYER. The flow
formulas for this case are special cases of their counterparts of Cases 1 or 2 for
1 <b'S'/1I0K’. As b’ — oo, the time criterion will be 7 < oo, or the whole
range of time. Consequently, the required equations are those given by Eqs.
(59) and (60), valid for the whole range of time.

2. Wells in Leaky Systems without Storage in Semipervious Layer.

If the semipervious layer of a leaky artesian system is more or less incom-
pressible so that the leakage derived from storage in the semipervious layer is
negligible in comparison with that derived from other sources, the specific stor-
age and hence the storage coefficient of this layer may, for all practical purposes,
be assumed zero. Consequently, the limit of the flow formulas of Case 1 as
S’ — 0 will give their counterparts for the present leaky system. As S’ — 0,
8, — 1, and the time criterion becomes ¢ > 30 r2fv[l — (10r,/B)?], with
r,/B < 0-1.

a. DRAWDOWN EQUATIONS. For ¢ > 30r%/v[1 — (10r,/B)?] and r,/B < 01,
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Fic. 7. Variation of drawdown in the main aquifer with time, distance, and specific
storage due to a steady well in the flow system shown.

the unsteady drawdown equation, from Eq. (54), with 8, = 1, is readily obtained
as

s = (Q[4xT)W(u, r/B) 62)

This equation, generally known as the Hantush-Jacob Jormula, is valid for
all values of r, (not necessarily small, as is usually assumed), provided
t > 30r2/v[1 — (10r,/B)?] and r,/B < O-1.

Depending on the value of #,/B, the steady drawdown distribution is given
by Eq. (55) or by that preceding Eq. (55).

Figure 8 compares the time-drawdown variation in leaky systems.

b. YIELD EQUATIONS. For ¢ > 30ri/v[1 — (10r,/B)?] and r,/B < 0-1, the
rate and volume of yield from storage in main aquifer and the rate and volume
of induced leakage are given by Egs. (56) to (58) with 8, = 1.

3. Wells in Nonleaky Aquifers

Should the flow in the semipervious layers be so slow as to be negligible in
comparison with that in the main aquifer, a nonleaky artesian aquifer results.
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FIG. 8. Time-drawdown variation in the main aquifer of a leaky system with and with-
out storage in the semipervious layer.

Insuch instances, these layers may be assumed impermeable (K’'=0). The yield
of the well is virtually sustained by water derived from storage in the main
aquifer. Thus the solution to this Case may be obtained from Eq. (62) as
K'—0. As K’ - 0, B — o, whence W(u, r/B) - W(u,0) = W(u) (Section
IL, C, 17). Consequently, the drawdown distribution, form Eq. (62), will be

s = (Q/4nT)W(u) (63)

which is the well-known Theis formula; it is valid for any value of r,,, provided
t > 3012 v.

In most cases of artesian flow, this time criterion applies almost from the
start of pumping. For example, if S = 0.001 (a high storage coefficient for
artesian conditions), 7= 0.001 ft?/sec (a low transmissivity), and r,, = 10 ft
(a large well radius), Eq. (63) as well as others governed by this time criterion
will be applicable for 7 > (30)(100)/(0.001/0.001), or # > 3000 sec, or 50 min;
the equation, of course, fails to apply within the first 50 min of the period of
pumping.
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An exact solution applicable for all values of 7 and r,, is available [10, p.338].
It is obtained as follows: For K’ = 0, A of Eq. (41) is equal to v/p/v. Conse-
quently, Eq. (42) becomes

s(r,t) = (Q2nT)L-{Ko(rv/ p[)|p(r,V P Kr(rV DIV}

or, from the short table of transforms (Section, 11, 1, b), it is

s = (Q[4nT)S(7,p) (64)
in which
T = wtfr} and p=rr,

The function S(r,p) is not sufficiently tabulated for general practical use
(Table VI); it is, however, sufficiently tabulated for the important special case
of the drawdown at the face of the well; thatis forp = 1.

D. RECOVERY EQUATIONS FOR STEADY WELLS

If a well is pumped at a constant rate for a known period of time and then
shut down, the residual drawdown s’ (the drawdown during recovery) is (Sec-
tion I, Example 10) given by

s = s(t) — s(t) (65)

in which ¢ and ¢’ are the times reckoned, respectively, from the commencement
and end of pumping; that is, t = ¢, -+ ¢’ and ¢, is the period of pumping.
Thus, the recovery equation corresponding to any of the drawdown equations,
given in Section III, C, can be formulated readily subject to the same time
criteria. For example, the recovery equation for a well in a leaky system without
storage in semipervious layer will, from Eq. (62), be given by

' = (Q/4=T)[W(u, r/[B) — W(u', r|B)] (66)
and for a well in a nonleaky aquifer, from Eq. (64), is given by
5" = (Q/4nT)[S(r,p) — S(=',p)]
orif ¢’ > 30r2/v, will, from Eq. (63), be given by
8" = (Q[ArT)[W(u) — W(u')] (67)

in which " and 7' are the values of u and = after replacing t by .

Foru’' < 0.050rt’ > 5r%/v, Eq. (67) may be approximated (see approxima-
tion of W(u) and W(u") for this range of u and u") by the Theis recovery equa-
tion, namely,

s" = (Q/4=T) In(¢/t’) (68)
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Fi6. 9. Diagrammatic representation of a flowing well in a leaky aquifer.

E. DRAWDOWN AND YIELD FORMULAS FOR FLOWING WELLS

1. Wells in Leaky Systems with Storage in Semipervious Layer

Only long-time solutions are available for this flow system. These are

a. CASE 1, FIG. 4, t > 2b’S’/K’. In this range of time the flow formulas are
obtained as follows:

Drawdown equations: From Eq. (50), the equation of unsteady drawdown is

§ = SWZ(T/SDPJW/B) (69)

from which as t — oo, the drawdown during the steady state (Section 11, C, 19,
d), is
s = 5, Ko(r/B)/Kq(r,/B)

Figure 9 diagrammatically shows flow conditions of a flowing well in a leaky
aquifer.

Yield equations: The decline of the discharge of the well with time is given
by Q = —2mr T os(r,,t)/0r. If ds/or is obtained from Eq. (69), then evalu-
ated at r = r,, the result after mathematical reduction [11] will be

o(t) = 2aTs,G(7/8,, r,/B) (70)

The rate of yield derived from storage in the main aquifer is given (Section

III, C, 1, a) by
g, = 27S f * (v osfor) dr
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from which, by using Eq. (69) and after mathematical reduction, the result will

be
qs = (27Ts,/8,) exp[—7(r,/B)*/8,]G(x/8))
Consequently, the rate of induced leakage is
q. = Q(t) -4
= 2nTs,{G(r/d,,r,/B) — (1/8,) exp[—(7/8)(r,,/ B)*IG(r/8,)}

The total yield of the well ¥ within a given period of time, provided its lower
limit ¢, is greater than 2b°S’/K’, is obtained by integrating Eq. (70) with respect
to time between #; and f,, where #, is the end of the period in question. Thus,

V = 2u8,5r%s, | ;: G(r, r,/B) dr
or pYASY

V = 2a8,Sr05,{G/(ro/8,r,,/ B) — G (r,/5,, 1,/ B)}
where

G, B) = |, G(r, Brdr

is a function that can be easily tabulated for a practical range of y and 8 by
using Table II for the function G(r, 8). Obviously, G,(0, 8) = 0.

That part of the total yield of the well that is from storage in the main aquifer
V, is similarly obtained as

Vs = 27TS’.§'SW{GS(TZ/81’ rw/B) - Gs(TI/Sla rw/B)}
where

G, ) = [, exp(~B)G(x) dr
which can also be easily tabulated for a practical range of y and 8 by using
tables for the exponential function and the function G(r). Obviously also,
G0,8 =0 and G(r,0) = G,(7,0)

The total yield of the well, that is from induced leakage, is V;, = V — V,

b. CASE 2, FIG. 4, t > 2b'S/K’. As previously noted (Section III, C, 1, b),
the flow formulas for this case are the limit (B— o and §; — 8,) of their
counterparts in Case 1. Consequently, the required equations are

§ = swA(T/SZ’P)
(1) = 2aTs,G(7/3,)
g = Q0 gL = Q@)(1-1/3)) 7D
V = 2m8,Sr isw{Gt(‘r2/ 85, 0) — G(1/8,, 0)}
Vi=V[8,  Vp=V(1-1/5)
Observe that G(,0) = G (7,0).

2. Wells in Leaky Systems without Storage in Semipervious Layer

As noted in Section 111, C, 2, the flow formulas for this flow system are the
limit of their counterparts in Case 1, as S’ — 0; that is, for 8, = 1. Thus, the
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required solutions are given by the equations of Section IIL, E, 1, after replacing
8, by unity. These expressions are valid for ¢ > 2b'S’/K’, or t > 0, since
§’'=0.

3. Wells in Nonleaky Aquifers

If S’ is made equal to zero in the flow system of Case 2, a nonleaky system
results. The flow equations for a nonleaky aquifer are, therefore, given by
Eqgs. (71), with 3, = 1. The expressions are valid for the whole range of time;
that is, for ¢ > 0.

F. DRAWDOWN FORMULAS FOR WELLS OF VARIABLE DISCHARGE

Frequently, the discharge of a pumping well declines with time during the
early period of pumping. Eventually, the discharge may attain a constant
rate. Such a discharge variation may be due to the self-adjustment of a con-
stant-speed pump to the declining head in the well in accordance with the
pump head-discharge characteristics and the hydraulic properties of the
aquifer. The period of decreasing discharge may range from a few tens of
minutes to several days. Frequently, the observed discharge-time variation
may be fitted closely to a simple mathematical curve, using curve-fitting
techniques.

1. Wells in Nonleaky and Leaky Systems without Storage in Semipervious Layer

(@) EXPONENTIALLY DECREASING DISCHARGE. The observed discharge vari-
ation may be represented by

Q, = Q1 + & exp(—1/1*)]

in which Q, is the variable discharge of the well, Q, is the eventual constant
discharge, and & and r* are constants that depend on the aquifer and pump
characteristics; Q,, 8, and ¢* are obtained empirically.

For this type of discharge variation, the drawdown equation for a well in a
leaky system without storage in semipervious layer may be shown, using a
procedure similar to that followed in Example 10, to be expressed as follows:

For vt*/B? > 1, the drawdown equation is given by

s = (Qy/4nT)Y W(u,r|B) + e """ W(u,v/(r[B)F —4u*)}
and for »t*/B% <C 1, the equation is

s = (Q,/4nTY{ W(u,r/B) + 8I(u,u*,r/B)} (71a)

in which .

u = r?/4uvt, w* = r2/4ur*, B = VT|(K']p),
and

I{uu*,r/B) = exp (—u*/u)f €xp (—y +

343

du* — (r/B)2) dy
4y y



MAHDI S. HANTUSH

The function 7 is not available in tabular form. Use may, however, be made
of a tabulation [61] of a related function to construct a partial tabulation
for I. In the range where ¥ < 0-01, the function may be approximated by

T 1[B) = exp (_ EE){W(O.l,r/m + (1-B) [EBlw) — E(10B)]
+ uexp(Bfu) — 0.1 exp(108)}

in which 8= u* — (r/2B)? and E/(x) = |*,, (¢’/y)dy is the exponential integral,
tabular values of which are available [15].
The equation of drawdown for such wells in nonleaky aquifers is given by
Eq. (71a), with 1/B=0.
b. HYPERBOLICALLY DECREASING DISCHARGE. If the observed discharge can
be represented by
Q, = Q1 + 8/(1+1/t")]

the drawdown equation for a well in a leaky system without storage in the
semipervious layer may be shown to be given by

s = (Q,/AnT){W(u,r/B) + 8I*(u,t/t*,r| B)}

and for a well in a nonleaky aquifer by

s = (Qs/4wT){W(u) - ﬁs(,/?f) e"P(‘ 1 (th/t:z)/?*)) W(l +l(lt/t*))}’

where
dy

. S T (B
B = |, (> - O5F) T

and other symbols have been defined. This function is not available in
tabular form. Tabulation of the function for a practical range of the para-
meters involved is not difficult, however.

c. If the discharge decreases in accordance with

0= [t+

the drawdown equation for a well in a non-leaky aquifer can be obtained as

tE (Z(I:I*/t)’ V1 i t/t*) _COSh_l(HZt*m]}

in which

E(ax) = J [1—exp (— Vﬁz+a2)vﬁi -
a
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and cosh—! is the inverse hyperbolic cosine, tabular values for which are
available [15]. The function E(a,x) is tabulated for a wide range of @ and x
[63]. Foru < 0.1, or vV'a® + x% < 0.1, the function may be approximated by

E(ax) =~ x = u/vV1+ t/t*

G. GENERAL REMARKS AND EXAMPLES

The effect of storage in the semipervious layer of a leaky artesian system on
the drawdown induced by a steady well is depicted in Figs. 5 to 8. If the ratio of
the storage coefficient of the semipervious layer to that of the main aquifer is
small (S'/S < 0.01), the effect of storage in the semipervious layer on the
drawdown is very small in flow systems such as those in Figs. 5 and 7a, and
may be neglected. In such instances, the limiting drawdown formulas—namely,
the Hantush-Jacob and the Theis formulas—will describe fairly accurately the
flow in the respective flow systems. For relatively larger values of S’/S, the
drawdown deviates considerably from that given by these limiting formulas.

Semilogarithmic time-drawdown curves of a flow system such as that shown
in Fig. 5have the same general trend as the curves for a system having negligible
storage in the semipervious layer (Hantush-Jacob formula). Also, for relatively
large distances in a flow system of high storage in the semipervious layer
(Figs. 6 and 7b), such time-drawdown curves have the same general appearance
as curves for systems having no leakage (Theis formula). Thus, observational
drawdown trends may be mistakenly assumed to be represented by the limiting
formulas, in which event analysis of such data for determining formation
coefficients (S, T, and K’/b’), based upon the limiting formulas, will give erron-
eous and, in many instances, unreasonable results. This, of course, leads to the
vexations which arise when attempts are made to force the application of form-
vlas to cases to which they do not apply.

Example 11. The estimated formation coefficients of a leaky system such as
that of Case 1 are T = 0.05 ft%/sec, K'/b’ = 5 x 10-8sec~!, S = 10-%, and
S” =16 x 10~%. A well 24 in. in diameter is to be pumped continuously at
a constant rate for three days every two weeks. What is the expected yield of
the well if the drawdown in the well (neglecting well losses) is not to exceed
50 ft at the end of the pumping period ? What is the corresponding yield if the
artesian system is regarded as nonleaky ? The well is not influenced by nearby
pumping wells.

The discharge Q isto be computed fors = 50ats = ¢, = 3 days = 25.92 x
10* sec. Thus, #, > (Q)S’/(K'/b') = 6.4 x 10%. For 8, =1 + S'/35 = 6.33
and v = T/S = 500 ft¥/sec, r, = 1, and B = V/T/(K'/p) = 1000 ft, ¢, is
greater than 308,2/v{1 — (10r,/B)}]. Consequently, Eq. (54) applies, or
Q = 4nTs/W(ud,, r,/B). For 8u = 8§r2/dvt, = (6.33) (1.93 x 10~°) and
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ro/B= 1073, W (from table or from the approximate equation) is equal to
14.05. Thus, Q = (47)(0.05)(50)/14.05 = 31.42/14.05 = 2.24 ft?/sec.

For a nonleaky system, Theis formula, Eq. (63), applies since r2 < vty/30.
Thus, Q = 4=Ts/W(u), or since u = 1.93 x 10~ < 0.02, Q = 4xTs/
In(0.562/u) = (31.42)/(2.3)(8.464) = 1.61 ft3/sec.

Example 12. An artesian sand overlies a thick semipervious layer. The
estimated values of T, v, and (v/S’/S)/B are, respectively, 0.005 ft2/sec, 50
ft?/sec, and 10-3ft-1. If a steady well is pumped continuously for three days,
what percentage of total volume of the water pumped is from leakage? What
will be the drawdown at a distance of 4000 ft away from the well at the end of
the pumping period if the discharge of the well is 3.14 ft3/sec? What is the
corresponding drawdown if the system is assumed nonleaky ?

From Eq. (60), the percentage of total volume derived from storage is

(V/ Q1) = 2/v/ant — (1/n0)[1 — exp(nt) erfe(v/nt)]

n=(K'[b)S’|S = »(S"/SB?) = (50)(10~¢) sec™l, =3 days = 25.92 x 10¢
sec; thus, nt = 12.96and v'nt = 3.6. For (nt) > 5, nt erfc(v/nt) ~ 1/v/ant =
0.157. Thus, V,/Q¢ = 0.314 — 0.064 = 0.25. Hence, V;/Qr = 0.75.

The drawdown is given by s = (Q/4=T)H(u,8). For u= r2/4vt=0.31 ~ 0.3
and B = (r/4)(v/S'[S)/B =1, Hup) is (from Table IIl) = 0.173. Thus,
s = (50)(0.173) = 8.65 ft.

If the system is assumed nonleaky, then s = (Q/A=t)W(u). For u = 0.3,
W(u) = 0.905; hence, s = (50)(0.905) = 45.25 ft.

Example 13. A 24-in. flowing well is discharging from a leaky system such as
that of Case 1 without storage in semipervious layer. The estimated formation
coefficients are T = 0.0005 ft?/sec, S = 9 x 10-5, and Kb =5 x 10719,
Estimate the discharge of the well after 0.5, 5, and 50 hr if the constant draw-
down is 100 ft. Estimate the time at which the minimum expected discharge
will occur and the rate of this discharge. Estimate also the corresponding
quantities if the system is not leaky.

The discharge of the well is given by Eq. (70) with 8, = 1, or Q = 2nTs,G
(r,ru/B). 7 =wtfr} = (5 X 10749 x 10-5)¢/1 = 2 x 10*(¢ in hr). For ¢ —
0.5, 5, and 50 hr, = = 10%, 10%, 10%. Forr,/B = (1)v/(K'/6")/T = 10~ and the
preceding values of 7, the respective values of G(r, 10-2) are (from Table II)
0.196, 0.162, and 0.144. Consequently from Q = 0.314G, the respective dis-
charges are 0.062, 0.051, 0.045 ft3/sec.

From tables, G(7,10~%) is 0.142 for » > 3 x 10%. Hence, the minimum dis-
charge is 0.0445 ft*/sec which is attained at approximately = = 3 x 108, or
150 hours since the start.

For a nonleaky system, Q = 2#7s,G(r). For+ = 104, 105, and 106, G(7) is
0.196, 0.161, and 0.136, respectively; hence, Q is 0.062, 0.05, and 0.043 ft3/sec.
The minimum discharge is zero.
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Example 14. The hydrograph of an observation well, located outside a
10-mi sq irrigation well field, shows that the maximum water levels during
shut-down periods have been continuously declining. The corresponding semi-
logarithmic plot of these maximum water levels, with time plotted on the
logarithmic scale, exhibits a straight-line relationship after the first two years
since the water levels began to decline; the initial time is taken as the beginning
of the irrigation season following the period during which these maximum
water levels had been attaining essentially a constant elevation. The slope of
the straight portion of the semilogarithmic plot is measured as 100 ft per
logarithmic cycle. The estimated values of T and S are, respectively, 0.10 ft?/sec
and 4 x 10~% Estimate the average rate at which water from storage is being
withdrawn if the aquifer is nonleaky.

The well field may be idealized as a large well (of diameter about ten miles)
that has been pumping continuously since the beginning of the irrigation season
after which the water levels began to decline. The average rate of withdrawal
from storage represents the constant discharge of this well. Since the aquifer is
nonleaky, Theis’ formula applies if # > 30rZ/v. For r, &~ 25,000 ft (approx-
imately 5 miles) and v = T/S = 250 ft?/sec, the value of ¢ is greater than 7.5 X
107 sec, or approximately t > 2.4 yr. Thus, the decline of maximum water
level in the observation well after the first 2.5 yr may be represented by the
Theis formula, with Q representing the withdrawal from storage. Since the
semilogarithmic plot exhibits a straightline relationship, the logarithmic form
of Theis formula applies, or s = (2.3Q/4nT) log,,(2.25v¢/r*) from which ds/
0 log ot = 2.30Q/4=T. Thus, the slope of the line in the semilogarithmic plot =
2.3Q0/4nT = 100, from which Q = (4m)(0.1)(100)/2.3 = 54.5 ft3/sec, or the
withdrawal from storage is approximately equal to 39,000 acre-ft/yr.

1V. Wells Partially Penetrating Artesian Aquifers

Wells, of which the water-entry section is less than the aquifer they penetrate,
are called partially penetrating wells. Unlike the flow toward completely pene-
trating wells where the main flow takes place essentially in planes parallel to
the bedding planes of the formation, the flow toward partially penetrating
wells is three-dimensional. Consequently, the drawdown observed in partially
penetrating wells will depend, among other variables, on the length and space
position of the screened portion (water-entry section) of the observation
wells, as well as on that of the pumping or flowing well.

Observations have shown as previously noted, that the conductivity along
the bedding plane of a formation may be appreciably different from that across
the bedding plane. While this anisotropy may not be of great significance in
problems where the velocities are essentially confined to planes parallel to the
bedding planes, it may be quite important where the flow is three-dimensional,
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such as that due to partially penetrating wells. In aquifers where the horizontal
conductivity is several times greater than the vertical, the yield of partially pene-
trating wells may be appreciably smaller than that of equivalent wells in iso-
tropic sands [7].

water tablegd |
aquifer... =

artesian
K, sand

F1G. 10. Diagrammatic representation of wells partially penetrating a leaky artesian aquifer.

In treating the problem of flow toward partially penetrating wells (Fig. 10),
the following assumptions are made: (1) The conductivities of the main aquifer
in the horizontal and vertical directions have different, but constant values,
K, K,, respectively; (2) The slope of the leaky system is so small as to be assum-
ed horizontal, and the system is overlain by a constant-head water body:
(3) the storage in the semipervious layer is negligible; and (4) the well is of a
vanishingly small radius and discharging at a constant rate.

A. APPROXIMATE EQUATION OF MOTION

The head distribution in each layer of a system involving flow through lay-
ered aquifers is a solution of Eq. (14), satisfying among other conditions those
at the interfaces (Section I, D, 2, ¢). The drawdown distribution in the semi-
pervious layer of the leaky system of Fig. 10 can be readily obtained in terms of
the drawdown in the main aquifer by solving Egs. (32), Case 1, with S’ = 0,
orv' = oo, With the coordinate system of Fig. 10, with z positive downward,
this solution is s; = (1 + z/b") s (at interface), from which the rate of leakage
crossing the interface is w = K’ 8s,/0z = (K'/b") s (at interface). A solution of
Eq. (14), with F = 0, satisfying the preceding condition (among others), will
give solutions to flow problems in the main aquifer. The solution for the flow
toward a well partially penetrating the main aquifer thus obtained is complicat-
ed and formidable to use in practice. If, instead of being represented as a con-
dition on the boundary, the leakage, actually crossing the interface, is hypo-
thetically assumed to be generated within the main aquifer whose confining
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beds are now assumed completely impermeable, a solution amenable to rela-
tively easy calculation and sufficiently accurate for practical purposes can be
obtained. The rate F of the hypothetically generated leakage per unit volume
at each point of the aquifer is taken as (K'/b’) s (r,1)/b. This idealization of
the flow system does not materially affect the flow pattern obtaining in the
actual flow system, since the main aquifer is much more conductive than the
semipervious layer. The approximate differential equation governing the flow
in this idealized system is that given by Eq. (14), with F = (KX’/b'b)s. For an
anisotropic medium of a constant horizontal conductivity K, and a vertical
conductivity K, Eq. (14), in purely radial cylindrical coordinate system and in
terms of the drawdown s, where s = ¢; — ¢ [g; being the initial head distri-
bution; assumedly a solution of Eq. (14)] reduces, with F = (K'/b’b)s, to

a*[&2s/ort + (1)r) os/or] + &%s/6z* — s/B2 = (1/v,) Os/ot (72)
where a? = K,/K,, B2 = K,b/(K'[b’), and v, = K b/S.

B. THE BOUNDARY-VALUE PROBLEM

The flow toward a steadily discharging partially penetrating well screened
between penetration depths d and / in the flow system of Fig. 10 is governed by
Eq. (72) and the following boundary conditions:

s(r,z,O) = S((I),Z,t) =0, E)s(r,O,t)/@z = as(r’b,t)/az =0,

and
lim [({—d)(ros/or)] = 0 O<z<d
e = —Q2nK, d<z<I
=0 l<z<b

If, in the above boundary-value problem, the substitution r = ar’ is made,
the problem changes to

o%s/or'® 4 (1/r') 8s/or’ + 0%s/éz® — s/B? = (1/v,) 0s/ét
S(I‘I,Z,O) = s(w’z’t) =0, as(r’,O,t)/az = as(r,’bat)/az =0

lim [(/—d)(r 2s/or’)] = O 0<z<d
ro = —Q2mK, d<z<I
=0 l<z<b

which is of the same form as that of Example 9; that is, if the parameters
r,K,B, and v of Example 9 are replaced by r',K,,B, and v,, the preceding set
of equations results. Thus, the solution to the preceding set of equations is
that given by the solution of Example 9, if these replacements are made. The
solution to the present problem of a partially penetrating well is then obtained
by replacing r* with r/a.

349



MAHDI S. HANTUSH

C. DRAWDOWN EQUATIONS IN LEAKY AQUIFERS

1. General Equation

The drawdown s(r,z,f) in a piezometer having a depth of penetration z
and being at a distance r from a steadily discharging well that is screened be-
tween the penetration depths d and / in the anisotropic leaky artesian aquifer
of Fig. 10 is given by

s = (Q/4nK.bY{W(u,, r|B,) + f(u,, r/b, r/B,, djb, I|b, z/b)} (73)

where u, = r?/dv,t, v, = Kb/S, B2 = Kb/(K'/b"),and
f= [2b/7r(l—d)]§:(1/n) [sin(rl/b) — sin(nmd/b))
* cos(nmz/B)W(u,, V' (r/B,)* + (K,/K, )(nmr]b)E) (74)

2. Equation for Relatively Large Time (t > bS/2K,)

For u < $%/20, the function W(u,) can, for all practical purposes, be re-
placed by 2K(B). Thus, for u, < (K,/K,)(=r/b)?/20 or for t > bS/2K,, the
series of Eq. (74) becomes independent of time, and the solution, or Eq. (73),
becomes

5 = (Q[4nK.bY{W(u,, r|B,) + f(r/b, r|B,, db, I|b, z/b)} (75)
with

1, = Bbjr(l—d))S. (1) sin(nmllb) — sin(rmd]b)]
» cos(nmz/b)Ko( v/ (r/B,)* + (K, /K, )(nr[b)?) (76)

3. Equation for Steady State

This is given by Eq. (75), as t — o, or u— 0, that is, the function W is re-
placed by 2K(r/B,).

In practice, the term (r/B,)? in the arguments of the functions W and K, of

Eqs. (74) and (76) is very small compared to (n7r/b)%(K,/K,) and, therefore, may
be neglected for all practical purposes.

4. Equation for Relatively Large Distances (atr > 1.5 by/ K,/K))

For B > 4, the function W(u,B), and hence Ky(B), approach zero, and the
series of Eqgs. (74) and (76) will be of insignificant numerical value relative
to that of the function W(u,r/B). Thus, for (7r/b)v/ K,/K, > 4, or about

r > 1.5bv/K,/K,, the series in Egs. (74) and (76) may be safely neglected.
Consequently Egs. (73) and (75) will both become

s = (Q/4nK.b)W(u,, r/B,) )
In fact, Eq. (77) gives results sufficiently accurate for practical purposes even
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for (r/b) as small as V'K,/K, provided u, < 0.1(r/b*(K,/K,). Equation (77) is
the same as it would be if the pumped well completely penetrated the aquifer
(Hantush-Jacob formula). In other words, the actual three-dimensional flow
pattern changes to a radial type and is hardly distinguishable from that of a
purely radial system at a distance from the pumped well equal to or greater
than 1.56v/K,/K,. Moreover, the flow will be as if the aquifer were isotropic
with a conductivity equal to K.

5. Equations for Average Drawdown

The water level in an observation well reflects the average head, and conse-
quently the average drawdown, in the aquifer profile that is occupied by the
water-entry section of the well. The average drawdown in an observation well
screened between the depths d’ and /' (I’ > d’) is obtained by integrating the
equation of drawdown in piezometers, Egs. (73) and (75), with respect to z
between the limits d' and /', and then dividing the result by (/' —d’). This oper-
ation can readily (merely integrating cosine terms) be performed on Egs. (73)
and (75) to obtain the corresponding equations for the average drawdown.

The average drawdown in an observation well screened throughout the
aquifer, however close it may be to the partially penetrating pumping well, is
given by the Hantush-Jacob formula. This is because J? cos(nmz/b) dz = 0;
consequently, the series in the drawdown equations drop out after averaging
the drawdown along the face of a well that is screened throughout the aquifer.
This means that the water levels in such wells are not affected by partially
penetrating pumping wells.

’

6. Drawdown at the Face of Pumping Well

The equations of drawdown that have been presented in the previous para-
graphs are derived on the assumption that the flux entering the pumped well
is uniformly distributed along the water-entry face of the well. Theoretically,
the drawdown, rather than the flux, along the face Just outside of the pumped-
well screen should be uniform. This uniform drawdown distribution can be
achieved by a lengthy process involving the distribution of varying flux ele-
ments along the well axis. The drawdown at points not in the immediate vicinity
of the pumped well, obtained by the simpler equations that are based on a uni-
form flux across the well screen, does not deviate appreciably from that obtain-
ed by the assumedly more exact, but lengthy, process. In the actual problem,
neither a uniform flux nor a uniform drawdown is really conceived along the
face of the well, because of several involved field and operational conditions.
The drawdown, in this case, will have a value between the two theoretical
extremes. Thus, each of two theoretical expressions can be used to closely
represent the actual problem. The simpler equations are, of course, more
appealing.
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The theoretical drawdown equations, derived on the assumption of uniform
flux along the well screen, will obviously give variable drawdown distribution
along the face of the pumped well. It has been shown [7], however, that the
maximum drawdown (least hydraulic head) at the face of the well, as given by
these equations is closely equal to that which obtains if the drawdown along
the face of the well is maintained uniform. The point along the face of the well
at which the maximum drawdown occurs depends on the space position of the
well screen. If the well is screened throughout its depth of penetration, the maxi-
mum drawdown takes place at the top of the aquifer (z = 0). If, on the other
hand, the well completely penetrates the aquifer and only its lower part is
screened, the maximum drawdown occurs at the bottom of the aquifer (z = ).
But if the well is screened between the depths d and /, the maximum drawdown
develops at a depth somewhere between / and d, being closer to 4 if most of
the well screen is in the upper half of the aquifer, and closer to / if the reverse
is true. Computation in the drawdown equation shows, however, that the value
of maximum drawdown does not differ appreciably from that obtained for
z = 0.5(/4-d). Consequently, the water level at the face of a pumping well
(equal to the drawdown in the well only if well losses are neglected) can be cal-
culated from the equations of drawdown in piezometers, Eqs. (73) and (75),
by substituting therein 7, for r, and the value of z at which the maximum draw-
down takes place.

Most frequently the pumping well is screened throughout its depth of pene-
tration. In this instance, the equation for the drawdown at the face of the well
s,, is considerably simplified. For ¢ > Sb/2K,, this equation will be given by
Eq. (75), withr = r,, z = 0,and r,/B, ® 0. An equivalent equation, suitable
for computation when (7,/b)V/K,/K, is small, can be obtained after mathe-
matical transformation [7] and neglecting terms of second and higher powers
of (r,/b)V K,/K,, as:

s, = (Q[4nK.bY{W(r}|4v,t, r,|B,) + (2b/)
-+ [sinh 1 [(/r, )V K,/K,] — (I/b) In[(4b/r, )V K,/K,]
—In[T(1 + 1]2B)/T(1 - I2B)]1}

in which I'(x) is the gamma function and sinh-!(x) is the inverse hyperbolic
sine, tabular values for both functions are available [15].

For(l/r,)V K,/ K, > 10, which generally obtains in practice,and 0 <C//b < 0.5,
the equation may, from Section II, C, 14 and 20, be written as

sy ~ (Q[4nK.b)[W(ry/4vt,1,/B,) + F] (78)

where

F = (2b/1}{(1 - Ib) In[(2//r,)V K,JK,] — (I/b) In(2b/I)
—(0.4231/b) + In[(26 + 1)/(2b — D]}
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D. DrAwWDOWN EQUATIONS IN NONLEAKY AQUIFERS

The equations of drawdown, when leakage is neglected, are obtained from
their counterparts for leaky aquifers by making K’ equal to zero, or B, — 0.

1. General Equation
From Eq. (73), with B, = o, the required equation is
s = (Q/4=K.bY{W(u,) + f(with r/B, = 0)} (79
An equivalent equation suitable for computation when r/b is small is available
[21].
2. Equation for Relatively Large Time (t > bS/2K))
From Eq. (75), with B, = oo, the required equation is
s = (/4K b)Y W(w,) + f(with r/B, = 0)} (80)

which for (r/b)V' K /K, < 0.1, may, for practical purposes, be approximated
by

s = (Q[4nK b)[W(u) + £/] 3]
in which
= [b/(] —d)]{sinh‘1 [a(l 4 2)/r] + sinh[a(l—z)/r]
I'1—-(+2)/2b]1 I'[1-(—-2)/2b
~(@1[6) In(3ba/r) + In rh —}—((l_—}{—-z%;Zb} PEHEI—Z;;%} }
— [b/(I— d)){ same braced terms with d replacing /}
and where

a=VKJK,

3. Equation for Short Time (t < Sb[1—(I4z)/2b]%/5K,)

In this range of time, it has been shown [21] that the drawdown in piezo-
meters may be approximated by

s = [Q/8aK(I—d)]E(u,, lIr, d|r, z[r) (82)
where
E = Mlu,, a(l 4 z)/r] — M[u,, a(d + z)/r]

+ Mlu,, a(l—2)/r] — M{u,, a(d—z)/r]

and M(u,B) is an infinite integral (Section II, C, 12), tabular values of which
are given in Table IV,

Equation (82) also gives the drawdown in an infinitely deep aquifer for the
whole range of time.
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4. Equation for Relatively Large Distances (atr > 1.5b1/ K,/K))
As B— 0, Eq. (77) reduces to the Theis formula; namely,

s = (Q/AnK.b)W(u,) (83)
5. Egquations for Average Drawdown

The average drawdown in an observation well screened between the depths
I and d' is readily obtained by integrating Eqs. (79) and (80) with respect to z
between the limits d’ and /, and then dividing the result by I"—d’. However,
computations in these equations [21] show that if /’/] < 2, results sufficiently
accurate for practical application can be obtained from Egs. (81) and (82),
each within its range of time, if z is replaced by 0.5(/" 4+ d’). In other words,
the average drawdown in an observation well screened between the depths /'
and d’ can be approximated by the drawdown registered in a piezometer whose
penetration depth is 0.5(/" + d’), provided that /'/l < 2.

Also, if (r/)VK,/K, > 1 and I'/l < 1, the average drawdown in the
observation well can, for all practical purposes, be taken as that given by
Eqgs. (81) and (82), each within its own limitation, the value of z being arbitrarily
chosen between /" and zero. The choice is generally made in such a manner as
to simplify the equation.

6. Drawdown at the Face of Pumping Well

The equations for this drawdown are obtained from their counterparts for
leaky aquifers, with B = oo.

For ¢t > Sb/2K;, the equation of drawdown is given by Eq. (78) or the one

Just preceding it, after replacing W(u,B) by W(u), provided the well is screened
throughout its depth of penetration.

Fort < Sb(1 — 1/2b)*/5K, or if the aquifer is infinitely deep, the drawdown
at the face of a pumping well screened throughout its depth of penetration is,
from Eq. (82) withd = Oand z = 0, given by

s = (Q/477-K,I)M(r3 [4v,t, allr,) (84)

E. RECOVERY EQUATIONS

The recovery equation corresponding to any of the drawdown equations
presented in this section can be written readily through use of Eq. (65) subject
to the same time criteria.

F. GENERAL REMARKS AND EXAMPLES

The effect of partial penetration on the drawdown around a pumping well

is shown in Figs. 11a and 11b. The variations are around a well in an isotropic
aquifer (K, = K,).
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The average drawdown developed in an observation well, however close it
may be to the partially penetrating well, is given by the Hantush-Jacob formula
for leaky aquifers, Eq. (77), or by the Theis formula for nonleaky aquifers
[Eq.(83), with K= K,], provided that the observation well is screened through-
out the aquifer. The same is true for a well located at r > 1.56v/K/JK,, regard-
less of the space position of its screen. In other words, the average drawdown
in such wells is not affected by partial penetration; it is the same as though the
pumped well completely penetrated the aquifer (curve 1 of Fig. 11a).
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F16. 11. Time-drawdown variation in wells partially penetrating a nonleaky artesian aquifer.

Regardless of the location of the wells and the space position of their screens,
the time-drawdown curves, at relatively large values of time (¢ > Sb/2K.), will
have approximately the same slope. This slope is the same as would obtain if
the pumped well completely penetrated the aquifer. In other words, the effect
of partial penetration has attained its maximum value (curves 1 and 2 of Fig.
11a).

If the observation well is not relatively distant (r < 1.56vK,/K;) or is not
screened throughout the aquifer, the variation of the average drawdown with
the logarithm of time will have the trend shown by the curve labeled “2” in
Fig. 11a and curves 1 and 2 of Fig. 11b. During the early period of pumping
and before the inflection of the curves appears, such time-drawdown curves
have the same general appearance as curves for the complete-penetration cases
(Hantush-Jacob and Theis formulas); these formulas, of course, are inapplic-
able. Even in the very early period of pumping, when one may be tempted (for
the purpose of applying the simple formulas) to assume that the aquifer ends
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at the bottom of the pumped well, these formulas cannot be applied except
when the geometry of the flow system is such that the drawdown equation for
relatively short time reduces to the form of Eq. (84), in which case the validity
of using the Theis formula is assured only in the range where ¢ < (I/b)*bS/20K.,.

Figure 11b compares the drawdowns observed in two equally distant wells,
one of zero penetration and the other screened throughout its depth of pene-
tration. It shows that two wells equally distant from a partially penetrating
pumping well may register two different drawdowns. In fact, depending on
the length and the relative positions of the screens, it is possible for a more
distant well to reflect a greater drawdown.

The effects of partial penetration resemble the effects of leakage from storage
in a thick semipervious layer (Fig. 6). Also, if the curve inflection is apparent,
but the period of observation is not long enough to establish the ultimate
straight-line variation on a semilogarithmic time-drawdown plot, the effects
of partial penetration resemble the effects of some kind of recharge boundary,
such as induced infiltration from streams or lakes (Fig. 19), or recharge from
water-bearing strata supplying leakage through semipervious confining beds
(Fig. 8). The same general effects are observed if the wells completely penetrate
a sloping water-table aquifer (Fig. 17) or an aquifer of nonuniform thickness
[29]. Thus, without sufficient information about a flow system that is being
studied, observational drawdown trends may be interpreted in several ways.
Indiscriminate use of such data may give erroneous and, in many instances,
unreasonable results.

A partially penetrating well will discharge less than a completely penetrating
well if the two are operated at the same pumping level, other conditions con-
trolling the flow remaining constant. If they are pumped at the same rate,
however, the pumping level of the former will be lower than that of the latter.

Pumping at the same level, the yield of a partially penetrating well in an
anisotropic aquifer (K, # K,) will decrease with decreasing K,/K,, other
conditions being the same. The effect of the anisotropy decreases as the well
penetration increases. If K,/K, does not differ greatly from unity, the aniso-
tropy will not be of particular consequence except for very small penetration.
On the other hand, should K,/K, be very small, the anisotropy of the aquifer
may cause an appreciable decrease in the yield of the partially penetrating
well. If K, should actually vanish, the flow toward the well will become purely
radial, confined to the part of the aquifer in which the well is screened.

Example 15. An artesian well screened throughout its 50-ft depth of pene-
tration is pumped and by observing water levels in wells more than 1000 feet
away, the values of Tand S of an assumedly isotropic aquifer are found as 0,10
ft¥/sec. and 4 x 10-3, respectively. On the assumption that the aquifer thick-
ness is 50 ft, an estimate is made for the yield of a 24-in. well to be screened
throughout its 50-ft depth of penetration. The estimate is made such that the
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drawdown at the face of the well (equal to drawdown in the well, if well losses
are neglected) is not to exceed 30 ft after about 3 days (25 x 10* sec) of con-
tinuous pumping. The aquifer is later found to be 200 ft thick. Determine the
error in the estimate of the well yield.

On the assumption that the well completely penetrates the aquifer, the yield,
from the Theis formula, is Q = 4=Ts/W(u). For u = r2S/4Tt = (1)%(4 x
10-3)/(4)(0.1)(25 x 10%) = 4 x 10-8, W(u) ~ 16.46; so Q = (4m)(0.1)(30)/
16.46 ~ 2.3 ft3/sec.

For a partially penetrating well, Eq. (78) applies if ¢ > Sb/2K, and (I/r,)
VKK, > 10. Since K, = K, = T/b = 0.1/200, then t= 25 x 10* > (4 X
10-3)(200)/2(0.0005) = 800 sec, and I/r, = (50/1) > 10, Eq. (78) applies.
Thus, for W(u,0) = W(u) = 16.46 and F = 24.6, Eq. (78) gives @ = 4n»Ts/
[W(u) + F] ~ 0.91 ft3/sec. The estimated yield is, therefore, about 150%
more than the actual yield.

Example 16. If the aquifer of Example 15 is later found to be anisotropic
and having K, = 9K,, determine the error in the first and second estimates of
the yield.

The determined value of T corresponds to the horizontal conductivity, or
T = K,b. Equation (78) still applies since for K,/K, = 9, the criterion ¢t > Sb/
2K, = 7200 sec, and the criterion 10 < (//r, )V K,/K, = 16.67, still apply.
For K,/K, = 9, the value of F of Eq. (78) is & 31.3. Consequently, Q = 4=Ts/
[W(u) + 31.3] ~ 0.80 ft3/sec. Thus, in the first two estimates the well yield
is overestimated by approximately 190 and 11.49%,, respectively.

Example 17. The estimated values of S, K,, and K, are 5 x 1073, 10~ ft/sec,
and (1/9)K,, respectively. Estimate the yield of a 24-in. well screened through-
out its 100-ft depth of penetration if the drawdown at the face of the well is
not to exceed 50 ft after about 7 hr (2.5 x 10* sec) of continuous pumping from
the 500-ft thick aquifer. Estimate the expected drawdowns in two observation
wells, one being 100 ft from the pumping well and just tapping the aquifer
(approximately zero penetration, or z = 0), and the other being 50 ft away and
screened throughout its 200-ft depth of penetration. What would be the corre-
sponding yield of the well if the aquifer were assumed isotropic with K, equal
to the estimated value of K, = 1/9 x 10~ ft/sec?

Since =2.5 x 10* < bS(1 — [J2b)*/5K, = (500) (5 x 10-%)[1 — 100/2
(500)12/5(1/9)10~* = 3.5 x 10* sec, Eq. (84) applies. Thus, Q = 4=K.,Is/
M(u, B). For u= (r2S/4K,bt) = (1)(5 x 10-3)/(4)(10~%)(500)(2.5 x 10%) =
10-%, and B8 = (I/r )V K,/K, = (100/1)(3) = 300, M (from Table IV) ~ 12.12,
so Q = 4m(10-%)(100)(50)/(12.12) = 0.52 ft3/sec.

For observation wells 1 and 2, Eq. (82) (withd = 0,z = 0, and r = 100 ft)
gives s, = (Q/47K,[)M(uy, B,); with d = 0, r = 50 ft, and since (/'/]) = 200/
100 <2, z=05d" + ") = 0.5 + 200) = 100 ft, Eq. (82) gives s, = (Q/
87K, 1) M(u,, B,), where the subscripts 1 and 2 pertain to wells 1 and 2, respec-
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tively. For u, = u(ry/r,)* = 102 and B, = B(r,/r;) = 3, the value of M(uy,
By) = 2.97; thus, s; = s M(uy, B,)/M(u, B) = (50)(2.97)/(12.12) = 12.3 ft. For
Uy = u(ry/r,)* = 2.5 x 1072 and B, = B(r,/rs) = 6, the value of M(us, By) =
4.32; thus, s, = s M(us, B,)/2M(u, B) = (50)(4.32)/(2)(12.12) = 8.9 ft. For an
isotropic aquifer with K; = (1/9) x 10~%, the yield will be Q; = 4nKIs/M
(u;, By), with u; = 9u =9 x 10-% and B; = (1/3)8 = 100, hence M(u,, B) =
9.93. Thus, Q; = (K/K)M/M)Q = (1/9)(12.12/9.93)(0.52) = 0.07 ft?/sec.
The subscript i pertains to the isotropic aquifer.

Example 18. Show that, if the vertical conductivity K, of an aquifer be-
comes effectively zero, the flow around a partially penetrating well will become
purely radial, confined to the part of the aquifer in which the well is screened.

For K, = 0, Eq. (82) applies for the whole range of time (1 < constant/(0) =
o). Thus, from Eq. (82), the drawdown at points (r, z < d) is (s/4) = M(u,,
©) — M(u,, ©) + M(u,, ©) — M(u,, ©©) = 0, and at points (r, z > /), (s/A)
= M(u,, ©) — M(u,, ©) + M(u, — ©) — M(u,, — o0) = 0. But at points
(r,d <z <I),(s/4) = M(u,, ©) — M(u,, ©) + M(u,, ©) — M(u,, — ) =
2M(u,, ©) = 2W(u,). Hence, s = [Q/4wK(I—d)] W(u,), which is the equa-
tion for purely radial flow (Theis equation) in an aquifer of thickness equal
to /—d.

V. Flow to Water-Table Wells

Wells tapping water-table aquifers are called water-table wells. They are
also known as gravity wells. The flow of ground water to such wells, or in water-
table aquifers in general, is extremely complicated because the position of the
upper boundary of the flow, the water table, is not known. A further complica-
tion arises from the occurrence in such flow systems of the so-called seepage
faces, from which ground water emerges either to evaporate or trickle down the
boundary face. The length of these faces is also unknown, as their upper termi-
nal joins with the water table which approaches the seepage face tangentially.
The existence of these faces has been demonstrated experimentally, rationally,
and analytically by several investigators [7, 30, 31].

Exact solutions for problems in gravity-flow systems (water-table systems)
are solutions of Eq. (15), satisfying, among other conditions, the boundary
conditions on the water table and the seepage faces (Section I, D, 2, a and d).
In general, it is extremely difficult, if not impossible, to satisfy analytically
these boundary conditions. The length of the seepage face depends on the posi-
tion of the water table which is unknown. The shape of the water table deter-
mines the distribution of flow underneath, whereas its shape in turn depends
upon that distribution. The hodograph method developed by Hamel and
Muskat [7] does, in principle, provide a means for treating almost any two-
dimensional system, but the labor of applying it numerically is so formidable
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that it is not suitable in practical applications. Accordingly, certain approxima-
tions will be made such that flow systems of general interest may be described
by conditions and differential equations that are amenable to relatively easy
solutions with results that are sufficiently accurate for practical use.

A. STEADY-STATE FLOW TO WELLS IN HORIZONTAL NONLEAKY AQUIFERS

When the discharge of a well is supplied from storage only, as is the case in
an infinite horizontal nonleaky aquifer, steady-state flow will theoretically
never be attained. It other words, the flow around the well is always transient,
and the zone of influence is always expanding. The flow appears, however, to
approach a steady state with time because the decline of water levels around
the well decreases in magnitude with both time and distance from the well.
Essential stability of flow in the immediate vicinity of pumping wells may be
reached within a relatively short time (depending on the hydraulic properties
of the aquifer) after pumping begins. The area of essential stability expands
continuously and a considerable period of time may be required for the water
levels in areas far from the pumped wells to reach approximate equilibrium.
Within the area of essential stability where no appreciable changes of water
levels occur as a result of pumping, the flow toward the well may be treated
as though it were in dynamic equilibrium (steady state) with a hypothetical
body of water supplying the total discharge of the well and maintaining the
original depth of flow. The hypothetical body of water, concentric with the
well, is located at a hypothetical distance r, outside the area of essential
stability such that the actual shape of the water table within the area of essential
stability will be reproduced (outside this area the actual water table may be
quite different from that reproduced by this hypothetical system). As the area
of essential stability expands, the value of r, will expand, although very slowly,
to reproduce the actual water table in the newly stabilized region; within the
original area of essential stability, however, the shape of the water table re-
mains essentially the same, and the original value of r, need not be changed
within a period of continuous pumping that will not materially change the
water levels within this region. The hypothetical body of water may be regarded
as the source of recharge sustaining the well discharge most of which is actually
derived from storage outside the area of essential stability, where the dewater-
ing process is continuing.

1. Equations for the Water Table

a. EXACT EQUATION. A gravity radial flow system is shown diagrammatic-
ally in Fig. 12. The isotropic and homogeneous aquifer, resting on a horizontal,
impermeable bed, is being drained by a well that is screened throughout and
that completely penetrates the aquifer. The flow is under dynamic equilibrium.
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Bound. Conds. with d)(r,z) =Py +2

43(19,1) =0,
95(1“',1)=h' Ocz <h
Pu,2)=2 h<z<D,

¢ r,0)=0 ot water tabie

Fig. 12. Diagrammatic representation of flow to a well in a horizontal water-table aquifer.

The depth of saturation at the face of the well is D, and the depth of water in
the well is £,,. The well losses are zero. In the region of undisturbed flow, the
depth of saturation is D,. If the height of the water table above the base of the
aquifer at the radial distance 7 from the center of the well is designated by D,
and if r, and r,, are the radius of the outer boundary (the hypothetical body of
water) and the radius of the well, respectively, the boundary-value problem
describing the flow in such a system is given by

vr(r’z) = - K@cp(r,z)/ar (a)
@(r,z) =ply + 2 (b)
(P(I‘,D) = D(r) (C)
(P(re,Z) = D(re) = DO (d)
09(r,0)/0z = 0 ©
and
o(r,,2) =h, for 0<z<h,
and

o(r,z2y=z for h,<z< D, )

where v,(r,2) is the bulk velocity at any point (r,z) taken positive in the direc-
tion of r; other symbols have been defined.

Consider a cylindrical prism of the aquifer of radius r concentric with the
well. As the water table is a stream surface and the base of the aquifer is im-
permeable (condition e), and since the flow is in the steady state, the total net
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inward flow across the cylindrical surface must equal the discharge of the well.
Thus,

Q= ~2nr f:(r) v{r,z) dz = 2mrK f :(r) [ep(r,z)/or] dz

Through use of the rule of differentiation under the integral sign, the preceding
equation may be put in the form

Q/2nKr = —o(r,D) dD/dr + d[ f 22 o(r,2) dz] [dr

When ¢(r,D) is replaced by its equivalent from condition (c) and after terms
are collected, the above relation reduces to

d[—D2 +2 f tp(r,z)dz)] jdr = Q/=Kr

or, after integrating with respect to r between the limits r and r, (the corre-
sponding limits for D are D and D) and making use of condition (d), it becomes

D(r)
0

2DD — D? = D} — (Q/=K) In (r,/r) (85)

where D = ¢ = (1/D) [ ¢(r,z) dz, which is the depth of water in an observ-
ation well that is screened throughout the aquifer, or the average hydraulic
head intercepted by this observation well.

Equation (85) is useful for calculating the exact position of the water table
around a gravity well only if observational data from nearby completely pene-
trating wells are available; other formation parameters are assumedly known.

b. DUPUIT-FORCHHEIMER EQUATION. Experimental [30] and theoretical [32]
investigations have shown that the difference between D and D is not measur-
able at points for which r > 1.5D, even if the depth of the water in the well
(not at the face of the well) is zero. Moreover, this difference is still insignifi-
cant for smaller r as the water level in the well is increased. Thus in the region
where r > 1.5D, (as D is unknown except when obtained by observation, this
criterion is used instead of r > 1.5D; sufficiently accurate results for practical
applications may be obtained if this criterion is replaced by r > 1.5D,), the
water table may be described by Eq. (85) after replacing D with D; namely, by

D? = D§ ~ (Q/=K) In(r./r) (86)

which is the well-known equation of Dupuit and Forchheimer. As anticipated
by theory, experiments [7, 30] and numerical analysis [32] have shown that
although Eq. (86) closely represents the water table at » > 1.5D, it fails to
represent the free surface near and to some distance around the well. The same -
investigations show that it approximates the head distribution along the base
of the aquifer rather than the water table. In fact, when Eq. (86) is used to com-
pute for D at r,, the value thus computed will be the depth of the water in the
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well 4, (well losses are neglected) rather than D, (the height of the water table
at the face of the well). Thus another form of Eq. (86) may be obtained, as

D* = D§ — (D5 — hy)[n(r./r)/inr,/r,)]

€. APPROXIMATE EQUATION FOR r <C 1.5Dy. Within r < 4r,, the shape of
the water table may be approximated [33] by

D* = D} — (D} - DYln(r/n)/in(r,/r,)] @7

for which an estimate of D, should be available (see Subsection 4, below).

For 4r,, < r < 1.5D,, the shape of the water table may be obtained [33],
with an overestimating error not exceeding 3.5% from the relation D =
D, + D, where D, and D, are the values of D as computed by Egs. (86) and
(87), respectively. When computing in Egs. (85) to (87), the values of D, and
r, may be replaced by any point (D,r) provided the point is taken in the region
r > 1.5D, (as noted previously, sufficiently accurate results may be obtained
for r > 1.5D,).

2. Well-Discharge Formula
The average head at the face of the well is

D(r) = (/D,) [ * 9(r,.2) dz

which from condition (f) of Subsection 1, a above, is evaluated as
D,b(r,) = | g hy dz + [z dz = 0.5(h% + DY)

Thus, at the face of the well, Eq. (85), after solving for Q, gives
Q = 7K(D§ ~ hy)/In(r/r,) (88)

This is the Dupuit-Forchheimer well-discharge formula. The formula was
originally obtained by assuming purely horizontal flow and ignoring the
existence of the seepage face at the well surface. Despite the shortcomings of
these assumptions, observations have shown that this equation predicts the
discharge of the well with a very high degree of accuracy commensurate with
experimental errors. Investigations [7, 30, 32] concluded that this equation
gives the correct discharge within 1 to 29,.

In the present derivation, the curvilinear nature of the flow as well as the
existence of the seepage face are taken into consideration. Thus, the validity
of this very well-known formula is rigorously established. Other analytical
procedures also have proved the validity of this equation [34].

In the theoretical development of Egs. (85) to (88), it is assumed implicitly
that D is not equal to D except at r = r,. Practically, however, D = D for all
values of r > 1.5D. In other words, the condition ¢(r,,z) = D(r,) = D,,
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used in obtaining Egs. (85) to (88) may be replaced with the condition ¢(r;,z) =
D(r;) = D,,ifr;, > 1.5D. Thus the value of D, and the usually unknown value
of r, may be replaced by D;and r,in Eqs. (85) to (88) with practically no measur-
able error; r; being known (selected), D, is computed from Eq. (88), since 7,
h,, and Q are known also. If obtained from field observations, the point
(D;,r;) must be taken within the area of essential stability.

3. The Zone of Influence

As the flow around a well in an assumedly infinite aquifer with no source of
recharge is always transient, the zone of influence is always expanding, although
the rate of its expansion may be slow after a relatively long period of pumping.
Although Egs. (85) to (88) may be used with an estimated or computed value of
r, to establish the shape of the water table within an area of essential stability,
they cannot be used to calculate the actual radius of influence. The actual extent
of the zone of influence may be several times greater than the value of r, as
computed by these equations. The true radius of influence may be obtained,
however, by using the unsteady equation of drawdown. At any time after
pumping begins, the extent of the influence may be taken as that distance r
which makes the calculated drawdown in Egs. (90), (92), and (94) effectively
zero, or of the order of 0.01 ft (see Example 19); appropriate drawdown equa-
tions for wells in artesian systems may similarly be used. The shape of the water
table at any time ¢ within a region defined by u << 0.05; that is, » < 0.45v/v¢,
may, however, be obtained through use of Eqs. (85) to (88) with a value of r,
(the hypothetical radius of influence) equal to 1.5 v/v¢[see special case of Eq.
(92)]. The shape of the water table at this time and in the region r > 0.454/v¢
is, of course, not represented by Eqgs. (85) to (88).

4. Height of Seepage Face

From several relaxation and experimental solutions for problems of gravity
flow to wells, Boulton [32] concluded that the ratio 27KDy(D, — D,)/Q
varies only slightly with r, /Dy, and that for wells of usual diameters, the height
of the seepage face may be obtained, if r,/ D, < 0.1, from

D, — h, ~ (Dy — h,) — 3.750/2=KD,

Furthermore, if (r,/ D,) is of the order of 0.25, the above relation may be used,
provided the factor 3.75 is replaced by 3.5.

Based on relaxation and experimental solutions, Hall [35] proposed the
following relation

b —n o Di= A1 L= (/DY)
¥ T [1+5r,/D;] [1+0.021n(r/r,)]

in which the symbols have been defined.

Other procedures for estimating the value of D, are available [36].
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F16. 13. Boulton’s correction factor C, for 7 < 0.05.

B. UNSTEADY FLOW TO WELLS IN HORIZONTAL NONLEAKY AQUIFERS

1. Boulton’s Gravity-Well Formula

If, in the flow system of Fig. 12, r, becomes infinite, the unsteady flow around
the well may be described by the following boundary-value problem (see Sec-
tion, I, D, 2, d, for free-surface differential equation):

8]0r* 4 (1r) dpfor + P%]oz> = (S,/K) t ot (a)
(¢/K) og(r,D,1)/ 0t = [o(r, D,1)[or]* + [og(r,D,t)/oz]?
- &p(r,D,t)/az (b)

@(r,z,0) = D, ©
P(00,2,1) = Dy @
2(r,0,1)/0z = 0 ()
Q = 2ar, K [P0 dg(r,z,6)/ér] dz ()

A solution for this problem cannot easily be found. Boulton [24] proposed
that if Dy—h,, < 0.5D,, condition (b) may be approximated by (¢/K) o¢(r,
Dy, 1)|0t = — 0(r,Dy,t)/0z; that is the lowering of the water table may be
replaced by changes in the head, ¢, along the static water-table position
where radial flow components may be neglected. Also and under the same con-
dition, condition (f) may be approximated by Q = 2#KrD, dp/or as r - 0;
that is, the constant discharge of the well, instead of being received along the
depth of saturation at the face of the well, is received along the original depth
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FiG. 14. Boulton’s correction factor C, for r > 5.

of saturation. Furthermore, in as much as the value of specific storage S, for
water-table aquifers is very small relative to its specific yield € and, therefore,
the contribution to the flow from aquifer compression may be neglected
except during the very early period of induced flow, when the discharge of the
drainage facility is almost entirely from the latter source (depending on the
character of the formation, this initial period rarely exceeds several scores of
minutes), the right-hand side of condition (a) may be assumed zero. Under
these conditions, a solution of the boundary-value problem can be obtained
(using the Laplace transformation, the finite Fourier cosine transformation,
and the Hankel transformation), which, when evaluated at z = 0, may be
written as
s = Dy — D = (Q2nKDy)V(Kt/e Dy, r/ Dy)

a. EQUATION OF WATER-TABLE DRAWDOWN. By applying a correction fac-
tor to minimize the errors involved in obtaining the preceding equation, the
drawdown of the watgf table (which is not equal to the drawdown in observa-
tion wells unless r >'1.5D) around a steady gravity well completely penetrating
a horizontal nonleaky aquifer, as proposed by Boulton, and provided D—n,
< 0.5 Dy is given by

s = (Q2aTo)(1 + Cp)V(z,p) (90)
inwhichr = Kt/eDg, p = r/D,, Ty = KD,, and Crisacorrection factor depend-
ing on all or part of the parameters r,p, r,/D,, and Q/DZ2. The value of G
which ranges from about —0.30 to about 0.16 may be obtained from Fig. 13
forr < 0.05, and from Fig. 14 forr > 5, and may be assumed zero for 0.05 <
7 < 3, with an error not exceeding 6%.
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If the aquifer is anisotropic with vertical and horizontal conductivities K,
and K,, respectively, the solution is

s = (Q2rK. D)1 + Co)V(z',p")

where v’ = Kt/eDyand p’ = (r/Dg)VK,/K..

For tables and useful approximations of the function ¥, the reader is re-
ferred to Section II, C.

b. EQUATION OF DRAWDOWN IN THE PUMPED WELL. If well losses are neg-
lected, the drawdown in the pumping well may be approximated [24] as
follows: .

({) Forr < 0.05. The drawdown in the well is given by Eq. (90) after re-
placing D and p by 4, and p,(=r,/D,), respectively.

(i) For 0.05 < = < 5. The drawdown may be computed by

Dy — h, = (Q27Ty)[m + In(Dy/r,)]
where m is obtained from a curve constructed from the following tabulation:

T = 5.0 1.0 0.2 0.05
m= 1.288 0.512 0.087 —0.043

(iii) For+ > 5. The required expression is
Dj — hy, = (Q/=K) In(1.5v/7/p,) on

By replacing = and p with 7" and p’ in the above expressions, the resulting
expressions will be those for an anisotropic aquifer.

2. Average Drawdown in Observation Wells

The water level in an observation well reflects the average hydraulic head in
the aquifer profile that is occupied by the screened portion of the well. Since
forr > 1.5D, the hydraulic head is practically (Section V, A, 1, b) independent
of the vertical dimension, the average drawdown in observation wells located
in the region r > 1.5D, is practically equal to the drawdown of the water
table and, therefore, is given by Eq. (90).

In the region r < 1.5D,, however, the drawdown in observation wells that
are screened throughout the aquifer is always greater than that of the water
table, the difference being greater at smaller values of r. Equation (94) describes
(Section V, C, 2) the average drawdown in observation wells induced by the
flow toward steady wells in sloping leaky water-table aquifers. A special case
of this equation is that for a horizontal (1/8 = 0) nonleaky (1/B = 0) water-
table aquifer. Thus, from Eq. (94), with 1/8 = 0 and 1/B = 0, the average
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drawdown in observation wells in a horizontal nonleaky aquifer, if D,— h, <
0.5 D, and ¢ > 30r2/v, is given by

D; — D* = (Q/2=K)W(u) 2

For relatively large time u < 0.05 [see Section II, C for approximation of
W(u)}, or t > 5r%/v, Eq. (92) may be written as

D; — D* = (Q/=K) In(1.5V/vt/r)

in which u = r¥/4vt, v = Kb/e, and b is a weighted average of the depth of the
flow, which may, for all practical purposes, be taken as equal to D, in the region
r > 1.5D,, where s/ Dy is generally small. In regions very close to the pumping
well, where the depth of saturation as computed by Eq. (92) approximates
(Section ¥, A, 1, b) more closely the depth of water in piezometers open at the
base of the aquifer (smaller than the actual average depth in observation wells),
the value of b may be taken as equal to D, (the depth of saturation at the face
of the well), since this approximation hypothetically increases the specific
yield and, consequently, increases the calculated value of D, thus, making it
closer to the true value of the average depth in the observation well. An esti-
mate of the value of D, may be obtained by using Eq. (89) (see Example 19) or
from other procedures [36].

In the immediate vicinity of the well, D, as calculated from Eq. (92), deviates
appreciably from its actual value in observation wells. In this region it may be
better approximated by D = 0.5(D, + D}/D,) in which D, (the height of the
water table) and D, (the height of water in a piezometer open at the base of the
aquifer) are the values of D and D as given by Egs. (90) and (92), respectively.

For 7 > 5, when the effects of the vertical component of the velocity on the
main horizontal flow become negligible, and for r > 1.5.D,, where the effect of
the curvilinearity of the flow is very small, Eq. (90) (see approximation of V)
and Eq. (92) become the same, as should be expected.

The left-hand member of Eq. (92) may, in terms of the drawdown, be written
as 2Dgs(1—s/2D,), which, if s/D, < 0.02, may be approximated by 2D,s.
Consequently, the Theis equation results.

If observational data of drawdown in wells that are screened throughout the
aquifer are available, the height of the water table D in the region r < 1.5D
may be calculated from Eq. (92) after replacing D7 — D? with 2DD — D?;
D, being the depth of water in the observation wells, is obtained from field
measurements.

When ¢ < 30r2/v, the drawdown equation, by comparing Eq. (92) with Eq.
(63) and, consequently, with Eq. (64), may be deduced as

Dj — D? = (Q2=K)S(wt|rZ, r/r,).
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3. Partially Penetrating Wells

When the drawdown is small relative to the saturated thickness D,, the
drawdown around partially penetrating wells may be approximated by the
equations derived for artesian conditions (Section IV) after replacing s, b, and
u and B therein with s — s%/2D,, D,, and u and B (in terms of water-table
aquifer parameters), respectively. The top of the artesian aquifer is replaced
by the static position of the water table. For the case of deep aquifers or for
relatively short times, s of Egs. (82) and (84) should be replaced by s—s%/2/,
other replacement being the same. This approximation is possible since the
boundary-value problem describing the flow in water-table aquifers (for small
s/ D) is analogous to that for artesian aquifers.

C. FLow TO WELLS IN SLOPING LEAKY AND NONLEAKY AQUIFERS

1. Eguation of Motion

Figure 15 illustrates ground-water flow in a sloping water-table aquifer
resting on a semipervious layer through which vertical leakage in proportion
to the drawdown of the water table takes place. This layer overlies an artesian
aquifer in which the water levels are not influenced by pumping in the water-
table aquifer. The storage in the semipervious layer is neglected. This leaky
flow system is a special case of that governed by Eq. (16); namely, that of Fig.
3. In the present system f=ix, w =0, H = f + D(x,y,8),b = H — f= D,
F =0 and the rate of vertical leakage u = (K’/b") (D, — D); where D and D,
are, respectively, the heights above the base of the aquifer of the water table and
the piezometric surface (assumedly uninfluenced by pumping in the water-
table aquifer) of the aquifer supplying leakage. Consequently, D = H~—f,
¢ = De,y,0) +f+ ¢, o(f)= Dyx,y,f) +f+ ¢, and, from boundary
conditions on a water table, o(H) = H 4 ¢ = D + f+ ¢; where ¢[=(1/D)
JFo(x,y,2,t) dz] is the average head along the depth of flow, D is the depth of
water in an observation well that is perforated throughout the aquifer, and
D, is the depth of water in a piezometer that is open at the base of the aquifer.

Substitution of these relations in Eq. (16) and making use of the assump-
tions that S,<<<<<<e and that D, ~ D ~ D when Dy—h,, < 0.5Dyand i < 0.02
will yield, after some manipulation, the following differential equation

&D?/ox* + 22 D% oy* + 2i 9D[ox + (2K [b'K)(D,— D) = (2¢/K)aD/ot

Let Dy(x,y,7o + t) be the distribution of the depth of flow that would pre-
vail in this flow system if the drainage facility (such as a drain or a well) were
not discharged; D, is assumedly a solution of the preceding differential
equation. Also, let the drainage facility begin to discharge at the instant =,
and let the depth of water thereafter, in completely penetrating idle wells, be
represented by D(x,y,f). Subtracting the preceding differential equation from
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FiG. 15. Diagrammatic representation for the flow to a well in a sloping leaky water-
table aquifer.

itself after replacing D with D, and linearizing the resulting equation by
arbitrarily making the quantity 0.5(D, + D) equal to a constant b will give
the following equation

PZ|ox* + 0*Z[oy® + (2/B)0Z/ox — (1/B%Z = (1/v)8Z/ ot (93)
in which
Z=Di—- D?  B~2b/ii v~Kble, B®>~Kb/(K'[b)
and ) _
b = 0.5(Dy,, + D,)

where D,, is a weighted mean of the areal distributions of the depth of satur-
ation during the period of induced flow and D, is a weighted mean of the
areal distributions during the same period of the depth of saturation if the
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FiG. 16. Drawdown distribution around a steady well in a sloping nonleaky water-table
aquifer.

drainage facility were not discharged. The constant b may be approximated
by

b ~ 0.5[Dy,{70) + Do(m0 + 1), at points > 1.5D,
and by

b ~ 0.5[D0) + D,(t)], at points << 1.5D,

where £, is the period (or subperiod if it becomes necessary to use the method
of successive approximation) at the end of which D is to be estimated.

Equation (39) closely describes the effect of induced flow in sloping leaky
water-table aquifers, provided Dy, — A, < 0.5D, and i < 0.02, A, being the
depth of water in (not at the face) of the completely penetrating drainage
facility. For points located at distances > 1.5D, from the drainage facility, D
represents the height of the water table above the base of the aquifer, and for
points at distances < 1.5D,, D represents the depth of water in idle wells
screened throughout the depth of saturation (Section V, A, 1, b).
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FiG. 17. Time-drawdown variation around a steady well in a sloping nonleaky water-
table aquifer.

2. Drawdown Eguation

The drawdown distribution around steady wells in sloping leaky water-
table aquifers is described approximately by Eq. (93) and the following condi-
tions: D(7,0,0) = Dy(r,0,7,), D(0,0,1) = Dy(0,0,7y+ 1), and r 0Z/or = — Q/rK
as r— 0, where r and ¢ are the polar coordinates with the pole at the center
of the well. The last condition is obtained from Q = K 57 r, a0 % [0g(r,,0,2,1)/
drldz by making use of the same assumptions and approximations used in
obtaining Eq. (93), recalling that D at the face of the well is more or less
independent of 8 and that g” r(0D3/0r)d8 = 0.

By making the substitution Z = Z'(x,y,) exp[—(x—xy)/B] the boundary-
value problem, in terms of Z’, becomes analogous to that of Example 10; the
well is located at the point (x,,,). Consequently, the required solution (valid
for i< 0.02; Dy—h, < 0.5 Dy, and > 30r2/y[1 —(10ar,)?], with ar,, < 0-1)
may be obtained as

Di = D* = (Q2nK) exp( ~Fcos 6) Wier) ©4)

in which
u = r2/4ut and o = 1/82 4 1/B?

371



MAHDI S. HANTUSH

The corresponding steady-state solution, from Eq. (94), witht = cooru =0,
is readily obtained as

r

D} — D* = (Q/=K) exp( gCos B)Ko(ocr)

For definitions, tables, and useful approximations of the functions in the
above equations, refer to Section II, C.

When evaluated at r = r,, Eq. (94) and the equations derived therefrom
will give the drawdown (neglecting well losses) in the well (not at the face of the
well). They will closely represent the drawdown of the water table at the well
face if h,/Dy >> 0.5.

The equations of drawdown around wells in sloping nonleaky, horizontal
leaky, and horizontal nonleaky aquifers may be readily obtained from the
above equations by letting 1/B = 0, 1/8 = 0, and « = 0, respectively.

The effects of a sloping base are shown in Figs. 16 and 17. In regions in which
r/B > 0.01, the distribution of drawdown does not have the usual circular
pattern that occurs around wells in horizontal aquifers; it has a pattern similar
to that shown in Fig. 16. Within the period < 2.5rB/v, the drawdown varia-
tion with the logarithm of time (Fig. 17) at points in the region r/8 > 0.01 has
the same general trend of variation (not necessarily equal to) as that which
obtains if the aquifer is horizontal. This variation will be the same in the two
aquifers only for points that lie on a line passing through the center of the well
and parallel to the y-axis. For ¢ > 2.5r8/v, this variation at any point of the
flow system of Fig. 17 resembles that which would have occurred if the aquifer
were of a horizontal base and were connected to some source of recharge, such
as beds of streams or lakes (Fig. 19) or leakage from or through semipervious
layers (Fig. 8). It also resembles the effects of partial penetration of wells in
horizontal aquifers (Figs. 11 and 12).

D. RECOVERY EQUATIONS

By a procedure similar to that used in solving Example 10, the water levels
around a gravity well during recovery may be obtained as

The left-hand member of any of| ,

{the unsteady drawdown equations} =20 - Z() ©3)
in which Z(¢) is the right-hand member of the unsteady drawdown equation
of the particular flow system and Z(¢') is the value of Z(¢) after replacing ¢ with
t’, t’ being the time since cessation of pumping, or ¢’ = ¢ t,, where t, is the
period of continuous pumping, and ¢ is the time since pumping began. Thus,
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the recovery equation for a well in a sloping leaky aquifer will, from Eq. (94),
be given by
’

2 _ P2 o _
Dy — D (Q/27K) exp( 8

cos 0) [W(u,ar) — W(u',ar)]

and that for the recovery of the water table in a horizontal nonleaky aquifer
will, from Eq. (90), be given by

s = (Q27To)(1 + CV(rp) — (1 + CHV(7',p)

where u',7" are the values of u and  after replacing ¢ with ¢ and C; (since C;,
depends on 7) is the correction factor during recovery.

Example 19. The average depth of saturation in a horizontal nonleaky
aquifer is 100 ft. From aquifer tests on wells located at r > 1.5D, (>>150 f)
from a pumped well, the formation coefficients are estimated as T, = KD, =
0.1 ft?/sec and € = 0.1. A 24-in. well is pumped at the rate of 3.14 ft3/sec for
about 3 days (25 x 10%sec), then the well is shutdown. Determine the following
just before shutdown:

(1) The drawdown in the well assuming zero well losses;

(2) the approximate height of seepage face of the pumping well;

(3) the drawdown of the water table at the site of an observation well
located at r = 10 ft;

(4) the drawdown in a piezometer open at the base of the aquifer at the site
of the observation well ;

(5) the drawdown in the observation well using D = 0.5(D, + Dj/Df), and
compare it with that obtained by using Eq. (92), with 5 = D,;

(6) the extent of the zone of influence of the well; and

(7) the time required for the water level in the well to recover after shut-
down, to about 0.1 ft from its original level.

(1) Since r = KtfeDy = 25 > 5, from Eq. (91) (with p, = 0.01), h, =
58.2 ft, and s, = 41.8 ft.

(2) Equation (89) may be used to estimate an approximate value of D,,
provided ¢ is long enough so that ¢ > 5 € r?/KD,, or = > 5(r;/ D,)?, and pro-
vided that r; > 1.5D,. This is because the shape of the water table at this time
[see special case of Eq. (92)] varies with the logarithm of r from the face of the
well to atleast » = r;, and hence the instantaneous flow system may be approxi-
mated by the hypothetical system of Fig. (13), on which Eq. (89) is based. At
the end of the period of pumping, + = 25. Since r,/D, is to be > 1.5D,, and
7 > 5(r;/Dy)?, then r; may be selected, in the range 1.5 < r,/D, < /5, for
use in Eq. (89). For r;/Dy = p; = 2 and = = 25, Eq. (90) with C; = 0.03,
gives Dy— D; = 6.9 ft or D, = 93.1 ft. For r, =200 ft, D, = 93.1 ft, h, =
58.2 ft,and r, = 1, Eq. (89) gives D,—h, ~ 20.2 ft and D, = 78.4 ft.
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(3) Forr = 25,p = 0.1,and C; & —0.137, Eq. (90) gives, as the drawdown
ofthe water table, s = 18.6 ft,and D, = D, — s = 81.4ft.

(4) Although it is used to approximate the average drawdown in observa-
tion wells at r < 1.5D, Eq. (92) approximates more closely the head distribu-
tion at the base of the aquifer. Thus, with u = p?/4r = (0.1)%/4(25) = 104,
Eq. (92) with D, replacing D, gives D, ~ 75.4 ft, or 5, = 24.6 ft.

(5) D =0.5(D, + D;/D,) = 75.7 ft, or § = 24.3 ft. By using Eq. (92) with
b = D, (that is for u = r%/4KD,t = (r*/ DyD,)/4r = 1.27 x 10-%) the result
is D=76ft,or5=24ft.

(6) The zone of influence extends to a value of r that makes the drawdown
computed by Eq. (90) or (92) effectively zero, say s = 0.01 ft. Since D ~ D,,
then from Eq. (92), the drawdown Dy— D = [Q/4mKDolW(u) = 0.01, or
W(u) = 0.004. From tables of W(u), u = 4, or r2¢/4KD,t = 4, from which
the radius of influence r ~ 2000 ft.

(7) From Eqgs. (95) and (91), the equation for water-level recovery in the
well is Dj—h% = Q/=K[In(1.5V//p,) — In(1.5v/7/p,)] or s, — s%/2D, =
(Q/27KDgy) In(¢/t’). Thus, for s, = 0.1 ft, [n(¢/t') = 0.1, or 1/t' = exp(0.1) =~
1.10. Hence (¢, + ')/t = 1.10or ¢’ = 10¢, = 10 X 25 x 10*sec ~ 29 days.

VI. Interfering Wells

Ground water is often extracted by more than one well. Unless the periods
of continuous operation are relatively short and/or the spacing of the wellsin a
well field is so great that their zones of influence do not effectively overlap, the
discharge or the drawdown of individual wells is affected by the neighboring
wells.

A. WELL FIELDS
A group of wells operating in a given area constitute a well field.

1. Drawdown Around Interfering Wells

Because the differential equation of motion is linear in the dependent vari-
able (the head ¢, the drawdown s, or the square of depth of the flow D2), a
linear combination of its solutions is also a solution. Consequently, since in a
well field consisting of N steadily discharging artesian wells, each of the well
potentials separately satisfies the well boundary-value problem, and since the
boundary condition at the face of each well is not influenced (singularities do
not contribute to the value of a line integral if they are not enclosed by the path
of integration) by the existence of the other wells, the distribution of drawdown
is given by

s=3 0Z(t) %)
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and the distribution of water levels around corresponding water-table wells is
obtained from

N
D(z) - D= 21 Qi Z,(r;,0,,1,) 7N

in which, Q,Z;, henceforth called the artesian well potential, is the right-hand
member of the drawdown equation of a particular flow system (Sections 111
and IV; also Boulton’s solution in Section V), Q; Z,,, the water-table well
potentzal is the right-hand member of the equations giving the depth of flow
(in terms of Dj— D?) in a water-table aquifer (Section V), Q, is the discharge
(may be positive, or negative) of the ith well, r, is the distance from the ith well
to the point of observation, 4, is the polar angle with the pole at the center of
the ith well, and ¢, is the time measured from the instant the ith well is put into
operation.

2. Discharge of Interfering Wells

If the location of each of N wells is known and the water levels in each of
the N wells at the end of a given period of continuous pumping is preassigned,
the discharge of each well can be obtained by solving the Nlinearly independent
equations written for the water level in each of the wells, using Eq. (96) or 97
as the case may be. Thus, two artesian wells a distance m apart, discharging
simultaneously over the same period of time ¢, from a nonleaky aquifer, and
having the same diameter 2r, and drawdown s,, will have discharges Q; and
0,, from Egs. (63) and (96), given by

O1 = Qo = 4nTs,|[W(ra/dvty) + W(m?/dvty)]
Similarly, for three wells forming an equilateral triangle a distance m on a side,
01 = Qy = Q3 = 4nTs, [[W(ri/4vty) + 2W(m?|4vt,)]

If ¢, is long enough that m?/4vt, < 0.05, the expressions for the preceding
particular well patterns may be given, respectively, by

0Oy = O, = 2aTs,/In(2.25vt,/mr,)
and

O1 = Q» = Q4 = 2775, /In(R%/r,m?)

where R = 1.5v/vt,.
The discharge of each of four wells forming a square of side m, provided
m?[2vty < 0.05, is given by

01 = Qs = Q3 = Q4 = 2n7Ts,/In(RY/r,m*V2)

and for a line of three equally spaced wells a distance m apart, provided
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m2fvt < 0.05, the discharge of each of the outer wells is

1= Q3 = [ZWTSW 1n(m/rw)]lf(R, m, rw)
and the discharge of the middle well is

Q. = [27T5s, In(m/2r)]/f(R, m, 1)

where f(R, m, r,) = 2 In(R/m) In(m/r,) + In(m/2r,) In(R/r,).

The corresponding equations for a nonleaky, horizontal, water-table aquifer
are obtained from the preceding expressions by merely replacing 2#7s,, with
nK(D% — h2).

3. Effect of Well-Field Operation over an Area

When estimates of the drawdown near a pumped well are being made, it is
necessary to include the influence of other wells operating in the area. If the
locations and the discharges of each of the wells in the area are known, the total
lowering of the water levels at a given location can be found by using Eq. (96)
or (97), whichever applies. In addition to being laborious, such a procedure
requires more data than are ordinarily available. An estimate of the effect of a
large number of wells on the water levels within and outside the well field may
be obtained by idealizing the problem by assuming that the pumping of the
well field is uniformly distributed over a circular area of radius a within which
most of the wells are located. Such a situation may be effectively realized if
pumping for irrigation and drainage is accomplished by use of a large number
of wells distributed throughout the area. Thus, if the total discharge of the well
field is ¥ in units of volume per unit time, the water level at any given point
owing to a continuous distribution of artesian wells over the whole circular
area may be obtained from

4nTs = j j (V[ma®) f (7, 1y, 0, 0y, D)ry dry dO,

where (r,0) is the location in polar coordinates of the point at which water level
is desired and (r,,6,), the location of a well of discharge (V/ma®)r, dridf,, the
pole being at the center of the well field and the integration being over the
whole circular area. The function fis the well function for a given flow system.

For leaky aquifers without storage in semipervious layers, the drawdown
expressions during steady-state flow are as follows:

forr < a:
47Ts = 4V (B%*a®)[1 —(a/ B)I(r/ B)K,(a/ B)]

forr > a:
4=Ts = 4V(Bla)Li(a/ B)K\(r[B)
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For nonleaky aquifers, the corresponding expressions are

forr < aandt > 0.4rv:
4nTs = V{iW(u,) + (1/u)[1 — exp(—u,)] — (r/a)*exp(—u,)} 98%)

Jorr > aand t > 0.4a%/v:
4nTs = V{W(u) + (0.5u,) exp(—u)}

in which u, = @?/4vt and u = r?/4vt.
If the well field taps a horizontal water-table aquifer, the corresponding
expressions are obtained by replacing 4« 7Ts with 27K(D;— D?).

B. SPACING OF WELLS

1. Economical Spacing of Wells

The proper spacing of wells involves economics as well as hydrologic con-
sideration. The farther apart the wells are, the less their interference, but the
greater the cost of connecting pipelines and power installation. The cost of a
plant for a group of wells, insofar as it is affected by the spacing of the wells,
may be reduced to an annual unit charge consisting of (1) the yearly cost of
lifting the water against the additional head caused by well interference; and
(2) the cost of connecting pipelines between the wells and the power installa-
tion. The latter includes maintenance and depreciation, as well as taxes and
interest on borrowed capital, all of which may be expressed as an annual cost
per unit length of intervening distances. The total drawdown in one pumped
well caused by pumping other nearby wells can be obtained by using Eq. (96)
or (97) (whichever is applicable to the flow system under consideration).
Consequently, the total additional head caused by well interference can be
expressed in terms of the unknown intervening distances, the assumedly known
hydraulic properties, and the parameters defining the geometry of the flow
system.

A detailed treatment of this subject and a list of expressions for the “opti-
mum spacing parameter” of various grouping of wells in different flow systems
are available in the literature [37].

Optimum well spacing: The general expression for optimum well spacing
is obtained as follows:

Excluding the constant cost of lifting the water against the head developed
in each of the wells when it is operating alone, the yearly cost of operating a well
field may, by considering average cost values over a year’s time, be expressed as

N o
C=cms+c"> 0, fo s, dt
n=1

in which C = total yearly cost of operation as affected by well interference;
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¢’ is the capitalized cost per unit length of pipe line for maintenance, deprecia-
tion, original cost of pipe line, etc.; ¢” is the cost to raise a unit volume of water
a unit height, consisting largely of power charges, but also properly including
some additional charges on the equipment; s, is the total drawdown in the nth
well caused by pumping all the other wells; m8 is the length of connecting pipe-
lines between wells and the power installation; N is the number of wells in
operation; Q, the discharge of the nth well, in unit volume per unit time; f,
is the period of continuous pumping; m is the “spacing parameter” which is
the distance between any two wells—other intervening distances being ex-
pressed in terms of n1; and & is a constant when multiplied by m gives the length
of connecting pipelines.

The minimum cost will correspond to that point at which the first derivative
of C with respect to m equals zero. By differentiating the above equation and
equating the resulting expression to zero, the following relation obtains

ﬁ’j Q, [ (os,Jom) dt = —(c'8/c") (99)

The optimum spacing parameter m,is the value of m that satisfies the above
equation. If the period of continucus pumping ¢, is more than one year, the
right-hand member of the preceding equation should be multiplied by
t,/t, where #; is a period of one year.

If, within the year, there occurs M periods of well operation, each followed
by a period of shutdown long enough for the water levels to effectively recover
to their original level, the integral with respect to ¢ in the left-hand member of
Eq. (99) is replaced by M integrals the upper limit of each being equal to z,,,
the duration of the Mth period of continuous pumping.

The use of Eq. (99) will be illustrated for a group of wells in nonleaky
aquifers. For its use in other systems, reference is made to [37].

For a nonleaky artesian aquifer, the drawdown equation is given by s =
(Q/4=T)W(u). From this equation, the following expression is obtained

s = [ (@sjom) dr = ¢ [ (asfor) dt = — (Qto/2nTm)

* [exp(—up) — uW(wy))

in which u, = r?/4vt,, r = cm where c is a constant relating the spacing para-
meter m to r. After a relatively long period of continuous pumping, the value
of u, (r equaling the longest distance between any two of the N wells) is gener-
ally less than 0.05, in which case, the above relation can very closely be approxi-
mated by s" = — Qt,/2nTm. Thus, if there are N wells in the field, the value
of s, will be given by

N
5 = —(tO/ZWTm){ZQ,., with Q=0 for i=n}
i=1
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When this is put in Eq. (99), and when the resulting expression is solved for m,
the optimum spacing parameter m, will be

N N
1y = (¢"ty/ 2’ T8) > Q,,{Z 0, with 0,=0 for i—n
n=1 i=1

If there are M periods of pumping within the year [see paragraph following
Eq. (99)] the shortest of which is such that u,, < 0.05, the value of ¢, in the pre-
ceding expression for m, will be given by 7, = 1, + £, -+ « - - + t,, Where u,,
is the value of u, with ¢,, replacing #,.

Consider a group of three wells. Let the distance between the first and second
wells be m, that between the first and third «’m, and that between the second
and third «"m, where «” and «” are constants converting the actual distances in
terms of m. Also, let Q;, Q,, Q3 be the discharges of the three wells, respectively,
and md the length of the connecting pipelines (usually the shortest path con-
necting the wells; in the present case along the medians of the triangle formed
by the wells), 8 being a constant dependent on «’ and «”. The number of wells
N, being equal to three, the preceding equation gives

my = (c"tofmc’ STYNQ1Qs + 0105 + 0205) (100)

which for three wells having the same discharge and forming an equilateral
triangle a distance m on a side (here «’ = «” = 1, and if the connecting pipe-
lines are taken along the medians of the triangle, § = 1/3), becomes

my = c"V'3t,0%c'nT

For aline of three equally spaced wells, a distance m apart, and each having the
same discharge (here «’ = 2, «” = 1, and § = 2), Eq. (100) becomes

my = 3¢"t,0%2c'=T.

For two interfering wells, m, can be computed from the general expression,
with Q; =0and 6= 1.

2. Spacing of Wells for Permissible Drawdown

The maximum allowable drawdown in a well is often determined by field
and constructional conditions rather than by economic considerations.
Physical limitations of the aquifer (such as depth, thickness, or piezometric
head), limitation on available pumping equipments (such as suction lift, setting
of bowls, or horsepower of motors), and depths of existing wells are among
factors that may limit the total permissible drawdown in a well.

Given N wells forming a definite geometrical pattern, the distances between
the wells can be expressed in terms of a spacing parameter that is the distance
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between any two wells in the group. Given the discharge and schedule of
operation of each of the wells during peak demand, the well in which the maxi-
mum drawdown develops can be located by using Eq. (96) or (97) (whichever
applies) and an assumed spacing parameter, since the point at which maximum
drawdown occurs is independent of the magnitude of the spacing parameter.
Having determined the maximum allowable drawdown, the well in which this
drawdown will occur, and the schedule of operation of the well field, Eq. (96) or
(97) (whichever applies), written for the drawdown (increased by the well
losses, if necessary) at this well, will afford the means for solving for the “spac-
ing parameter,” which is the only unknown in the resulting equation. The solu-
tion of this equation (the equation of interference) may have to be obtained
by trial, using the appropriate table of the function involved therein. This pro-
cedure is not restricted to wells in an infinite aquifer; it is applicable also to
wells near other boundaries (Section VII), the drawdown distribution around
which is a problem of interfering discharging (-4 Q) and hypothetically re-
charging (— Q) and/or discharging wells.

In certain situations, the solution of the equation of interference is direct.
For example, for a group of N wells pumping simultaneously from an artesian
aquifer and forming a circular battery of N—1 wells, with the maximum
drawdown occurring in the Nth well which is located at the center of the circu-
lar battery, the spacing parameter m, which, for this grouping, is conveniently
taken as the radius of the circular battery, is, from Eq. (96) and Eq (63), given
by

N-1
Witty) = [dnTsy — QNW<uw>1/[i; Q,] (101

in which u,, = r2/dvty, u,, = m?/dvt,, and sy is the permissible drawdown in the
Nth well at the end of a continuous period 7, of simultaneous pumping. From
tables of the function W, the value of u,, corresponding to the known value of
W, as computed from the right-hand member of the preceding expression, can
be obtained. Consequently, the value of m is obtained from this value of u,,.

If this group of wells taps a leaky artesian aquifer, and if the period of pump-
ing is sufficiently long to assure steady-state flow, the expression corresponding
to the preceding equation will be

N-1
Ko(m|B) = [2nTsy — QNKo(rw/Bn/(;l Q,-)

The solution for m can be readily performed, using a table of the function K.
Another example is that of a group of N wells pumping simultaneously from
a nonleaky aquifer for which the period of continuous pumping is such that
u = R%*/4vt, < 0.05, where R is the distance between the well farthest from the
well in which the maximum drawdown occurs. For this situation, [since for

380



Hydraulics of Wells

u < 0.05, W(u) ~ In(0.562/u)] the spacing parameter may be computed from
Eq. (96) as

Inm = (1/1:2‘11 Q,-){[—QN Inr,

+ ln(l.SVV—f;)i 0, - o.st 0,1 d,] - 27-rTsN} (102)
i=1 i=1

in which d; = r,/m, a constant known from the geometry of well locations,
that relates r; (the distance between the ith well and the well (Nth well) at which
the maximum drawdown occurs) to the spacing parameter »z; other symbols
have been defined.

After calculating m, verification of the condition R?/4vt, < 0.05 should be
made.

Example 20. A well field consisting of about two hundred wells uniformly
distributed within an area that may be approximated by a circle of radius
5 mi, or approximately 30,000 ft. The well field taps a nonleaky artesian aqui-
fer, effectively infinite in areal extent, having a value of T = 0.067 ft%/sec and a
value of § = 10-3. If the wells are to be pumped continuously for a period of
50 days at a total rate of about 60 ft3/sec; (1) estimate the drawdown at the end
of operation in a well, located at 25,000 ft from the center of the well field, in
addition to that caused by its own pumping; (2) estimate the same for a well
located at center of the field.

(1) Forr = 25,000, and v = T/S = 67, the value of t(= 50 days = 4.32 x
108 sec) > 0.4r%/v = 3.73 x 108 sec. Thus, Eq. (98) is applicable which for
u, = a*/dvt = (9 x 108)/(4)(67)(4.32 x 10%) = 0.78, r/a = 0.833, V = 60 ft3/
sec, and 47T = 0.84, and with the use of appropriate tables gives s &~ 50 ft.

(2) The corresponding value (for r = Q) is s & 73 ft.

Example 21. A pumping plant is to be composed of three wells forming an
equilateral triangle. The plantis to tap a nonleaky artesian aquifer of T = 0.067
ft*/secand S = 10~ If the schedule of operation for the whole year is 2 weeks
of continuous pumping followed by a shutdown of 3 weeks, and if the dis-
charges of the wells are, respectively, 20, 50, and 100 ft*/min, (1) estimate the
most economical spacing, and (2) the drawdown at the end of 2 weeks in the
well whose discharge is 100 ft*/min, if r, = 1 ft.

(1) Let the cost of lifting water ¢” be 10-¢ dollars per cubic foot of water
per foot of lift. Let the cost of pipeline and electric wiring be 10 dollars per
foot, and capitalize it at 10%, per year. The value ¢’ will be 1 dollar per foot
for capital charges, depreciation, and maintenance during the year. Let the
connecting pipeline be along the medians of the equilateral triangle, or § =
V3. Thus, for to(=t; + t, + - ) = 10 x 14 days ~ 2 x 10° min, T =
4 ft*/min, and for the values of ¢”, ¢’, 8, 0y, Q,, and @, as given above, the
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optimum spacing parameter is computed from Eq. (100) as m, = 74 ft.
Equation (100) is valid if u = m}/dvt,, < 0.05, (1, = 14 days =2 x 10
min), hence it is valid for an aquifer whose storage coefficient S < 0.27%,,/mj,
or for S < 2.92. Consequently the validity of the above computation is assured
since S = 10~4 for the aquifer tapped by the wells.

(2) From Eq. (96), the required drawdown (excluding well loss) is given by
s = (1/4=T) [100W(u,) + (20 + S0)W(u,,)]. Foru, = rij/dvty, ~ 3.1 x 1071
and u,, = mi/4vty, = 1.7 x 10~ this equation gives s = 60.2 ft.

Example 22. 1f the permissible drawdown in the wells of the preceding
example is not to exceed 55 ft at the end of 2 weeks of continuous pumping,
determine the allowable spacing of the wells.

The maximum drawdown will occur in the 100 ft3/min well. From Eq. (101),
for N = 3,u, = 3.1 x 1070, W(u,,) = [4=(4)(55) — 100W(u,)]1/(20 4 50) =
9.0. From tables of W, u,, & 6.9 x 10-5; consequently, m? = ri(u,/u,) =
(1)(6.9 x 10-3/3.1 x 1071%), or m ~ 470 ft. Equation (102) may be used also,
with N=3andd, =d, = 1.

VII. Wells near Other Boundaries

Frequently, wells are located near streams, canals, lakes, seas, and other
bodies of surface and ground water that are hydraulically connected to the
aquifer they are pumping from. Other wells are located near tight faults, buried
rock valleys, or dikes and similar structures that cut the aquifer, thus prevent-
ing ground-water flow across such barriers. Unless the periods of continuous
pumping of all such wells are relatively short, their zones of influence will
eventually extend to these boundaries, at which time the formulas for flow
around wells in an infinite aquifer become inapplicable. If these boundaries
can be assumed to form effectively infinite and fairly straight sections cutting
through the aquifer, problems of flow toward wells located nearby become
relatively easy to treat analytically. The method of images [6] affords a rela-
tively simple procedure for solving problems of flow toward wells near such
boundaries, as well as near others, such as [38, 39] infinite quadrants, infinite
and semiinfinite strips, rectangles, and [10] sector aquifers, provided the wells
are steadily discharging from horizontal aquifers of uniform thickness. The
method becomes difficult to apply if the aquifer is otherwise; in such instances
direct solution of the particular boundary-value problem generally becomes
simpler.

A. THE METHOD OF IMAGES

If a system of steadily discharging wells (sinks) and/or recharging wells
(sources) exists in an infinite aquifer, the multiple-well potential is the sum of
the single-well potentials [Section VI, A, 1, Egs. (96) and (97)]. Furthermore,
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the space derivative of the multiple-well potential at a point in the flow system
in any direction is the sum of the space derivatives of the single-well potentials
at that point. Thus, if there are N wells and the well potential due to the ith
well is Q,Z;, the multiple-well potential P and its space derivative 9P/dn in the
direction # at any point in the flow system are, respectively, given by

N N
P=Y"07Z, and oPlon=YQ,0Z/en
i=1 i=1

If a system of wells tapping a horizontal aquifer of uniform thickness is
reflected negatively in a vertical and straight section of the flow system (that is,
negative images (— Q;) are placed on the other side of the section), say the
y-axis for convenience, the multiple-well potential of the new system, from the
first of the preceding equations, is given by

N N
P= ; QZ(R,1) + ;(— 0)Z/(R;}1) (103)

in which
Ri=(x—x)?+ =y 42,  REP=(x+x)P+O@-y)P+z

and (x;, y;) and (—Xx;, y;) are the coordinates of the center of the ith well and
of its image, respectively. At any point in the yz-plane (x = 0), R, = R/.
Consequently the multiple-well potential at any point in the yz-plane, from
Eq. (103), is zero. Thus, this flow system of a hydraulic boundary (the yz-
plane) on which the head remains uniform may be taken to represent an actual
semi-infinite aquifer bounded along the y-axis by a line of constant head and
drained by the N real wells.

If, instead of being negatively reflected (— Q,), the above mentioned well
system is positively (+ @;) reflected in the yz-plane, the multiple-well potential
will be given by

N N
P =3 QZ(R,t) + > QZ/(R.) (104)
i=1 i=1
the derivative of which with respect to x is given by
N N
oP[ox = (x—x;)Q,; 0Z,;/x + > (x4 x)Q; 0Z;ox
i=1 =1

Obviously, the value of this derivative (proportional to v,) vanishes at any
point on the yz-plane. Consequently, such a flow system of an impermeable
hydraulic boundary (the yz-plane) may be assumed to represent a semi-
infinite aquifer in which a real impermeable boundary lies along the y-axis
and is drained by the N real wells.

The method of images, therefore, affords a means by which it is possible to
create a hydraulic flow system that is equivalent to an actual system in which a
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physical boundary is known to exist. To create hydraulic flow systems simu-
lating actual systems having boundaries other than those discussed above,
the process of reflection may have to proceed back and forth an infinite number
of times, depending on the form of the boundary. By the method of images, an
aquifer of finite extent can be transformed to one of infinite extent, so that the
flow equations developed for an infinite aquifer can be applied to this substitute
system,

semiper. layer

[SNSBeSNSNSsEs LiLL

T R : vor"::ldm-b e
(a) (b

(x,y)

N

[SE ISR

stream or foult

Fic. 18. Diagrammatic representation of a well in a leaky water-table aquifer (a) near a
stream and (b) near an impermeable boundary.

B. STEADY WELLS NEAR A LINE OF CONSTANT HEAD

A line of constant head designates an effectively infinite and fairly straight
section of an open boundary, such as banks of streams, lakes, and other water
bodies, which cuts through the aquifer and on which the average head remains
uniform.

1. Wells in Horizontal Leaky Water-Table Aquifers

Figure 18a represents diagrammatically a well near a stream, located along
the y-axis, in a horizontal leaky water-table aquifer.

a. WATER-LEVEL DISTRIBUTION. If the well potential of Eq. (94) with 1/8 =
0 is used in conjunction with Eq. (103), the water-level distribution around a
well located at (xg,p,) is given by

Dy — D* = (Q[2nK)Y{W(u, r/B) — W(up.r,/B)} (105)
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FiG. 19. Time-drawdown variation due to a steady well in a nonleaky water-table aqui-
fer (a) near a stream and (b) near an impermeable boundary.

in which r*= (x—xp)* + =y, ¥ = (x + xo)* + (y—yo), and U=
r3/dvt,
The corresponding steady-state distribution, from Eq. (105) with u — U, =
0, is given by
D — D* = (Q/nK){Ky(r/B) — Ky(r,/B)}

b. RATE AND TOTAL VOLUME OF STREAM DEPLETION. The rate g, and the
total volume V; of river depletion at the end of a continuous period of pumping
t are given [40], respectively, by

9: = (Q/2){exp(—xo/ B) erfc[Uy— (x,/2B)/U,]

+exp(xo/B) erfc[U, + (x,/2B)/U,)} ' (106)
and
Vi= 0r{(a,/Q) + [U§/(xo/B)] [exp(xy/ B) erfe [U, + (xo/2B)/U,]
—exp(—xo/B)erfc[U, — (xo/2B)/U,]1} (107)
in which . ,
Up = xo/Vdwt
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During the steady state, which is effectively realized for vt/B >
I + V1 + 0.5(xo/B) and B # oo, Egs. (106) and (107) yield

9= Qexp(—x/B) and V= Q(t—x,B/2v) exp(— x,/B)

The corresponding expressions for the rate and that part of total well flow
that is derived from storage, g, and V,, respectively, are given by

g = Q exp[ — (xo/2BU,)*] erf(U,) (108)
and

Vs = Q11 = (g; + 4.)/ Q)/(xo/2BU,)? (109)
which, for (x4/2BU,) = v/vt/B < 0.3, may be approximated by

V, = Q{1 — 4i2 erfc(Uy)} (110)

The relations during the steady state are given from Eqgs. (108) and (109)
(as t — o), effectively realized for vt/B > 1 + V1 + 0.5(x,/B), by

9:=0 and  V,=(B*Q/)[1 — exp(—x,/B)]

The rate and volume of that part of total well flow that is from leakage are
givenby g, = Q — ¢, —g,and V, = Qr — V, — V,, respectively.

2. Wells in Horizontal Nonleaky Water-Table Aquifers

The flow formulas around such wells are obtained from the limit, as 1/B —
0, of Egs. (105) to (109).
a. WATER-LEVEL DISTRIBUTION. The unsteady water-level formula is

D; — D = (Q20K){W(u) — W(uy)}
and the corresponding steady-state formula is
D — D* = (Q/=K) In(ry/r).
b. RATE AND VOLUME OF STREAM DEPLETION. The required expressions are
q;= Qerfc(Uy), g, = Q erf(U,)
Vi = Qt[4i? erfc(Uy)), and Ve = Qt[l — 4i2 erfc(Uy)]

Example 23. A municipal well is pumped continuously for a period of 290
days (25 x 108 sec). The well is located near a fairly long and straight section
of a river that cuts through a horizontal leaky water-table aquifer for which
T = 0.1 ft¥/sec, e = 0.1, and the leakage coefficient K'/b" = 10-? sec’. The
effective distance of the well from the river is x, = 10,000 ft. Estimate the rate
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and the part of total volume pumped that is derived from river depletion,
from storage, and from leakage.

For v = T/e = 1 ft¥/sec, x, = 10,000 ft, B = v/T/(K'/b’) = 10,000 ft, =
25 X 108 sec, and U, = 1, Egs. (106) to (108) and (110) give, respectively,
g:/Q ~ 0.13, V;/Qt =~ 0.05, ¢/Q ~ 0.67, and V,/Qt ~ 0.80. Consequently,
that from leakage, ¢,/Q ~ 0.20 and ¥, /0t ~ 0.15.

Semiconfining layer (x,y)

(AL)
(xo )

Stream
x

Stream

Semicontining layer

F1G. 20. Diagrammatic representation of a well near a stream in a sloping leaky water-
table aquifer.

3. Wells in Sloping Water-Table Aquifers

Figure 20 illustrates situations of wells near a line of constant head in sloping
leaky water-table aquifers.

The method of images can be used to create a hydraulic system in an infinite
aquifer that is equivalent to the actual system of Fig. 20. The procedure, how-
ever, is not as straightforward as it is in the case of horizontal aquifers. The dis-
charge of each of the negative image wells (strength of sources) must be adjusted
by a constant factor (depending on the location of the real well) in order for
the multiple-well potential on the plane of reflection to be equal to zero. By
writing Eq. (103), using the single-well potentials from Eq. (94) and replacing
(= Q) with (- C;Q,), evaluating at x = 0, and solving for C; the value of C;
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will be found as equal to exp(2x,/8). Thus, the water-level distribution around
a well near a line of constant head in a leaky water-table aquifer, sloping up-
ward in the direction of positive x (Fig. 20a), is given by

D} — D? = (Q/2nK) exp[—(x— xo)[B{ W(,ar) — Wiugary)}  (111)
and the corresponding equation during the steady state (f = o, or u = 0)is
Dj — D* = (Q/nK) exp[ —(x—xo)/BY Koler) — Kofary)}

For an aquifer sloping downward in the direction of positive x (Fig. 20b),

the numerical value of B is negative. Consequently, the preceding equations
pertain to this flow system after replacing 8 by —8.

C. STEADY WELLS NEAR AN INFINITE IMPERMEABLE BARRIER

An effectively infinite and fairly straight section of a closed boundary, such
as a tight fault and similar structures, may be regarded as an infinite imperme-
able barrier across which flow does not take place. Figure 18b illustrates such
a boundary in a horizontal water-table aquifer.

If the well potential of Eq. (94) with 1/8 =0 is used in conjunction with Eq.
(104), the water-level distribution around a well located at (x,,y,) near an
impermeable barrier in horizontal water-table aquifers will be given by the
corresponding equations of Section VII, B, 1 and 2, after replacing the negative
sign between the braced terms with a positive sign. There will be no steady-
state expression for the nonleaky case.

For a barrier along the yz-plane in a sloping water-table aquifer, the condi-
tion 8¢(0,y,2,¢£)/0x = O must be satisfied, ¢ being the hydraulic head. Because
such a condition is not satisfied by the application of the method of images (if
at all possible), direct solutions of boundary-value problems describing the
flow in such systems may prove to be a simpler procedure. Treatment of the
distribution of water levels around wells in such systems is still pending.

D. STEADY ARTESIAN WELLS NEAR A LINE OF CONSTANT HEAD OR AN INFINITE
IMPERMEABLE BARRIER

The drawdown distribution around steadily discharging artesian wells near
a line of constant head or near an impermeable barrier is obtained by using
Eq. (103) or (104), respectively, in conjunction with the appropriate artesian
well potential, the drawdown s of the appropriate drawdown equation replac-
ing P, and the right-hand side of that drawdown equation replacing Q,Z;.
For example, the drawdown around a partially penetrating well near an im-
permeable boundary along the y-axis in a leaky artesian aquifer without stor-
age in the semipervious layer, from Eqs. (73) and (104), is given by

s = (Q[4nT){ W(u,r/B,) + f + (same terms with r, replacing r)}
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and that around a well near a line of constant head in a nonleaky aquifer,
from Egs. (63) and (103), is given by

s = (QJ4aTYW(u) — W(u)}

Equations (106) to (110), relating to river depletion and the corresponding
equations for nonleaky aquifers, are applicable for the corresponding artesian
systems provided the parameters of the water-table aquifer are replaced by
their artesian counterparts.

In the above treatment of wells near infinite boundaries, the value of the
parameter x; is the effective distance from the center of the well to the
physical location of such boundaries. In practice this distance does not
necessarily extend exactly to the actual location of the boundary. It may be
somewhat in excess of the actual distance to the boundary site, especially if
the boundary is sloping or semipervious or both. It can be chosen empirically,
making allowances for these factors or can be approximately determined
through aquifer-test techniques [41-43].

VIII, Drainage Wells

Surface irrigation, regardless of the method of its application, always re-
sults in some percolation of the applied water below the root zone of the
farmed area. In fact, this percolation is essential in order to maintain a favor-
able salt status in the soil in semiarid and arid regions. In certain cases a sub-
stantial quantity of irrigation water must be “wasted” by liberal application
as a necessary means of preventing increased salinity of the soil. The water-
table aquifer underlying such farmed areas often rests on a semipervious layer
through which leakage is supplied from, or discharged into, an underlying
formation in which the piezometric head remains more or less uniform. In
many instances drainage wells are used to remove such excess water and to
maintain the water table at a preassigned depth below ground surface without
exceeding desirable pumping lifts. The use of wells as drainage devices is not
restricted to these situations only [44].

The problem of estimating the discharge and the spacing of a group of equally
discharging identical wells, that would bring the water table to a desirable level
at the end of a specified period of time and maintain it thereafter below this
elevation, is a problem of well interference and may thus be solved by using
appropriate interference equations. This procedure is laborious and may be
time consuming. Advantage may be taken, however, of the fact that when a
large number of equally spaced identical wells located on a regular grid pattern
and pumping from a vertically replenished aquifer (from deep percolation
and/or vertical leakage), the discharge of each of the wells (after a period of
transient flow) is effectively obtained from vertical replenishment over an area
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surrounding the well and enclosed by what may be considered as a regular
polygon of ground-water divide. In other words, the flow toward the well may
be approximated by that which would take place in a closed circular aquifer of
radius equal to that of the circle circumscribing the regular polygon of ground-
water divide, the well being at the center of this closed aquifer and the discharge
of the well during the steady state being sustained by vertical replenishment
within this circular aquifer. For a given well spacing, the actual duty of the well
during the steady state (that is, the rate at which the well is to be pumped, such
that the water table is maintained at a given depth at the corners of the regular
polygon of the ground-water divide) is somewhat less than that implicitly
assumed in the above approximation, since the actual area of diversion is
somewhat smaller than the assumed circle of diversion. Consequently, the
spacing of wells as calculated from formulas based on this idealization of the
flow system will be somewhat closer than actually needed.

A. DRAINAGE WELLS IN HORIZONTAL LEAKY WATER-TABLE AQUIFERS

In Fig. 21 a horizontal leaky water-table aquifer is receiving downward
vertical percolation at a uniform rate w in volume per unit time per unit area.
The aquifer is drained by steady wells located on a regular grid such that each
well may be considered to drain a circular portion of the aquifer of a radius
r,, the flow across the outer boundary being zero.

1. Initial Water Level

If uniform deep percolation occurs continuously for a period 7, and ceases
thereafter and if the water table underneath most of the irrigated area may be
assumed to remain more or less horizontal (that is, the excess irrigation water
added to the saturated permeable soil mantle is discharged mostly by vertical
leakage through the underlying semipervious layer into the underlying con-
stant-head artesian aquifer), the depth of saturation D, beneath the irrigated
area, prior to operating the wells or after a complete recovery following a pro-
longed period of shut-down, may be shown to be approximated by

Dy = h, + [W/(K'[b)IF(7) (112)
in which
F(r) =1 — exp(—y7), for O<r<
= exp[—y(r—7y)] —exp(—y7), for T> 7
and
y = (K'[b')[e

where e is the specific yield of the aquifer and K’'/b’ is the coefficient of leakage,
w is the rate of uniform deep percolation, = is the time since Vthe incidence of
deep percolation, 7, is the interval during which deep percolation occurs, and
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h, is the height (above the base of the aquifer) of the constant piezometric
head in the underlying artesian aquifer, which, prior to the incidence of deep
percolation or after a long period since cessation of deep percolation, coin-
cides with the water table.

A*’

Vertical percolation

S TTT

\ >
Initial t:eom Piezometric surface ] |

mr,

el =
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FiG. 21. Diagrammatic representation of drainage wells in a leaky water-table aquifer.

2. Water Levels around a Steady Well
If a steady well (a well of constant discharge) such as described in Fig. 21
begins to pump at time #* since the incidence of deep percolation, the water
levels around the well may be approximated by
—h* = (Q[nK){Ky(r/B) + Ky(r./B)I(r/B)/I\(r./B)

—2(B/r,? exp[—y(r—1*)] — 22} (113)
in which

= [0.5Dy(t*) + 0.25(h, + D)IK/(K'[b") (113a)

where 4, is the value of & at r = r,, D,, is the height of the water table at the
face of the well, Dy(r*) is the value of D, for7 = ¢* and D, is given by Eq. (112);
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2 is an infinite series (see Eq. 12 of reference [45] for definition) that becomes
of insignificant numerical value for (r—*) > 3[¢/(K’/b"))/[1 + 15(B/r,)?]; h is
the height of water table above the base of the water-table aquifer; Q is the
discharge of the well; I, /;, K,, and K, are the Bessel functions defined in
Section II, C; and  is as defined for Eq. (112).

3. Spacing and Discharge of Drainage Wells

4. SPACING AND DISCHARGE EQUATIONS. Equation (113) may be used to esti-
mate the discharge and the spacing of a grid of drainage wells that would bring
the water table within a specified period of time 7, and maintain it thereafter
below a preassigned elevation without exceeding desirable pumping lifts, pro-
vided the time required to bring the water table to its new elevation is sufficient-
ly large that it satisfies the criterion

t = 3[/(K'[b)]/[1 + 15(Bfr)] (113b)
in which ¢ = r—r* is the time since the well began to pump. At any time ¢,
satisfying the preceding criterion, the water levels around the well may be
approximated by Eq. (113) without the infinite series 2. Evaluating Eq. (113),

with X' =0 for ¢ = t,at r = r, and at r = r,,, will yield, after mathematical
reduction, the following relations:

Z(ry/B, r[B) = [l + fi — (h,/ D?Y/[1 + fy — (h,/Dy)?] (114)
and
Q = 7KDj[1 + f — (h,/ Do)*)(r./B)L,(r./B) (114a)
in which
Jr = 2AQ/=KD3)(BIr,)? exp(—yt,) ' (114b)
Z = (r/B)[Ko(r,/B)Ly(ro/ B) + Ki(r.B)I(r,/B)]
h,,is the height of the water level in the well (determined by the desired pumping
lift), h, is the value of & at r = r, (the desired maximum height of water table
beneath the irrigated area), D, is given by Eq. (112) for = = r* + t, where ¢,
is the period of continuous pumping required to bring the water table to its
new elevation, and r,, is the radius of the well.
Equation (114) cannot be explicitly solved; it can, however, be solved

through use of a table of Z(r,/B, r,/B) (Table IX) or through use of the
following approximate relations, provided r,/r, < 0.01.

ro/B = o[l + (log;g2)/2 logyo(r,/aB)], if 0.03 < a< 0.5 (115)
and

ro/B = «[l — 0.2542], if 05<a< 1.5 (1152)
in which
a=2{(Z — 1)/[4.61 log,y(B/r,) — 1]}*° (115b)
and Z is the right-hand side of Eq. (114).
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TABLE IX. Values

) X
of the Function Z(—E—V»—g

"'/A "/ﬁ 0.10 0.1% 0. 20 0.2% 0,30 0.3% 0,40 0. 45 0.50 0,55 0.60 0,63 0.70 0. 7% 0.80 0.8% 0.90
1 1. 0437 1.1028 1.1889 1300 1, 4460 1.6190 18227 2, 0584 2.3218 22,6310 2.9705 3N 3. 7626 4.7167 5. 2594 5.8475
2 1, 0402 1,0950 1.1750 1.2812 1.4145 1.5758 1.7661 1.986% 2, 2384 2.5222 2.8400 3.1930 3,5821 4.4767 4. 9856 5.537%
3 1.038) 1. 0904 1, 1669 1.2685 1,3960 1.5506 1.7330 1. 9444 2. 1861 2.4585 2.7637 31027 3.4766 3363 4.0255 5.3560
5 + 1.0367 1.0872 116N 1.2594 1.3829 1.8327 1.709% 1.9145 2. 1490 2.4134 2,71096 3. 0387 3.4017 4. 2367 4.7119 5,2274
1077 8 1,0356 1.0846 1. 1566 1.2524 1.3728 1.5189 1.6913 1.891¢ 2.1202 2.3783 2,6676 2,9890 3.3435 4,1593 4.6237 5.1278
6 1.0347 1,0826 11529 1. 2466 1.3645 1.5078 1.6765 1.8724 2.0967 2, 3497 2.6333 2.9404 3.296) 3.678) 4.0962 4,55)8 5.04%9
7 1.0339 1. 0808 1. 1498 1.2418 1,357% 1.4979 1, 6639 1.8564 2.0768 2.325% 2. 6042 2.914) 3.2560 3.6316 4.0428 4.4909 4.9769
L] 1,033 1.0793 1.14M 1.2376 1.3514 1.4896 1.6530 1.8426 2,0596 2.3045 2.5791 2,884 3, 2212 3.5913 3. 9966 4,438} 4.9172
9 1.0326 1.0780 1. 1448 1, 2339 1.3460 1.482) 1.6434 1,8303 2, 0444 2.2860 2.5569 2.858) 3.1906 3.5558 3.9558 4.3917 4. 0645
) 1.0321 1.0768 1. 1427 1.2305 1.34)2 1. 4787 1.6348 1.8194 2.0308 2.2695 2.5 1 2.8347 3. 1631 3,524} 3.9193 4.3500 4“.0074
2 1.0206 1.0690 1.1287 1. 2087 1.3097 1.432¢ 1.5782 1.7474 1.9415 2.1606 2, 4066 2. 6804 2.9827 3.3181 3.6793 4.0763 4.5073
3 1, 0266 1. 0644 1,1206 1.19%9 1.2912 1.4074 1.5451 1.7053 1,8892 2,0970 2.3303 2.590) 2.017) 3.1928 3.5388 3.9162 4.32%9
.4 4 1.0252 1.0612 1.1148 1. 1869 1,218 1.3895 1.5216 1.675% 1.8521 2,0518 2.2762 2.5260 2.8022 3. 1081 3,4392 3. 8026 4. 1971
10 5 1. 0241 1.0587 1.1103 11798 1.2680 1.37%6 1,5034 1.6%23 1.8183 2.0168 2, 2402 2.4764 2, 1441 3.0388 3.3619 3. 7144 4.097
[3 1.0231 1.0566 1. 1066 174l 1.2597 1. 3643 1.4886 1,6334 1.7998 1,988} 2.1999 2,435%8 2.6967 2.9838 3.2988 3. 6424 4.0157
7 1,0224 1.0549 1.103% 1.1692 1.2527 1, 3547 1.4760 16174 1.1799 1.9639 2.1708 2,4015 2.656% 2,9374 3. 2454 3, 5816 3.9468
1] 1,0217 1, 0834 1.1009 1.1650 1. 2466 1. 3464 1.4651 1.6038 17627 1.9429 2, 1457 23717 2.6218 2,8971 3,199) 3. 5288 3.8870
9 L0021 1.0520 1.098% 1.1613 1.2412 1,3391 1.455% 1.5913 1.747% 1. 9245 2,123% 2.3488 2.%911 2.8616 3.1584 3.4823 3.8343
1 1, 0206 1.0%09 1.0964 1. 1580 1.2364 1.332% 1.4469 1.5804 1.7339 1.9079 2,1037 2,322} 2.5637 2,8298 3. 1219 3. 4407 3.mn
2 1.0 1.0430 1.0824 1.1362 1,2049 1.2894 1.390) 1. 5084 1. 6446 1.7991 1.9132 2.1877 2.3832 2.6209 2,8818 3. 1670 34171
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The relative error in r, as computed from Eq. (115) is at most (near « = 0.03)
59, and that as computed from Eq. (115a) is at worst (near « = 1.5) 10%; it is
considerably less for most of the indicated ranges of o.

If « > 1.5, resort should be made to the tabulation of Z(r,/B,r/B); see
Table IX.

b. PROCEDURE FOR COMPUTATION. (1) The available data should include
values of h, h,, h,, t*, to, w, K'[b’, €, and K; (2) from these data and Eq. (112),
compute D, for r = t* + #o; (3) compute B from Eq. (113a); if a value of D,,
is not available, &, may be used instead as a first approximation; (4) compute
f, from Eq. (114b), with Q taken, as a first approximation, equal to Wr2;
(5) compute Z from Eq. (114); (6) compute « from Eq. (115b) and r, from Eq.
(115), Eq. (115a), or a table of Z(r,/B, r,/B), whichever applies; (7) compute
the first approximation of Q from Eq. (114a) and a table [15] of /;; (8) with the
values of Q and r, thus obtained, f; is recomputed and steps (5) to (7) are re-
peated to obtain a second approximation of Q and r,; (9) if the second approx-
imation of Q differs significantly from its first approximation, steps (4) to (7)
are repeated, using the second approximation values of r, and @ to obtain a
third approximation; usually, the second approximation is sufficiently accurate
for practical use.

¢. SPACING AND DISCHARGE EQUATIONS IN CASE OF ZERO DEEP PERCOLATION.
If wells are used to drain an area waterlogged by upward leakage only, Egs.
(112) to (115b), with w = 0, will pertain to this drainage situation.

The procedure for computing r, and @ is the same as outlined previously,
using f; = O in the first step of the method of successive approximations as
followed therein.

B. DRAINAGE WELLS IN HORIZONTAL NONLEAKY WATER-TABLE AQUIFERS

1. Equations for Water Levels

If the water-table aquifer of Fig. 21 rests on an impermeable base, the water
level variation after the incidence of the uniform deep percolation w may be
obtained, from Eq. (112) as K' — 0, as

Dy = hy + (w/e)Fi(7) (116)
in which
F(r)=r for O<r <y
=17, for T>T

h, is the depth of saturation prior to the incidence of deep percolation; other
symbols are as defined for Eq. (112).
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The water levels around a steady well that begins to pump at timer = * can
be obtained, from Eq. (113) as K’ — 0, as

D§ — B = (QmK){2(r— 1*)[r ++ 0-5(r/r,)* — 0.75 + In(r,/r) — 2Z,} (117)

in which
v = [0.5D(t*) + 0.25(D,,+h,)]K]e

where D, is given by Eq. (116) and Dy(¢*) is the value of D, just before pumping
started, that is the value of Dy, at = = ¢*; and Z is the value of X with 1 /B=0.
Other symbols are as defined for Eq. (113).

In the process of obtaining Eq. (117) from Eq. (113), one should observe
that as x — 0 (in fact, for x < 0.1) the functions involved in Eq. (113) may be
approximated as follows:

Ky(x) ~ —0.5772 ~ In(x/2), I(x) ~ 1 +0.25x2
Ki(x) ~ —[0.5772 + In(x/2)]I(x) + 1/x — 0.25x
I(x) ~ 0.5x(1 + 0.125x%), and exp(—x)~1—x

2. Spacing and Discharge Equations

Provided that the time required to lower the water table to its new elevation
satisfies the criterion

t =1 — t* > 0.4er2/K[Dy(1*) + 0.5(D,, - h,)] (118)

a procedure similar to that leading to Eqs. (114) and (114a) will yield (after
mathematical manipulation and neglecting X, in the process) the following
relations:
f=at(na — 0.5+ 0.258) (119)

and

Q = #KD{[1 ~ (h,/Do)?)/[(F/«?) — 0.25] (119a)
in which

o = r,fr,, = ZV(T--t*)/rf,, f=pt

B = [1 — (h,/h Y [(Do/h)2 — 1]
and other symbols are as defined for Eqs. (116) and (117).

Equation (119) cannot be explicitly solved for «. However, if « and B satisfy
the criterion 300 < « < 3000 and 8 < 10, within which practical values of «
and B lie, Eq. (119) may be approximated, with errors not exceeding 1.5%,
by the following relation:

log,o(10%x) = [(0.464 + 0.0188)/(1 + 0.0368)]
- 10g;0[7.092(10-8)£/(0.464 + 0.0188)] (120)
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Thus, with fand B known from available data and Egs. (1 19b), the value of
«, and hence r,, can be computed from Eq. (120). Consequently, Q is obtained
from Eq. (119a).

The values of r, and Q, as obtained previously, pertain to the problem of
bringing the water table to a desired elevation within a given period of time
ty [1, satisfies the criterion (118)] without exceeding desirable pumping lifts.
In other words, the discharge Q is not equal to =wr? (the rate received from
deep percolation), since water from storage additional to that from percolation
must be removed. Consequently, the water levels around the wells will con-
tinue to change, if the wells are continued at the design discharge. If, however,
the discharge of the well is changed, at the end of the period 1, to a discharge
equal to mwrZ, the water levels will become essentially stable for ¢’ > the right-
hand member of Eq. (118), ¢’ being the time since the change of the well dis-
charge. The steady-state water level at » = r, may be shown to be given by

Hr,) = h¥r,, t* + 1)) — (Q — Q,)/4nK (120a)

in which 4, is the depth of saturation at r = r, just before changing the design
discharge Q to Q, = =wr? and A, is the depth of saturation at r — r, during
the steady state.

The counterparts of Eqs. (119) and (119a) during a steady state of flow is the
limit of these equations as ¢-»co. If ¢— oo, then Dy— o0, B—~0, and
S = 1B~ (Kjw)(h,r,)2[1 —(h,/h,)?). With these data, Egs. (119) and (119a)
will, respectively, reduce to

f=0ao¥Ina — 0.5)
and (120b)
Q=mwr}  with  f= (K/w)h[r,)2[1—(h,/h)2]

which relations are obtained by Peterson [44] in his method of drainage well
design and which he solves by graphical means. Peterson’s graphical solution
of the first of the above relations may be replaced by Eq. (120), with B = 0and
fis as defined in Eq. (120b).

Example 24. A leaky water-table aquifer receives an average rate of deep
percolation of 1.93 x 10-7 ft3/sec/ft? during 6 mo of an irrigation season.
Prior to the incidence of deep percolation, the water table in the soil mantle and
the piezometric surface in the underlying constant-head artesian aquifer stand
at 55 ft above the base of the soil mantle. The parameters e, K, K'/b’ are esti-
mated as 0.10, 5 x 10-* ft/sec, and 1.93 x 10-% sec, respectively. The per-
meable soil mantle is 75 ft deep and the ground water is to be maintained not
less than 25 ft below ground surface within a period of 100 days since the begin-
ning of the irrigation season by using 12-in. wells located on an equilateral
triangular grid. If the wells are to be operated with the beginning of the irriga-
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tion season; estimate the discharge and well spacing, (1) if the pumping lift
(neglecting well losses) is not to exceed 60 ft, and (2) if the water-table aquifer
is not leaky.

(1) Given: Dy(t*) = Dy(0) = h, =55 ft; h,=75-25=50 ft; h, =
75—60 =15 ft; t*=0; 1, =8.64 x 10% sec; K =5 x 10~* ft/sec; ¢ =
0.10; K'/b" = 1.93 x 1078 sec™!, w = 1.93 x 1077 ft/sec; and r, = 0.5 ft.
Slide-rule calculations follow: From Eq.(113a), B® = 1.13 x 10%ft?, or
B =1.063 x 103ft; y=(K'/b"))e =193 X 1077 sec; from Eq.(112),
Dy(t* + t,) = 63.2 ft; from Eq. (114b), with Q = =wrZ, f; ~ 0.0413; from
Eq. (114), Z = 2.39; from Eq. (115b), « = 0.624; from Eq. (115a), r,/B =
0.61 and hence r, ~ 650 ft; from Eq. (114a) and a table of [;, Q ~ 0.502 ft3/
sec. A second trial with these values of Q and r, gives f; = 0.0815. Repeating
the computations with this value of f; gives r, = 620 ft and @ = 0.528 ft3/sec.
For full coverage on an equilateral grid, the spacing parameterism = r,v/3 ~
1075 ft. If more accuracy is desired, the calculation is to be repeated with a
value of f] based on the second approximation of r, and Q. The time criterion
of Eq. (113b) gives ¢t => 4 days. Since 7, = 100 days, the time criterion is satis-
fied.

(2) Dy(t*) = Do(0) = hy = 55; from Eq. (116), Dy(t* + ) = 71.7 ft;
from Eq. (119b), 7 = 1.51 x 107, B = 0.86, and f= 1.3 x 107; from Eq.
(120), « = 1350, from which r, = 675 ft; the spacing for an equilateral grid
ism = r,v/3 = 1170 ft; and from Eq. (119a), Q = 0.515 ft3/sec.

If the discharge of the well is reduced to Q,, = =wr? = 0.276 ft3/sec, the
water level at r = r, will, from Eq. (120a), stand at about 49.99 ft above the
base of the soil mantle after about 4.85 days [from Eq. (118)] since the change
of the well discharge.

IX. Flow to Collector Wells

Horizontal wells, generally known as collector wells, have been used under
favorable hydrological conditions as a means for ground-water recovery.
They have been reported to yield large quantities of water when located
adjacent to streams, or in permeable aquifers removed from surface-water
supplies [5].

The yield of a collector well is generally estimated by using the Dupuit-
Forchheimer well-discharge formula with an experimentally suggested equiva-
lent-well radius [46]. That is, the collector well is replaced by a hypothetical
vertical well that completely penetrates the aquifer and is of such a radius that
the drawdown therein is equal to that which obtains in the collector well. The
suggested value for the equivalent-well radius is approximately 75%, of the
average lateral length in the collector-well system [47]. The flow pattern
around a collector well is, however, extremely complex. The thickness of the
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FiG. 22. Diagrammatic representation of a collector well in a nonleaky water-table aquifer.

aquifer and the length, location, and number of laterals are important factors
in the determination of the yield of, and the drawdown distribution around,
such wells.

Solutions for problems of flow toward steadily discharging, partially pene-
trating vertical wells have been obtained by treating the well as a line source,
the strength of which (discharge) is uniformly distributed along the water-
entry portion of the well [7, 22, 48-50]. These solutions have proved success-
ful in practice, although, theoretically, the hydraulic head rather than the flux
should be uniform along the face of the well. Collector wells are horizontally
laid pipes of small diameters when compared with the aquifer thickness. They
are partially penetrating, horizontal wells. Consequently, solutions for prob-
lems of flow toward collector wells obtained by treating the laterals as line
sinks will probably be as successful in practical applications as their counter-
parts for vertical wells. Based on this assumption and on the usual assumptions
with regard to the homogeneity and uniformity of the hydraulic properties of
the aquifers (Section III), analytical solutions have been obtained [19] that
describe the flow toward collector wells that are steadily discharging from
water-table or artesian aquifers infinite in areal extent, or that are cut by fairly
straight and effectively long stream channels. Some of the results are presented
below.
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A. DRAWDOWN AROUND COLLECTOR WELLS

If each of a group of N laterals of a collector well is replaced by a finite line
sink of uniform discharge along its axis and if the piezometric drawdown in-
duced by the ith lateral at any point (r, 6, z) in the aquifer is denoted by s;, the
drawdown distribution s around the collector well is, by superposition, given
by

i= j=

s =2N3s,- =§N,‘(Q,-//,-)ﬁ(r, 0,2, t; 6,2) (121)
(51 =

!

in which f; is a function satisfying the boundary-value problem that governs
the flow in a given flow system, and Q;» 1, z;,and 6, are the discharge, the length,
the vertical position, and the orientation, respectively, of the ith lateral (see
Fig. 22, for coordinate system). The discharge Q of the collector well is the
sum of the discharges of the N laterals of the well.

1. Collector Well of Symmetrically Located Laterals

A group of radial laterals lying in the same horizontal plane and issuing from
a central caisson are called symmetrically located laterals, provided that they
are equal in length and are so oriented that each will drain an equal sector of
an infinite, homogeneous, isotropic, and horizontal aquifer having a uniform
thickness (Figs. 25a and 25b). When all are in operation, the discharge of each
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of the laterals of such a collector well is the same and is equal to Q/N. The
drawdown around such wells is, therefore, given by

s = (QIND S Ai(r, 0,2, 15 6, 2) (122)
=1

in which /is the length of each of the laterals and z, is the vertical coordinate
of the laterals position.

2. Pumping Levels in Collector Wells

The equations of drawdown to be presented are based on the assumption
that the flux entering each of the laterals is uniformly distributed along its
water-entry face. Theoretically, the hydraulic head rather than the flux should
be uniform along the face of the lateral. Because of field and operational condi-
tions, neither a uniform flux nor a uniform head along the face of the lateral
occurs in the actual field problem. In the field problem, the drawdown distribu-
tion along the face of the lateral will have a distribution between the two
theoretical extremes. As in the problem of partially penetrating vertical wells
[22], the drawdown in the collector well will be approximated by the maximum
drawdown that obtains along the face of the uniformly discharging lateral.

The location of the point of maximum drawdown along the face of a lateral
depends on the geometry of the collector well. In the case of a single lateral,
this point occurs at the middle of the lateral. Computations in the drawdown
equations show that this point approaches the face of the caisson of the col-
lector well as the number of the laterals is increased (Fig. 23). For a well of
four or more symmetrically located laterals, this point can, for all practical
purposes, be taken along one of the laterals at the face of the caisson; that is
Fp = 1, provided r, < 0.05/, r, being the effective radius of the caisson and P
the radial distance to the point of maximum drawdown. If the number of
laterals in such wells is six or more, the same approximation can be made if
ro < 0.1/ The location of the point of maximum drawdown is independent
of the hydraulic properties of the aquifer. Consequently, if r, > 0.1/ (orifan
exact location is required), the point can be located by constructing a draw-
down profile along the face of one of the symmetrically located laterals (or if
otherwise, along a centrally located lateral) by using assumed values of the
hydraulic properties of the aquifer.

In the strict sense, the drawdown in the collector well is obtained by evalu-
ating Eqs. (121) and (122) at the point of maximum drawdown. Ifr, = r, <
0.1/(for four or more symmetrically located laterals, generally used in practice),
however, the drawdown in a well of symmetrically located laterals may be
closely approximated [19] by

sc = (Q/Nl){.fi(rcs 919 Zl j: rw5 ta 01, Zl)
+N=-DAO, 0,2, £ 7,,1; 65,2)} (123)
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in which 6,, z;, and r,, are, respectively, the angular coordinate (orientation),
the vertical coordinate (the position), and the effective radius of the lateral
along whose face the point of maximum drawdown lies (any of a group of
symmetrically located laterals).

B. CoLLECTOR WELLS IN INFINITE WATER-TABLE AQUIFERS

By assuming the maximum drawdown of the water table around a steadily
discharging collector well is small relative to the original depth of flow (less
than 25%,), that the quantity of water released from storage because of compac-
tion of the aquifer is small relative to that released by dewatering the aquifer,
that the radius of the lateral is small relative to the depth of saturation (or
thickness of the aquifer, if it is artesian), and that the radius of the caisson is
small compared with the length of the lateral, the solutions presented herein
[19] are obtained.

1. Equations of Drawdown

The equations given below are for the drawdown s,(r, 8, z, ¢; 8;, z;) induced
by the ith of a group of laterals of a collector well. The total drawdown around
the well is obtained through use of Eq. (121) or (122).

a. EQUATIONS FOR LONG TIMES. For ¢ greater than both 2.56%/v and 5(r2+
I9)/v, the drawdown equation can be approximated (see Fig. 22 for the coor-
dinate system) by

s = [(Qi/1)[AmKbY e W [(a® 4 B2)/4vt] — SW(S? + B%)/4v1]
—2B[tan"Y(o/B) — tan=(§/B)] + 2/;
+ (4b/7r)21(1/n)[L(mroc/b, nufb) — L(nad[b, nmp[b)]

- cos(nmz/B) cos(mrz,./b)} (124)
in which
o =rcos(d —8)—r, B =rsin(6 — 6)
d=rcos(§—-6)-1, I'=r,+1
r? = x%+ 3%, v = Kb|e

the functions W(u) and L(i, + w) are defined in Section II, C, and tan—! de-
notes the inverse circular tangent, tabular values for which are available.

b. DRAWDOWN IN COMPLETELY PENETRATING OBSERVATION WELLS. The aver-
age drawdown in an observation well screened throughout the aquifer may be
obtained by integrating the piezometric drawdown, s{r, 6, z, ¢; 0,, z,), with
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respect to z between the limits 0 and b and dividing the result by b (Section
IV). For large times, the result is immediately seen to be given by Eq. (124)
without the series terms.

Figure 24 compares drawdowns induced by a collector well in observation
wells with drawdowns induced by a vertical well, located at the center of the
caisson, and having a diameter equal to that of the symmetrically located
laterals.

12
134 —
//
14 8—Iaterals\/////<
- 4 - |gterals
- e
k15 vertical well [ 0.1
“0e
3 ry® 0.014
16
&5
4vt 10
174
\\ ,l
4 ~
187 obser. wells
19 T T T
o] 0.5 1.0 .5 20
x/4

FiG. 24. Drawdown in observation wells due to the steady wells shown.

¢. DRAWDOWN AT r > I’ - b. In this region, the bracketed factor in the
series of Eq. (124) approaches zero. Consequently, Eq. (124) without the series
terms approximates the drawdown distribution in this region. If, in this region,
r > 5/, the equation of drawdown for a collector well of at least two laterals
on a line can, from Egs. (122) and (124) without the series terms, be given by
the Theis formula; namely,

s = (Q/4=Kb)W(r?/4vt)

Figures 25a and 25b give drawdown distributions around collector wells in
the planes of their laterals. It is apparent that at large distances from the center
of the caisson, the flow changes from three-dimensional in character to a
radial type that can hardly be distinguished from that given by the preceding
equation; that is, from that of a purely radial flow to a vertical well.
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FiG. 25. Drawdown distribution in the plane of laterals of the collector wells shown in a
thick aquifer.
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Fic. 26. Diagrammatic representation of a collector well near a stream.

2. Eguations for Pumping Level

For ¢ > 2.5b%/v and >5(rZ + I%)/v, the pumping levels in wells of four or
more symmetrically located laterals can, if / > 0.5b and r,, < b/2= (for other

situations and time criterion, see reference [19]), be approximated by the follow-
ing relation:

5. = (Q/4nKbN) { W%/ 4vE)
+ [(N=D/IIW({I?/4vt) — r W(r2/4vD)]
+ 2N+ (b/2D) In[(b/mr,)*/2(1 — cos =(2z; + r,)/b)]
BV /1] (U2 ~ L Jb,0)
- cos(nnz,/b) cos nm(z,+ r,)/b } (125)
in which M" is an integer large enough so that M’ > b/2r..

If r, > 0.5b, the series in Eq. (125), for all practical purposes, may be neg-
lected.

The drawdown in a collector well is always less than that obtaining at
r = 0, regardless of the number of laterals of the well. The difference between

404



Hydraulics of Wells

image real latr.

a

a>05(b+r,+{")

] =
, stream bed—~ v
{'cos 8‘-; ¥ 1\ 7
Z .
~ T EAS 2
l 777

F1G. 27. Diagrammatic representation of a collector well under a stream bed.

these two values becomes increasingly smaller as the number of the laterals is
increased or as the radius of the caisson becomes a small fraction of the depth
of saturation (the thickness of the aquifer for the artesian case), or both. For
t > 51%[v, I > 0.5b, and r,, << b/2x, the drawdown in the well is

s, > (Q/2nKb) In(R/]) (126)
where
R = 4-08+/vt {(b/mr,)%2[] — cos 7(2z; + r,)/b1}P* (127)

C. COLLECTOR WELLS NEAR A STREAM

Figure 26 represents a collector well near a stream of vanishing low grade
and of a fairly straight and effectively long channel, that cuts completely
through a water-bearing stratum. The distribution of drawdown around
steadily discharging collector wells in such a system can be obtained by the
use of the method of images (Section VII) and Eq. (124). The pumping level
in the well during the steady state is of practical interest.

Pumping level during steady state: 1f 1> 0.5b and r, < b/2w, the steady-
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state pumping level in a well having N symmetrically located laterals can be
computed [19] from

s. = (Q/2nKbN){In(y”/p*) — (N — 1) In[p"/[y"p?]
+ 0.5[the logarithm and the series terms of Eq. (125)]}  (128)

in which y = 2(a—r)/l, p = 2a—2r,—D|l,j = 1'|l, and p = r/l, where a is
the effective distance from the center of the collector well to the stream (Fig.
26). This distance, as in the case of vertical wells near a stream, does not
necessarily extend exactly to the actual location of the stream bank (Section VII).
Provided that / > 0.5b and r,, < b/2m, the drawdown in the well satisfies the

following relation:
8. > (Q/2nKb) In R(y”/1s*) (129)

in which Ris as given by Eq. (127).

D. COLLECTOR WELLS UNDER STREAM BEDS

Figure 27 shows a collector well under a stream bed. If the capacity of a
stream channel is large compared to the maximum diversion of ground water,
the slope of its surface may be neglected. If it is assumed that the percentage of
the discharge of a collector well that originates from storage in the inland
portion of the aquifer is small relative to that which originates from induced
infiltration into the aquifer beneath the stream bed, it may be assumed that the
banks of the effectively infinite and fairly straight stream are vertical imper-
meable planes that cut completely through the aquifer; hence, the method of
images may be used in conjunction with Eq. (124) to obtain drawdown distri-
bution around collector wells under stream beds.

Pumping level during steady state: The drawdown in the well during the
steady state is of practical importance. This state of flow prevails for ¢ >
5b%fv. During this period, and provided thata > 0.5(b + r, + I’) and that the
laterals and their images form four or more symmetrically located laterals,
the pumping level can be estimated from the following relation:

{1 — cos n(2z; 4 r,)/2b][1 + cos =(r,,[2b)]
[1 + cos w(2z; 4 r,,)/2b][1 — cos =(r,,[2b)]
+(16m) 3 [1/2n + DILLCn + 25,0

+ LI@n+ Dl +7,)/26,0] — L{2n + 1y Jb, 0]

— /24 2N — D[L[@n + D)l'[2b, 0]

— LI@n -+ 1y /2B, O]} sin@n+ D)(z, + r,)/26]

- sin[(2n + 1)nz;/2b] (130a)
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which for / > b and r,, < b/7 can be approximated by

[1 —cosn(2z, + rw)/2b]}
[l 4 cosm(2z;,+r,)/2b]

5./(Q/87KIN) = 1n{(4b/7rrw)2

+ (ls/w)é [/ + DYm]2 - L{@n + Lymr b, 0]

+ 2(N = D)[/2 = L[@2n + 1)mr,[2b, O1)}
- sin[2n + D)z, + r,)/2b] sin[(2n + 1)mz,/25] (130b)

in which M’ is an integer so that M’ > 0.5b/r,.
Within the same limitations imposed on the preceding equation, the follow-

ing also holds:
s, > (Q/4nKl) 1n{(4b/mw)2 [1 — cos m(2z; 4-r,)/2b]

{1+ cos n(2z; -+ r,)/2b]
When a single lateral, normal to the stream, extends from bank to bank
under a stream of width a, the drawdown in the caisson can be shown (from

the comparable problem of a vertical well in an infinite strip of a nonleaky
aquifer {38, p. 925, case 2]) to be given by

S, = (Q/4nKa) {the logarithmic term of Eq. (130a)}

(131)

At first glance, computations using these equations may appear laborious
and difficult. However, inasmuch as the necessary mathematical tables for the
functions involved are available, and inasmuch as only a few terms of the finite
sums are required to obtain results accurate enough in practical applications,
the computations are not so lengthy and difficult as they may at first appear.

Example 25. Estimate the upper limit of the yield of a collector well to be
constructed under a river bed, if / = 200 ft, 5 = 50 ft, a = 250 ft, z; = 25 ft,
r, = 1ft,r, =10 ft, K = 0.001 ft/sec, and if the drawdown in the well is not
to exceed 20 ft.

Since a > 0.5(b + r, + I'), > b, and r,, > b/n, the yield of the well will
not exceed that given by Eq. (131). Thus, Q < 4m(0.001)(200)(20)/2.3
log,0[(200/7)%(0.305/1.695)], or Q < 7.62 ft3/sec.

X. Pumping Tests

Knowledge of the physical conditions of aquifers and of their hydraulic
properties is essential in quantitative studies of ground-water resources.
Determination of numerical values of the coefficients of storage, transmissivity,
and leakage enables the evaluation of the importance of an aquifer as a fully
developed source of water. These coefficients depend on factors characteristic
of the aquifer and the water flowing through it. Because of the many factors
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on which these coefficients depend, numerical values of such coefficients must
depend on experimental determination.

Although various laboratory techniques are available [5, 27], the numerical
values obtained therefrom are only qualitatively significant for hydrologic
purposes. More reliable values can be obtained from aquifer tests by which the
water-bearing materials are tested under natural conditions. Such tests may be
regarded as techniques for aquifer calibration. Several of these techniques are
based on the theory of flow toward wells. They are generally referred to as
pumping tests. .

The ideal way of making a pumping test is to select a well at a considerable
distance from any other pumped well, one that can be discharged at a large
rate and shutdown at will; to install a large number of observation wells in all
directions at varying distances from the well to be discharged ; and to discharge
and shutdown the well, frequently observing the water levels in all the wells
so as to obtain representative drawdown and recovery data, Ordinarily, how-
ever, one of a group of available idle wells is pumped for as long as necessary
or as long as operational conditions permit. The water levels in all available
idle wells are observed during the entire period of drawdown and recovery.

There are no specific rules that can apply to all types of pumping tests. Each
test is conducted under certain prevailing conditions (suggestions for conduct-
ing pumping tests may be found in references [27] and [51]) which are seldom,
if ever, identical in any two tests. Because of the uncertainties and variable
factors involved, there is no substitute for experience and judgement of quali-
fied persons conducting these tests.

The analyses of data collected during a pumping test depend largely on the
selection of the well-flow equation applicable to the flow system under investi-
gation and on the degree to which the basic assumptions, governing the applic-
ability of the flow equation, are in accord with the geologic characteristics of
the aquifer being studied. Observed drawdown variations with time and dis-
tance from the pumped well may be interpreted in several ways (see Sections
I11, F; 1V, F; and V, C, 2) if other supporting data are not available. Indis-
criminate use and analyses of observed data may give erroneous and, in many
instances, unreasonable results. This, of course, leads to the vexations that
arise when attempts are made to force the application of formulas to situations
where they do not apply. On the other hand, if the data are carefully studied
and all possible interpretations are considered and screened, the analyses may
provide valuable information not only about the hydraulic properties, but in
many instances about the physical conditions and geometrical parameters of
the flow system, such as the nature and location of hydraulic boundaries [51,
52], the average thickness of an aquifer [53], the effective distance to a line of
constant head [41-43], the effective radii of wells and well losses [54, 55] and
the tilt of a sloping water-table aquifer.
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The method of analysis suited for any particular situation depends, among
other factors, on the type of flow, the geometry of the flow system, the range of
time within which the observed data fall, and the distribution in time and dis-
tance of the collected data. The methods outlined subsequently pertain to wells
discharging at a constant rate from effectively infinite aquifers. Reference will
be made to methods applicable to other flow systems and conditions of flow.

A. METHODS OF ANALYSES IN NONLEAKY ARTESIAN AQUIFERS

Constructing semilogarithmic plot of observed drawdowns s against the time
t (s being on the uniform scale) is an integral part of the process of conducting
and analyzing pumping tests. Not only does it help in estimating the necessary
length of a test, extending, shortening, or entirely changing the test, but also
serves as a guide as to what method of analysis is most suited for a given situa-
tion. Thus, the first step in the application of any of the methods of analysis
outlined subsequently is the preparation of such curves for all observation
wells. They will, henceforth, be referred to as the “semilogarithmic data plots.”

1. Type-Curve Methods

a. THEIS’ TYPE-CURVE METHOD. This method constitutes the basis for all
other “Type-Curve Methods,” since the principle on which these methods are
based is the same. It is named after C. V. Theis of United States Geological
Survey who advanced the basic approach of solution. The following discussion
pertains to the solution of the Theis formula. It applies, however, to other
analogous equations provided the mathematical function involved in the equa-
tion of flow does not depend on more than two independent variables.

The Theis formula is given by

s = (Q4nT)W(u) (132)
with
u = r*S/4Tt (133)

For a given aquifer, T'and S are presumably constants. If Q is constant, s
will be proportional to the function W(u). Similarly, the independent variable
u of the function W(u) will be proportional to r%/t. Taking the common log-
arithm of Eqs. (132) and (133) will, therefore, yield

log,es — logyoW(u) = log,o(Q/4nT) = constant
and
log,o(t/r*) — logyo(1/u) = logo(S/4T) = constant;

that is, a logarithmic plot of W{(u) against 1/u, called a type curve, is similar to
that of s versus ¢/r2, called a data curve, if the two plots are of the same scale.
In other words, if the data curve is superposed on the segment of the type
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curve corresponding to the data curve, the s and W(u) scales are displaced with
respect to one another by the constant amount log,o(Q/4~T) and the t/r* and
1/u scales are displaced by the amount log,,(S/47). This observation makes it
possible to solve the drawdown equation (which otherwise cannot be solved
explicitly) for the unknown values of T'and S using pumping-test data collect-
ed from one or more observation wells. Data collected from the pumped well
may be used only if the well losses are negligible or can be reasonably estimated
by using equations of head loss in pipes and screens. The procedure follows:

(1) Construct a type curve of W(u) against 1/u on a logarithmic paper.

(2) Plot observed values of s against #/r2 (or against ¢, if one observation
well is used) on a logarithmic paper to the same scale of the type curve.

(3) Superpose the data sheet on the type-curve sheet and translate vertically
and/or horizontally, keeping the coordinate axes of the two plots parallel, to a
position which gives the best fit of the observed points to the type curve.

(4) Select a point called a matching point, anywhere on the overlapping
sheets and record its data coordinates (that is: s, t/r?) as well as its type-
curve coordinates [that is: W(u), 1/u], henceforth referred to as the dual co-
ordinates of the matching point. For convenience, the matching point is selected
such that one of its dual coordinates are both 1 or 0.1.

(5) Substitution of the dual coordinates in Eq. (132), then Eq. (133), will
solve for T and S successively.

Application of the method is illustrated in Fig. 28 where field data from two
observation wells are used.

The Theis type-curve method may be used to analyze recovery data, if the
time-drawdown variation had the well continued to discharge could be extra-
polated by extending the semilogarithmic time-drawdown curve through the
period of recovery. In such a case, the data curve will be a logarithmic plot of
s—s' against #'/r?, where ¢’ is the time since shutdown, s is the extrapolated
drawdown had pumping continued, and s’ is the drawdown during recovery,
or what is referred to as residual drawdown.

The Theis type-curve method, and consequently all type-curve methods, isa
suitable method of analysis if the logarithmic plot of most of the observed points
exhibits a well defined curvature (such as that of the type curve in the range
1/u < 100) if a reasonably unique matching position is to be assured. The
points falling within the period before the attainment of the straight line vari-
ation of the semilogarithmic data curve will, theoretically, exhibit such a
curvature on the logarithmic data plot. It should be remembered, however, that
in general less weight should be given to the early part of the data, since these
data may not be closely represented by the theoretical drawdown equation on
which the type curve (or curves) is based. The theoretical equations are based,
among other things, on the assumptions that the well discharge remains con-
stant and the release of the water stored in the aquifer is immediate and directly
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proportional to the rate of decline of the pressure head. Actually, there may
be a time-lag between the pressure decline and the release of stored water and,
initially also, the well discharge may vary as the pump is adjusting itself to the
changing head, causing probable initial disagreement between theory and
actual flow conditions. As the time of pumping becomes large, the effects of
such flow conditions are minimized and closer agreement may be attained.
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Fic. 28. Example of Theis type-curve method.

If the observed data on the logarithmic plot exhibits a flat curvature (such as
that of the type curve for 1/u > 100), several apparently reasonably good
matching positions (depending on judgement) may be obtained; whence the
graphical solution becomes practically indeterminate. In such cases, resort to
other methods must be made.

b. HANTUSH PARTIAL PENETRATION TYPE-CURVE METHOD. Data collected
from observation wells, located at 7 > 1.56 from a partially penetrating pump-
ing well or from wells screened throughout the aquifer, can be analyzed by the
Theis type-curve method, since the average drawdown in such wells is described
by the Theis formula (Section IV, D, 4). If such wells are not available, how-
ever, a type-curve method based on Eq. (82) may be used if the aquifer is iso-
tropic and relatively deep. The method determines the hydraulic properties
and often the average thickness of the aquifer. For detailed account of this
method as well as others, the reader is referred to [53].
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If a well pumping from an isotropic aquifer of thickness b is screened be-
tween the depths d and /, the average drawdown in observation wells screened
between d’ and /' may for all practical purposes be given by

5 = [Q/87K(I—d)E(w) (134)
with

u = r2S/4Tt = r*Ss/4Kt (135)
provided

t < S[2b —0.5Q21 +1I' + d")]?/20T

in which the function E(u) is that given by Eq. (82), with @ = 1 and z =
0.5(" + d').
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FiG. 29. Example of Hantush type-curve method for partial penetration.

In this method, a type curve for each observation well is necessary. The type
curve is a logarithmic plot of E(u) against 1/u and the data curve is that of §
against ¢. The procedure of solution is the same as that of the Theis method.
In matching the data curve to the type curve, however, one should remember
that the observed points corresponding to relatively large values of time may
deviate upward (having larger drawdown values) from the type curve. The devi-
ation is to be expected, since the type curve represents drawdowns during
relatively short period of pumping. Should, in the matching position, the data
curve depart from the type curve, the value of u (designated by u,) at the point
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where the two curves begin to depart from each other, called the point of
departure, should be recorded in addition to the dual coordinates of a selected
matching point. The dual coordinates of the matching point and Egs. (134)
and (135) will solve for K and S,. The average thickness of the aquifer will be
estimated from the relation

b 025[20 + ' + d' + 4.48rv/{TJuy))

which is a rearrangement of the time criterion following Eq. (135) and where
1/u, is the recorded value of 1/u at the departure point. Having obtained
K, S,, and b, the values of T and S follow.

An example of application is shown in Fig. 29. The field data are from a test
in a water-table aquifer [53].

This method is best adapted when the semilogarithmic data curve exhibits
curve inflections of the type shown in Fig. 11a curve 2, and Fig. 11b, curves
1 and 2, and when the number and distribution of the observed points are
such that the curve prior to the attainment of the ultimate straight-line varia-
tion is clearly discernable.

2. Straight-Line Methods

a. JACOB’S METHOD. Jacob, after whom the method is named, observed
that for relatively large values of time (¢/r* > 5S/T’), Eq. (132) may be closely
approximated [see approximation of W(u)] by

5 = (2.3Q/4T) log,q(2.25Tt/Sr?) (136)

That is, a semilogarithmic plot of s (s being on the uniform scale) versus r?/¢
(or ¢, if one well is used) will, for (¢/r? > 5T/S), be a straight line having a slope
4s/4 log,(r¥/t), with an absolute value m equal to 2.3Q/4»T and an (r2/t) —
intercept, designated by (r?/t), equal to 2.257/S’; the slope m may be conveni-
ently taken as 4s/one cycle. Consequently, if the best-fit straight line is con-
structed through the points that appear to define straight-line variation on the
semilogarithmic data plot, the field values of T and S may be computed from

T =23Q0/4xm and S = 2.25T/(**/t),

respectively. If the intercept (r?/f), falls outside the data sheet, the coefficient
of storage S can be calculated from Eq. (136) and the coordinates of any point
on the straight line; T, of course, has been calculated using the slope of the
line.

Data collected from the pumped well may similarly be used to determine 7.
The storage coefficient .S cannot, however, be obtained unless the magnitude of
the well-loss is known.

b. HANTUSH PARTIAL PENETRATION STRAIGHT-LINE METHOD. For relatively
large values of time (¢ > bS/2K), the average drawdown in observation wells
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located around a partially penetrating well can be approximated by Egs.
(80) and (81), whichever applies, witha = 1 and z = 0.5(' + 4") if the aquifer
is isotropic. These equations differ from the Theis formula and consequently
from Eq. (136) by an additive constant independent of time. Clearly, Jacobs
procedure may be followed if the numerical value of this constant can be obtain-
ed. If the aquifer thickness is known, this constant ( f; or f;") can be calculated
from the expressions of f; or f, whichever applies [see Egs. (80) and (81) for
definitions of f; and f]. Thus if the semilogarithmic data plot of § versus ¢
clearly indicates the formation of the ultimate straight-line variation (Fig. 11,
curve 2) (the curve inflection prior to the formation of this line may or may not
be apparent), the values of T and .S may be calculated [53], respectively, from

T = 2.30Q/4mm and S = (2.25T/r*)t, exp( f)

in which #, is the time-intercept of the ultimate straight line on the zero draw-
down axis and f; is calculated from its defining expression [see Eq. (80)]; if
Eq. (81) is the governing equation, f, should replace f;,. Calculations for f; are
not as difficult as it may at first appear. Generally only a few terms of the series
involved may be required. .

¢. THEIS RECOVERY METHOD. The residual drawdown in observation wells
at relatively large values of time (¢’ > 5Sr?/T) since shutting down a complete-
ly penetrating steadily discharging well may be approximated by Eq. (68).
Obviously, a straight line fitted to the points exhibiting straight line variation
on the semilogarithmic data plot of s’ (s being on the uniform scale) versus
(1 + t,/t"), where ¢, is the period of continuous pumping and ¢’ is the time since
shutdown, will have a slope 9s'/0 log,o(1 4 f,/t’), whose absolute value m
(conveniently taken as ds/one cycle) satisfies the relation

T = 2.3Q/4nm

and thus, makes possible a calculation for 7. The storage coefficient cannot
be obtained from such data.

For analyzing recovery data around partially penetrating wells, the reader
is referred to [53].

B. METHODS OF ANALYSES IN LEAKY ARTESIAN AQUIFERS

1. Steady-State Methods

If data are collected from three or more observation wells after the flow
toward a pumping (or flowing) well has attained essential stability within the
region of observation, the following methods may be used to determine field
values of the hydraulic properties of the leaky artesian aquifer.

a. JACOB’S TYPE-CURVE METHOD. The procedure of solution is essentially
that of the Theis type-curve method. In the present case, however, the type
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curve [see Eq. (55)] is a logarithmic plot of the function Ky(x) against x and the
data plot is that of s versus r; the expression relating x and r is x = r/B =
rV(K'[b’)[T. Consequently, the dual coordinates of the matching point will be
used to calculate for Tand K’'/b’ from the relations

T = (Q2m[Ky(x)/s] and  K'[b" = T(x/r)?

respectively.
b. STRAIGHT-LINE METHOD. If r/B < 0.05, Eq. (55) may be approximated
by
s = (2.3Q/2=T) log,(1.12B/r),

that is, a semilogarithmic data plot of s versus r, s being on the uniform scale,
will define a straight-line variation if the observed points fall in the range
r/B < 0.05. Intheranger/B > 0.05, the points fall on a curve that approaches
the zero drawdown axis asymptotically. A line fitted through the points that
appear to define a straight-line variation (three or more points are necessary to
establish this condition) will have a slope 4s/4 log,,r with an absolute magni-
tude m equal to 2.3Q/2=T and an r-intercept, r,, on the zero drawdown axis
equal to 1.12B. Thus T and K’/b’ may be calculated from

T=230Q/2mm and K'[b" = T(1.12/ry)?
respectively,

2. Unsteady-State Methods

These methods are based on the Hantush-Jacob formula for leaky aquifers
without storage in the semipervious layers; namely,

§ = (Q/4=TYW(u, r/B) (137)
with
u = r2S/4Tt and B = VT/(K'[b) (138)
Alternatively, Eq. (137) can be written as
s = (Q/4nT)[2K\(r/B) — W(g, r/B)] (139)
with
q = Tt/SB? (140)
If ¢ > 2r/B, Eq. (139) can, for all practical purposes, be approximated by
Sn—s=(Q[4rT)W(q) (141)
with
S, = (Q/27T)Ky(r/B) (142)

where s,, is the maximum or steady-state drawdown.
a. WALTON’S TYPE-CURVE METHOD. This method [56] uses a family of type
curves. These type curves are constructed by plotting on a logarithmic paper
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the function W(u, x) versus (1/u) with x as the running parameter of the family
of curves. The curve whose x-value is zero represents the “Theis type curve.”
The relation between x and r is r = Bx. The data plot is that of s versus #/r2 (or
t if one well is used). The procedure of solution is essentially that of Theis. In
the matching position, each of the data curves will follow one of the family of
the type curves. Because the leakage effects may be insignificant during the
early period of pumping, the early points of each of the data curves may fall on
or, at least, approach asymptotically the Theis type curve. This type curve will,
therefore, serve as a guide in obtaining the best fitting position. The data that
may fall on the Theis type curve are generally those points which fall within
the period ¢t < 0.25¢; on the semilogarithmic data plot, where ¢, is the time at
which the inflection of this curve occurs; the position of inflection may be
reasonably estimated by inspection or, if the maximum drawdown can be
extrapolated from the semilogarithmic data curve, the inflection occurs (see
Hantush inflection-point method, presented subsequently) at value s, desig-
nated by s;, given by s, = 0.5s,,,.

Having obtained the best matching position, the values of the parameter x
corresponding to each of the data curves are obtained by interpolating the
position of these curves among the family of type curves. The values of the
leakage factor, B, are then computed from the relation B = r/x; the mean of
these values approximates the average value of B, presumably a constant for a
given leaky aquifer. The dual coordinates of the matching point and Egs. (137)
and (138) will solve for Tand S. Knowing T and B, the value of K'/b’ follows.

Unless a sufficient number of the observed points falls within the period
during which leakage effects are insignificant (# < 0.25¢), a unique fitting
position is difficult to obtain.

b. HANTUSH TYPE-CURVE METHOD. If the period of test is long enough that
a sufficient number of the observed data fall within the period ¢ > 47, and that
the distribution of these data on the semilogarithmic plot is such that the maxi-
mum drawdown can be reasonably extrapolated, a type-curve method based
on Eqs. (140) to (142) may be used to estimate numerical values for the hydraulic
properties of the aquifer. In this method, the type curve is a logarithmic plot
of W(q) versus g (an adequate range of g is 10— << g < 5) and the data plot is
that of (s,,— s) versus 7 of all the available observation wells, remembering that
the s5,, and ¢; are different for different well positions. The values of s,, are extra-
polated from the semilogarithmic plot of each well and the corresponding
values of ¢, are estimated by locating the position of the curve inflection, using
the values of s; obtained from s; = 0.5s,,,.

In the process of obtaining the best matching position, one should remember
that the observed points within the period ¢ << 4¢,, for each of the wells, may
fall below the type curve, since within this period Eq. (141) may not apply.
Actually, within this period, the observed points of each well will follow one of
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the family of type curves of W(g, r/B) versus q with r/B as the running param-
eter, had the superposition been made on such a family of curves.

The dual coordinates of the matching point and Eqs. (140) and (141) will
solve for T and SB2. The value of B for each well is then obtained from Eq.
(142) and a table of Ky(r/B). The mean of these values will be the average value
of the leakage factor, B. Consequently, the average values of S and K’/b’
follow.

¢. HANTUSH INFLECTION-POINT METHODS. A semilogarithmic plot of s versus
1, s being on the uniform scale, has an inflection at which the following relations
hold:

u, = r2S/4Tt, = r|2B (143)
m; = (250 logyt); = (2.3Q/4=T) exp(—r/B) (144)
5; = 0.55,, = (Q/4nT)Ky(r/B) (145)
S(r|B) =exp(r/B)Ky(r/B) = 2.35,/m; (146)

in which s;, m;, u;, and ¢, are, respectively, the drawdown, the slope of the semi-
logarithmic curve, the value of u, and the value of ¢ occurring at the inflection
point; s, is the maximum, or the steady-state drawdown; and f(r/B) is a func-
tion for which tabular values are available [28, 57]; it can be readily tabulated
by using tables of the exponential function and the zero-order modified Bessel
function of the second kind.

For r/B < 0.01, that is, for 2.3s5,/m; greater than 4.77, Eq. (146) may be
approximated by

logo(2B/r) = 0.251 + s,/m; (147)

Based on the preceding properties of the semilogarithmic curve (detailed
account of which is given in reference [28]), the following methods are devel-
oped for obtaining field values of the formation coefficients.

One observation well. If the period of the test is long enough and the num-
ber and distribution of the collected data are such that the inflection of the semi-
logarithmic data curve is apparent and that the maximum drawdown can be
reasonably extrapolated, the procedure is as follows:

(1) Extrapolate the maximum drawdown s,,, whence, s; = 0.5s,,.

(2) This value of s; locates the inflection point on the semilogarithmic data
curve, and hence the value of #;.

(3) Measure the slope m; of the curve at the inflection point. Usually, this
can be closely approximated by the slope of the straight portion of the curve
on which the inflection point lies.

(4) Calculate the quantity 2.3s;/m, and obtain the corresponding value of
r/B from a table of f(r/B) or from a graph constructed from this table.
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If 2.35;/m; > 4.77, obtain B/r from Eq. (147). Knowing 7, the value of B
follows. The values of T, S, and K'/b’ are successively computed from Eq.
(144) or (145), from Eq. (143), and from K’/b’ = T/B2.

Sometimes the extrapolated value of s,, is either over- or underestimated,
or/and the straight portion of the data curve (which sometimes may be passed
through the observed in several ways) is constructed either flatter or steeper
than necessary. A check for the reliability of the calculated formation co-
efficients should, therefore, be made. This is done by comparing the data

time t in min
| 10 I(l)O lOpO 10000

1
| fwe=23D=210,0=00555tsec
. g From Tables, r/B=0.2],Ko(r/B)=171
N = 5refe (7B)=2.33x10t%sec
5] b w=r/2B, r=96ft
_ @ or 5 =4T(60t)(/28B
re n re
. & =20 x10°*
s ol K/b'=T/B*=112 xI0 %sec™
3 <X
= 4- I
2 478 \j I Inﬂpec_tion
S5+ at ;=32 min
6
2

F1G. 30. Example of Hantush inflection-point method for leaky aquifers.

curve with that calculated from Eq. (137) using the determined values of the
formation coefficients. The latter part of the collected data is more dependable
in the process of comparison, since, as remarked previously (see Theis method),
the early part of the data may not conform with theory. If the calculated curve
deviates appreciably from that observed (generally, that in the period ¢ > 1,),
the next step is to adjust the extrapolation of s,, and/or m; and repeat the analy-
sis. The amount of adjustment is inferred from the amounts and direction of
the deviations of the calculated curve from that observed. With a little experi-
ence, only one trial may result in a satisfactory answer.

Figure 30 is an example of application. This example has been analyzed by
Walton’s method [56] also.

More than one observation well. Equation (144) may be written as

r = 2.3B[log1(2.3Q/4nT) ~ logyym,] (148)
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Clearly, a semilogarithmic plot of r against m, (r being on the uniform scale)
should be a straight line having a slope 4r/4 logyem; equal to 2.3B and an
mj-intercept [designated by (m,),] equal to 2.3Q/4=T. Thus, if the period of a
test is long enough that the straight portions of the semilogarithmic time-
drawdown curves of at least two observation wells are fully developed, the
following procedure may be used to calculate the formation coefficients:

(1) Find the slope m; of the straight portion of each semilogarithmic data
curve,

(2) Construct the best-fit straight line on the semilogarithmic (m; versus r)
plot (r being on the uniform scale) and obtain its slope Adr/d log,gm; and its
mg-intercept (m;)g.

(3) Calculate B from B = 0.434(dr/d log,ym), and T from T = 2.3Q/
4m(m;), or from Eq. (144) and the coordinates of any point on (m; versus r)-
straight line.

(4) Calculate K'/b’ from K'[b’ = T/B2.

(5) With this information, compute the values of s; for each well by using
Eq. (145) and a table of K(r/B), then locate on each of the data curves the
corresponding inflection point; hence obtain the values of t,.

(6) Calculate the corresponding values of S by using Eq. (143). The mean
of these values approximates the average value of S in the well field.

C. ANALYSES OF PUMPING TESTS IN WATER-TABLE AQUIFERS

1. Methods of Analyses in Horizontal Aquifers

The methods of analyses for tests in artesian aquifers can be applied to
analyze corresponding situations of complete and partial penetration in water-
table aquifers if s/ Dy < 0.25 (D, being the initial depth of saturation) and pro-
vided the quantities s, T, and S in the former equations are replaced with
s—s*2D,, KDy, and e (specific yield), respectively, (Section V, B, 2); for
partial-penetration equations for relatively short time or relatively thick aqui-
fers, s is replaced with s — s2/2, [ being the penetration depth of the pumped
well (Section V, B, 3). Consequently, the methods of analyses, previously
presented, may be used in analyzing data collected from pumping tests in
water-table aquifers if the foregoing adjustments are made. It is t6 be observed,
however, that the early part of the data may not conform with theory, since
the theory neglects the effects on the nature of the flow of the vertical-flow
components, of the time-lag in the release of stored water, and of the quantity
of water released from storage due to aquifer compaction, which effects may
be appreciable in the early stages of the flow. Eventually, however, these effects
are minimized.
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2. Methods of Analyses in Sloping Nonleaky Water-Table Aquifers

From Eq. (94), the drawdown around a well steadily discharging from an
effectively infinite and sloping water-table aquifer (see Fig. 15, for coordinate
system) can be approximated by

" (s—5%/2Dy) = (Q[4nT,) exp[—(r/B) cos O] W(u, r/B) (149)
wit
Ty = KD, u=r%/4Tyt, and B =2D,fi (150)

The corresponding equation for the maximum drawdown s,,, or the draw-
down during the steady state, is given by

(S~ Sm/2Dg) = (Q/2nT,) exp[~(r/B) cos O]K(r/B) (151)
For g > 2r/B, Eq. (149) may be approximated by
(Sm—Sm/2Dg) — (s—$2/2Dy) = (Q/4=Ty) exp[—(r/p) cos 61W(q)  (152)

with
q = Tyt/ef? (153)

Equation (137) becomes identical to Eq. (149) if the quantities, s, Q/4=T,
T, S, and B, of the former aquation are replaced with s—s2/2D,, (Q/4nT,)
- exp[—(r/B) cos 0], Ty, €, and B, respectively. Similarly, Egs. (138), (142),
(141) and (140) become identical to Eqgs. (150) to (153), respectively. This
analogy suggests the possibility of applying, to the present flow system, the
graphical procedures outlined for the leaky artesian system.

a. TYPE-CURVE METHODS. For a given aquifer, the Walton and the Hantush
type-curve methods for leaky aquifers can be used within the same range of
applicability; it is assumed that the orientation with the direction of natural
flow of the line joining the pumped and observed well is known (8 is known).

When applying Walton’s method to the present flow system, the family of
type curves is the same as previously used, but the data logarithmic plot is that
of s—s*2D, versus t. The dual coordinates of the matching point and
Egs. (149) and (150) determines the quantities ¢/7, and (Q/4=T,) exp[— (+/B)
cos 8]. The position of the data curve determines r/8 and, hence 8. Simul-
taneous solutions of these data determine the values for 7, and . The slope of
the tilted aquifer is then obtained from i = 2.D,/B.

When applying Hantush method to the present flow system, the type curve
is the same, but the data curve is that of [(s,,—52/2Dg) — (s—s2/2D,)] versus
t, the value s,,—s2/2D, being extrapolated from the semilogarithmic plot of
the observed values of (s—s2/2D,) versus time. The dual coordinates of the
matching point and Egs. (152) and (153) determine the quantities €82/T, and
(Q/4nT,) exp[—(r/B) cos 8]. Equation (151), the second of these two quanti-
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ties and a table of Ky(r/B), determine r/8 and, hence 8. Simultaneous solutions
of these data determine Ty, €, and i.

These two methods apply to each well individually. They cannot be applied
to a composite data plot, since log, [(Q/d=Ty) exp[—(r/B) cos 6}] is not a
constant for variable r and 6.

b. INFLECTION-POINT METHODS. The properties of a semilogarithmic plot of
s—s2/2D, versus ¢ (¢ being on the logarithmic scale) are given by Eqgs. (143)
to (146) if s, s,, Q/4=T, T, S, and B are replaced, respectively, with s,—s?/
2Dy, §,,—52/2D,, (Q]4nTy) - exp[—(r/B) cos 6], T, ¢, and B. Consequently,
if these replacements are observed in the procedure previously outlined for the
Hantush inflection-point method for one observation well in a leaky artesian
aquifer, calculations for Ty, ¢, 8, and { may be similarly effected. Equation
(147) cannot be used, however, in the present calculations.

If the replacements discussed in the preceding paragraph are observed in
the procedure outlined for the Hantush inflection-point method for more than
one well in a leaky artesian aquifer, and observing that the slope 4r/4 log;4(m,),
of the semilogarithmic (m; versus r) plot will be equal to 2.38(1 + cos 8) in-
stead of 2.3B, calculations for T, €, B, and i can be similarly performed, pro-
vided that the observation wells lie on a radial line whose inclination to the
direction of the natural flow is known; that is, 8 has the same value for all the
wells.

D. METHODS OF ANALYSES IN WEDGE-SHAPED NONLEAKY ARTESIAN AQUIFERS

The drawdown distribution around wells completely penetrating and pump-
ing or flowing from a nonleaky wedge-shaped artesian aquifer whose thickness
may, for all practical purposes, be assumed to vary exponentially in the direc-
tion of x while remaining constant in the y direction has been obtained by
Hantush [29]. For the case of a steadily discharging well, the equation of
drawdown is analogous to that for the drawdown around wells steadily dis-
charging from a sloping nonleaky water-table aquifer, that is, to Eq. (149). In
fact, the former equation can be obtained from Eq. (149) by merely replacing
herein the quantities s—s2/2D,, Dy, Ty, €, and B with s, by, Kby, b,S,, and
(—a), respectively, where b, is the thickness of the wedge-shaped aquifer at the
site of the pumping well and a is a constant defining the variation of this aquifer
thickness (see reference [29] for detailed derivation, coordinate axis, and limit-
ation of use of the drawdown equation). In the process of replacement, one
should recall that the functions W(u,x) and Ky(x) in the developed equations
represent the functions W(u,|x]) and Ky(|x|) respectively. Consequently, if
these replacements are observed in carrying out the procedures outlined for
the methods of analyzing data from tests in sloping nonleaky water-table
aquifers, calculations for K, S, and a——the parameter of thickness variation—
may be made.
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E. METHODS FOR DETERMINING WELL CHARACTERISTICS

1. Drawdown in Discharging Wells

The drawdown in a discharging well is made up of the head loss resulting
from the turbulent flow of water into and inside the well, referred to as well loss,
and from the formation loss resulting from the head loss associated with turbu-
lent flow near the well and with laminar flow in the remainder of the aquifer.

Well development and gravel packing may increase the permeability of the
formation next to the well with the consequence of lessening the drawdown
in and near the well. Because of the difficulty of expressing analytically the
effects on the drawdown of the turbulent flow and the increase of permeability
in the formation near the well, Jacob [54] suggested that these effects may be
accounted for approximately by introducing the concept of the effective well
radius. This hypothetical, empirically determined radius if substituted in the
drawdown equation of that well, will yield the actual drawdown outside the
screen of an artesian well. Similarly this radius will yield the actual water level
in a well under water-table conditions if well losses are negligible. According
to this assumption, the effective radius may be greater or smaller than the
actual radius of the well depending on whether the decrease in drawdown caus-
ed by the permeability improvement is greater or smaller than the amount of
head loss associated with turbulence near the well. Jacob expressed the well
loss as CQ?, where Q is the discharge of the well and C is a constant, referred
to as the well-loss constant. Jacob’s assumptions express the drawdown, s,,
in the well as

SO = sw(rw, t) + CQ2
or

so = B(r,, NQ + CQ* (154)

where B = s,/ is the head loss in the formation per unit discharge and s, is
the drawdown as given by the drawdown equation for the well, with r = r,.

In his treatment of the subject, Rorabaugh [55} suggested that the head loss
associated with turbulence in the formation as well as into and inside the well
be expressed as CQ" where n is a constant, greater than 1 and may exceed 2, to
be determined for individual wells. Accordingly, he expressed the drawdown
in the well as

so=BQ + CQ" (155)

Observations [55] have shown, however, that prediction of drawdowns within
the range of operating well discharges as computed from Jacob’s equation and
from that of Rorabaugh’s, agreed very closely with observed data, although
such prediction differed appreciably for discharges greatly in excess of those
used in the test. Rorabaugh [55] suggested that, if prediction must be made for
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large discharges (for the purpose of pump design or for determination of
maximum yield), a margin of safety can be provided by computations by
both methods, using the least favorable solution for the purpose. He also
observed that results obtained from his equation are not applicable to prob-
lems of head distribution outside the well or for designing radii of wells, and
that Jacob’s equation describes more nearly the true head distribution outside
the well and should be used for this type of problem.

2. Specific Capacity of Wells
The specific capacity, Sp.C., of a well is defined as the ratio of its discharge

to its drawdown. By using Jacob’s expression for the drawdown in the well,
the specific capacity will be given by

Sp.C. = Q/so = 1/[s,(r» /2 + CQ] (156)

Showing that the specific capacity decreases with time and discharge. Obvious-
ly, the practice of assuming that the discharge is directly proportional to
drawdown, implying a constant specific capacity, may introduce sizable
errors. The influence of the well radius on the specific capacity depends on the
magnitude of the discharge Q as well as on the empirical constant C which in
turn depends upon the well radius among other factors. Clearly, the radius of
the well is of importance in well design, especially if the design discharges are
relatively high. If, however, the head losses associated with turbulence near,
into, and inside the well are relatively small, the influence of the well radius
on the specific capacity may be relatively unimportant, since, in this instance,
Sp.C. varies with In r,, a term that varies little as r,, is changed.

The constants r,, and C for a given well, being empirical, their determination
must depend on observation. The values of r,, and C could be determined by
running three or more drawdown tests at different rates of discharge, with
periods of rest in between of sufficient duration to ensure nearly complete
recovery. Drawdowns taken at fixed intervals of time from the beginning of
each test may be used in conjunction with Eq. (154) to solve graphically for
B and C, or with Eq. (155) for obtaining B, C, and n [6]. These constants can
be obtained somewhat more conveniently by what is referred to as a step-draw-
down test.

3. Step-Drawdown Test in Artesian Aquifers

The values of r,,, C, and n for a given well may be determined [54] by a step-
drawdown test in which the well is operated during successive periods at con-
stant fraction of full capacity (Fig. 31). In addition, observations must be
made in outlying wells to determine S, if a value of this constant is not avail-
able; otherwise r,, cannot be found.
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By applying the principle of superposition to Eq. (154) (Jacob’s equation),
the drawdown in the well, s,,, during the mth step may be written as

Somt) = CQ2, + i (Qi— 0, )B(ry t—1)

in which @, is the discharge during the mth step, Q,is the discharge during the
ith step of those preceding the mth one, with Oy = 0, and ¢, is the time at which
the ith step began, with t, = 0.

The sum of the increments of the drawdown taken at a fixed interval of
time from the beginning of each step (that is, at z— ¢, = #*) may be obtained
from the preceding equation as

i 850,(t*) = 5o(t*), = B(r,,, )0, + CQOr (157)
i=1

in which 8s,,(¢#*) is'the drawdown increment between the ith step and that pre-
ceding it taken at time #* from the beginning of the ith step, s,(¢*),, is the draw-
down in the well that would have taken place at # = #*, had the well been pump-
ed at the constant rate Q,,, and B(r,, t*) is the head loss in the formation per
unit discharge at time #* since the commencement of pumping.

If Rorabaugh’s expression replaces Jacob’s, the equation corresponding to
Eq. (157) will be

5o(t*), = BQ,, + CQ;,

a. DETERMINATION OF THE COEFFICIENTS B(r,, t*) aND C. Based on Egq.
(157), data collected from at least three steps of a step-drawdown test may be
used to calculate for B and C as follows:

(1) Obtain the increments of drawdown 8sy,(#*), with #* usually taken as 1 or
2 hr. 8sy(t*) is determined in each step by taking the difference between the
observed water level at time #* since the beginning of the step and the corre-
sponding water level on the extension of the preceding drawdown curve. In
performing this extension (the extrapolation of time-drawdown variation),
one should be guided by the general trend of the theoretical semilogarithmic
time-drawdown variation around wells operatmg in the flow system under
consideration.

(2) Obtain sy(r*),, corresponding to the discharge Q,, from the relation
5o(E*)m = B561(1*) + 8s0o(t*) + - - - + 85y, (+*), then compute the ratio so(t*),,/
O

(3) Plot Q,, versus s4(t*),,/Q,, on uniform scales and obtain the best-fit
straight line.

(4) The slope of this line [4(sy(t*),,/Q,)/4Q,.] is equal to C.

(5) Equation (157) and the coordinates of any point on this line will solve
for B(r,, t*).
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An example of analysis of data from a well completely penetrating a non-
leaky artesian aquifer is given in Fig. 31. Should it become necessary to base
the analysis on Rorabaugh’s assumptions, (as when prediction of drawdowns
for high ratio of discharges are desired) the procedure of analysis is essentially
the same, except that the values of [so(t*)/Q — B} will be plotted versus Q on
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FiG. 31. Example of step-drawdown test.

logarithmic paper for assumed values of B. The value of B that gives the
straightest line on this plot will be the required one, the intercept of the line on
the axis @ = 1 is equal to the value of C, and the slope [A(so,,/ Q— B)/4Q] is
equal to n—1 from which the value of n is obtained.

b. DETERMINATION OF THE EFFECTIVE RADIUS r,. Having determined B from
analysis based on Jacob’s assumptions and having obtained T and S from other
tests or from observations in outlying wells during the step-drawdown test,
the value of r, may be obtained by substituting these data in the appropriate
expression for B(r,, t*) and solving for r,. T may be obtained also from
analyzing data collected during the first step of the step-drawdown test, using
the method of analysis applicable to the flow system under consideration. For
example:

(1) Artesian wells completely penetrating nonleaky aquifers. The expression
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for B for such wells, from Eq. (63) and the definition of B[B = s,(r,, /0],
provided ¢ > (30r;S/T), may be written as

W(r2S/4Tt*) = 4nTB (158)

Consequently, a table of W(x) and the data from the test will produce a solu-
tion for r,,. In general, however, ¢* (1 or 2 hr) satisfies the relation t*>30r2S/T
(the nominal radius of the well may be used to determine this criterion), in
which case W(ux) may be replaced by its approximate form for relatively large
times; hence r,, may be computed (see Fig. 31) from

10810(2.25T*/Sr2) = 4xTBJ2.3 L (159)

If £* < 30r2S/T (the nominal radius of the well may be used for checking
this criterion), the expression for Bis that obtained from Eq. (64); consequently
r, is computed from

S(Tr*/Sr2, 1) = 4=TB (160)

by using a table of S(r,p), namely Table VL.

(2) Artesian wells partially penetrating nonleaky aquifers. If * > 30r2S/T,
the expression for B(r,, t*) for the case of a well screened throughout its depth
of penetration in a nonleaky aquifer is given by Eq. (78), with B = o0 and
K. = K, = K, provided I/r, > 10. After some manipulation, the expression
may be written as

logyo(2b/r,) = (4nTB + 0.846)/4.6m — (1/2m) log,,Ag (161)

where
m=b/l, A =0.14Tr*/Sh?, g=[2m+ 1)/m2m—-1P"

from which r,, can be readily obtained.

4. Values of r,, and C for Water-Table Wells

The analysis leading to Eq. (157) holds approximately for water-table con-
ditions, if 5o/ Dy < 0.02, D, being the initial depth of flow. Consequently, data
from a step-drawdown test in water-table wells may be similarly analyzed
only if 5o/ Dy < 0.02.

For t > 5 € Dy/K and provided D,—h, < 0.5D,, the drawdown in a well
operating in a nonleaky water-table aquifer, from Eq. (91) and Jacob’s well
loss equation, can be approximated by

So= CQ? + Dy — [D} — (Q/2nK) In(2.25Tyt/er2)]
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which can be rewritten as

y=1-B@,nQ (162)
where
y = [l — so/Dy + CQ? D,J? (163)
and
B’ = (2.3/2nKD}) log;(2.25 Tot/er?) (164)

The values of r,, and C for a given well may be determined by running three
or more drawdown tests at different constant rates of discharge, with periods
of rest in between of sufficient duration to insure nearly complete recovery. If
values of y (computed from assumed values of C and observed drawdowns at
a fixed time ¢*, usually 1 or 2 hr since the beginning of pumping) are plotted
versus Q on uniform-scale paper, the required value of C will be that which
will give the straightest line. The absolute value of the slope of this line 4y/4 o
isequal to B'(r,, t*). This value of B’, the known values of T, and ¢, and Eq.
(164) will produce a solution for r,,

Provided t* > 30r2 ¢/T,and I/r, > 10, the constant r,, for a partially pene-
trating well, that is screened throughout its depth of penetration / in an in-
finite nonleaky aquifer, may be computed from the relation

log,(2Dy/r,) = [27rKD§B’(rw, t*) + 0.846}/4.6m — (1/2m)log,c Ag (165)
where

m=Dyfl, A=0.14Ty*/eD, g= [@m + 1)jm2m—1)]"

F. OTHER METHODS

The methods presented in the previous articles pertain to constant-discharge
wells in aquifers of infinite areal extent. Other methods pertaining to other
flow conditions and/or other flow systems are available. Among these are the
following:

For wells in infinite aquifers, there are Jaeger method [58], Chow method
[5, 59], Ferris slug method [52], Skibitzke bailer method [52], Stallman vary-
ing discharge method [52], Jacob-Lohman constant-head method [16, 52),
Brown-Theis intermittent discharge method [52, 60], Hantush partial-
penetration recovery method [53], and Abu Zied-Scott exponentially
decreasing discharge method [62].

For wells near a hydraulic boundary, there are Kazmann method [42],
Rorabaugh method [43], Hantush methods [41], Stallman method [52], and
Moulder method [52].
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Major Symbols

A(r,p) Flowing well function (see Section
ILC 1)
B Leakage factor =4/Kb/(K'[b) for arte-
sian aquifers, L
=\/Kb/(K'[b’) for
water-table aquifers, L
= (S,/Q@) The formation loss per unit dis-
charge, T/L?
B, B, Values of B after replacing K with
K, and K, respectively, L
b Uniform thickness of artesian aquifers;
also initial depth of flow around col-
lector wells in water-table aquifers, L
b" Uniform thickness of a semipervious
layer of leaky systems, L
b=0.5(Dy, + D,)
2 0.5[ Dy, (74) + Dy, (74 + t,)] for distances
> 1.5D,
% 0.5 [D,(0) + D,(z,)] for distances <
1.5D,
D Height of water-table above the base of
the aquifer, L
D, Depth of saturation just outside the
screen of a water-table well, L
D, (t) Value of D, at any time ¢,L
Dy(r,8,7o + 1) The distribution of the depth
of flow that would prevail in a water-
table aquifer if the well were not
pumped, L
D,,, Weighted mean of the areal distribution
of the depth of flow during the period
of induced flow if the well were not
pumped, L
Dy (7 + #) Value of D, at the face of the
well at any time, L
D Depth of water in an idle water-table
well screened throughout the aqui-
fer, L
D,, Weighted mean of the areal distribution
of the depth of flow during the period
of induced flow, L
erf(x), erfc(x) Error and the complement-
ary error functions (see Section II,
C,2)
G(7), G(7,8) Flowing well discharge func-
tions for nonleaky and leaky aquifers
(see Section II, C, 3, 4)
H(u,8) An infinite integral (Section II, C, 5)

i"erfc(x) nth repeated integral of the error
function (Section II, C, 7)

i Slope of a tilted aquifer; also an index
of summation

K, K’ Isotropic hydraulic conductivities in
a main aquifer and in a semipervious
layer, respectively, L/T

K’[b’ = T/B? Coefficient of leakage, 1/T

Ky(x), Ki(x) Zero- and first-order modified
Bessel functions of the second kind
(Section II, C, 9)

L(u, + w), L(u, 0) Functions (Section 1I, C,
10)

M(u,8) An infinite integral (Section II, C,
12)

Q Constant discharge of a well, L3/T

r = [(x—x0)*+(y—0)?]%% Radial distance
from center of a pumping well locat-
ed at (x,, yo) to any point in the sur-
rounding area, L

Fi= [(x+Xx0)2+ (y—yo)?]** Radial distance
from the center of the image in the
y-axis of a well located at (x,, yo), L

r, Effective radius of a well (Section X, E),
L

S(r,p) Well function for a well of any radius
r, (SectionIl, C, 13)

§  Storage coefficient of an artesian aqui-
fer

S’ Storage coefficient of a semipervious
layer

S,=S/b Specific storage of an artesian
aquifer, 1/L

S,=8'[b" Specific storage of a semipervious
layer, 1/L

sinh~*(x) The inverse hyperbolic sine (Sec-
tion I, C, 14)

s(r,t) Average drawdown in idle wells
screened throughout an aquifer; also
drawdown of water table in Boulton’s
equation, L

s(r,z,t) Piezometric drawdown, or draw-
down in piezometers open at the
point(r, z), L

s, Drawdown in a discharging well, if
well losses are negligible, L

s, Total drawdown in a discharging well,
L
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T=Kb Transmissivity (transmissibility) of
artesian aquifers, LT
T,=KD, Transmissivity corresponding to
initial depth of flow in a water-table
aquifer, LT
t, t’ Times since discharging and since shut-
ting down of a well, respectively, T
to Period of continuous pumping or of
other types of induced flow, T
r*=Empirical constants in discharge equa-
tions for wells of variable discharge,
T
= Time since incidence of deep percola-
tion at which a drainage well begins
to pump, T
= Fixed interval of time measured from
the beginning of each step of a step-
drawdown test, T

Up=xo// vt
u=r¥dvt, u,=a*4vt, uy=rildvt, u,=r*4vt,
ug=rildvt,, w=r’ldvt, u' =r*4vt’;

also rate of vertical leakage into or
out of an artesian aquifer, L/T

V(r,p) Gravity well function (Section II,
C, 15

W(u) Well function for nonleaky aquifers
(Section II, C, 16)

Wu,p) Well function for leaky aquifers
Section II, C, 17)

w  Rate of uniform deep percolation, L/T;
also rate of vertical leakage into or
out of an artesian aquifer, L/T

o = [1/82-+1/B%]%5 Parameter in formulas
pertaining to leaky sloping water-
table aquifers, 1/L

= rcos(8—8,)—r,, Parameter in formulas

for collector wells, L

B = (#/AB)A/S’[S Parameter in formulas
pertaining to leaky aquifers with stor-
age in semipervious layer

= 2b/i Parameter in formulas pertaining

to sloping water-table aquifer, L

= r sin(6—¥6;) Parameter in formulas for
collector wells, L
= compressibility of water, L?/F
I'(x) =the gamma function (Section1l, C, 20)
v = 2(a—r,)/l Parameter in formulas for
collector wells; also unit weight of
water, F/L?
8 =rcos(8—8,)— 1’ Parameter in formulas
for collector wells, L
8,=1+5’/3S )| in formulas pertaining to
3,=1-+S5'/S leaky systems
¢ Specificyield & effective porosity
p =(2a—2r,— D[l Parameter in formulas
for collector wells
v = Kbje Parameter in formulas pertaining
to flow in water-table aquifers, L*/T
v = T|S=K/S,, v,=K|S, v,=K,b/S Para-
meters in formulas pertaining to flow
in artesian aquifers, L?/T
p = r/r,, Parameter in formulas for flowing
wells and in the function S(z, p)
r/ D, Parameter in formulas for water-
table wells
= r./l Parameter in formulas for collector
wells
¢ = Compressibility of solid skeleton of an
aquifer, L*/F
7 = Kt]eDy, 7" = Kt'[eD, Time factors in
formulas for water-table wells
= Time since incidence of deep percola-
tion in problems of drainage wells, T
= vtfrl = Tt/Sr%; time factor in formulas
for flowing wells
7o= Time since an arbitrarily chosen refer-
ence of time, at which induced flow

begins, T
= Period of continuous uniform deep per-
colation, T.
¢ = p/y+z; piezometric head = hydraulic
head, L

@ = Average head in idle wells screened
throughout an aquifer, L
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